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PREFACE. 



^ floKS apdogy laay appeu reqninte for oaring a new book to the publie as 
the adenoe of Algebra— Hi apeqally as there are aevend works of acknowledged 
merit on that subject already before the public, claiming attention. 

But the intrinsic merits of a book are not alone sufficient to secure its adop- 
tion, and render it generally 'uscfiiL In addition to merit, it must be adapted 
to the general standard of scientific instmcdon giren in our higher schools ; it 
must confinrm in a measure to the taste of the nation, and corresp<xid with the 
general spirit of the age in which it is brought forth. 

The elaborate and difiusive style of the French, •as applied to this sdeno^ 
'can neyer be more than theorttiealfy popvhr among the Engliah; and the s^ 
▼ere, biie^ and practical methods of the English are almost intolerable to the 
French. Yet both nations can boast of men highly preeminent in this sdenoiv 
and the hij^ minded of both nations are ready and willing to acknowledge the 
meiits of the other ; but the style and spirit of their tespective productions are * 
necessarily ^eiy different. 

In this country, our authors and teachers have generally adopted one or the 
other of these schools, and thus have brought among us difference of opin* 
km, drawn from these different standards of measure for true excellence. 

Very many of the Frendi methods of treating algebraic science are not to be 
disregarded or set aside. First principles, theories and demonstrations, are the 
essence of all true science, and the French are Tory elaborate in these. Yet no 
effort of individuals, and no influence of a few institutions of learning, can 
change the taste of the American people, and make them assimilate to the 
French, any more than they can make the entire people assume French %!▼»> 
city, and stiopt French manners. 

Several woiks, modified fipom the French, have had, and now have consi^ 
erable p(^ularity, but they do not naturally suit American pupils. They art 
not sufficiently practical to be unquestionably popular; and excellent as they 
■re, they fiul to inspire that enthusiastic spirit, which works of a more practi- 
cal and Engliah character are known to do. 

At the other extreme are several English books, almost wholly practical, with 
little more than arbitrary rules laid down. Such books may ^n time make 
good resokfors of problems, but they certainly fiiil in most instances to make 
adentific algebnusts. 

llie anthor of this woik has h^ mudi experieiiof 89 i| teacher qf algAlU 
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and has used tbfi difTerent varieties of text books, with a view to test their c<nB 
parative excellencies, and decide if possible on the standard most proper to be 
adopted, and of course he designed this work to be such as nis experience and 
judgment would approve. 

One of the designs of this book is to create in the minds of the pupils a love 
for the study, which must in some way be secured before success can be al* 
tained. Small works designed for children, or those purposely adapted to per* 
^ons of low capacity, will not secure this end. Those who give tone to publio 
opinion in schools, will look doum upon, rather than up to, works of this kind* 
and then the day of their usefiibiess is past On the other hand, works of a 
high theoretical character are apt to discourage the pupil before his acquire- 
ments enable him to appreciate them, and on this account alone such works 
are not the most proper for elementary class books. 

This work is designed, in the strictest sense, to be both theoretical and prac- 
tical, and theretbre, if the author has accomplished his design, it will be foum\ 
about midway between the French and English schools. 

In this treatise will be found condensed and brief modes of operation, nol 
tdtherto much known or generally practised, and several expedients are system^ 
atised and taught, by which many otherwise tedious operations are avoided. 

Some applications of the celebrated problems of the couriers, and also of the 
lights, are introduced into this work, as an index to the pupil of the subsequent 
utility of algebraic science, which may allure him on to more thorough investi- 
gations, and more extensive study. 

Such problems would be more in place in text books on natural philosophy 
and astronomy than in an elementary algebra, but the almost entire absence of 
Ihem in works of that kind, is our apology for inserting them here, if 
apology be necessary. 

Quite young pupils, and such as may not have an adequate knowledge of 
physics and the general outlines of astronomy, may omit these articles of ap> 
plication ; but in all cases the teacher alone can decide what to omit and what 
to teach. 

Within a few years many new text books on algebia have appeared m differ • 
ent pacts of the oountiy, which is a sure index that something is desired — 
something expected, — ^not yet found. The happy medium between the theo- 
retical and practical mathematics, or, rather, the happy blending of the two, 
which all seem to desire, is most difficult to attain ; hence, many have failed 
in their eSorta to meet the wants of the public. 

Metaphysical theories, and speculative science, suit the meridians of France 
and Grermany better than those of the United States. But it is almost impo^ 
sible to comment on this subject without being misapprehended ; the author 
of this book is a great admirer of the pure theories of algebraical science, for 
it is impossible to be practically skillful without having high theoretical acquire- 
ments. It is the man of theory who brings forth practical resoltf but it is not 
theory alone-^it is theory long and wel^ applied. 



FKEFAIC% V 

Who win contend that Watt, Fitch, or Folton, were ignonnt or inattenthv 
to every theory oouceming the nature and power of steam, yet they are only 
known as practical men, and it is ahnoet in vain to look fbr any beQefiu:tori of 
mankind, or any promoters of real science fi>om those known only p theo* 
lists, or among those who are strenaous contenders for technicalities and forma. 

We are led to these remaxka to ooonteract, in some mejisure, if posaible, that 
fidse impression existing in some minds, that a high standard work cm algebra, 
must necessarily be very formal in manner and abstrusely theoretical m ma;U 
ter ; but in our view these are blemishes rather than excellencies. 

The author of this work is a great advocate for brevity, when not purchased 
at the expense of perspicuity, and this may account for the book appearing 
very small, omsidexing what it is claimed to contain. For instance, we have 
only two formulas in arithmetical progreasioo, and some authors have 20. 
We contend the two are sufficient, and when well understood cover the whdte 
theory pertaining to the subject, and in practice, whether for absdute use or 
lasting improvement of the wixu\, are &r better than 20. The great number 
only serves to confuse and distract (ho mind ; the two essential ones, can be 
remembered and most clearly and philosophically comprehended. The same 
itanarks apply to geometrical prog^ression* 

In the general theory of equations of the higher d^^rees this work is not too 
diffuse ; at the same time it designs to be simple and clear, and as much ib 
given as in the judgment of the author would be acceptable, in a work as ele- 
mentary and condensed as this ; and if every position is not rigidly demonslm- 
led, nothing is left in obscurity or doubt 

We have made special effort to present the beautiful theorem of Stoim in 
such a maimer as to bring it direct to the comprehension of the student, and if 
we have &iled in this, we stand not alone. 

The subject itself, though not essentially difficult, is abstruse for a learner, 
and in our effort to render it clear we have been more circuitous and elaborate 
than we had hoped to have been, or at first intended. 

We may apply the same remarks to our treatment of Homer*s method oi 
solving the higher equations. 

Brevity is a great excellence, but perspicuity is greater, and, as a general 
tfamg, the two go hand in hand; and these views have guided us in preparing 
the whole work ; we have felt bound to be clear and show the rationale of 
every operation, and the foundation of every principle, at whateyer cost 

The Indeterminate and Diophantine analysis are not essential ift a regular 
course of mathematic% and it has not been customary to teach them in many 
institutions ; for these reasons we d ) not insert them in our text book. The 
t||cher or Uie student, however, will find them' in a concise form in a key to 
oKiwork. 
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Tm is a progressiye age, and teachers, and schoolsi and books, masl 
progress, proportionally, or be left in the rear. 

To keep up with the spirit of the times, and make this volume more 
complete and valuable, we have added some twenty-four pages of what we 
conceive to be very valuable matter. 

In the demonstration of the binomial theorem we originallj adopted 
that method, which, to judge from our own personal experience and obser- 
vation as a teacher of others, was the one most easily comprehended by 
learners — ^but unfortunately, that method was not complete; it demonstrated 
tmly so far as the actual operation was carried, and the further continua- 
tion of the law could only be inferred. This being the case, we have 
added another demonstration in this edition, which may require a little 
more mental discipline to clearly comprehend, but which is, in itself, per- 
fect and complete. 

We have enlarged the practical part of logarithms, and inserted two 
small tables, which will enable one to obtain the logarithm of any number 
whatever ; and by the examples and illustrations here given, a student can 
obtain a very good knowledge of logarithms, and their uses, in a smaller 
compass than can be found in any other book known to us. 

We have also added several new practical artifices in the solution of the 
higher equations, which we hope will not be overlooked. And to the 
progressive teachers of the United States the whole is respectfully dedi- 
cated, by their obedient servant, 

TH» AUTHOB 

BuamGx, IT. Y., September, 1857. 
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INTRODUCTION. 



DEFINITIONS AND AXIOMS. 



Algebra is a general kind of arithmeticy an nniversal analjnBis, 
or science of computation by symbols. 

Quantity or magnitude is a general term applied to eyerything 
which admits of increase, diminution, and measurement 

The measurement of quantity is accomplished by means of an 
assumed unit or standard of measure ; and the unit must be the 
same, in kind, as the quantit}^ measured. In measuring length, we 
apply length, as an inch, a yard, or a mile, &c. ; measuring area, 
we apply area, as a square inch, foot, or acre ; in measuring 
money, a dollar, pound, &c., may be taken for the unit 

Numbers represent the repetition of things^ and when no ap- 
plication is made, the number is said to be abstract. Thus 5, 13, 
200, &c., are numbers, but i5, 13 yards, 200 acres, are quanti- 
ties. 

In algebraical expressions, .some quantities may be known, 
others unknown ; the known quantities are represented by the 
first or leading letters of the alphabet, a, 6, c, (/, &c., and tho 
unknown quantities by the final letters, 2r, y, x, ti, &c. 

THE SIGNS. • 

(1] The perpendicular cross, thus +» called plus^ denotes a(f* 
tBtion, or a positive value, state, or condition. 

(2) The horizontal dash, thus — , called minus, 'denotes sub' 
traction^ or a negative value, state, or condition. i 

(3) The diamond cross, thus X , or a point between two quan* 
titles* denotes that they are to be multiplied together. 
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(4) A horizontal line with a point above and below, thus -*-i 
denotes division. Also, two quantities, one above another, as 
numerator and denominator, thus -, indicates that a is divided 

by b. 

(5) Double horizontal lines, thus =, represent equality. Points 
between terms, thus a: b :; adt represent proportion, and are 
read as a is to 6 so is c to (^. • 

(6) The following sign represents root ^ ; alone it signifies - 
square root. With small figures attached, thus *tj ^^J '^, dec., 
indicates the third, fourth^ Jifth^ ^^., root 

Roots may also be represented by fractions written over a 

quantity, as a? a^ a^, ^c, which indicate the square rootf 
the third roat, Bind fourth root of a.* 

(7) This symbol, d^b, signifies that a is greater than 6. 
This *» , a<^6, signifies that a is less than b. 

(8) A vinculum or bar , or parenthesis ( ) is used to con- 
nect several quantities together. Thus a+b+cXx,0T (a+6+c)ar, 
denotes that a plus b plus c is to be multiplied by x. The bar 

^y may be placed vertically, thus, which is the same 
I ^ as (fit— itf+e) y, or the same as ay — dy+ey without the 

vinculum. 

(9) Simple quantities consist of a single term, as ti) 6, oft, Bx^ 
&c. Compound quantities consist of two or more terms con- 
nected by their proper signs, as a+x, 36-4-2y, 7ab — 3a?y+c, &c 
A binomial consists of two terms ; a trinomial of three ; and a 
polynomial of many, or any number of terms above two. 

(10) Quantities multiplied^ together are called factors of the 
product, sad factors are called coefficient in respect taeach other. 
Thus, in the expressions 3x, abx\ 3 and x are factors of the 
quantity^ 3x, and 3 is the coefiicient of x. Also, a, 6, and x are 
factors of abx; a is the coefficient oi bx; b is^the coefficient 
of ax; and ab is the coefficient of x. 

(11) The measure of a quantity is some exsxiX factor of that 
*^uantity : thus, 5a is the measure of 20a or 25a. 

*The adoption and utility of this last mode of notation, wkieh om^bi to 
bi tocfosively used, will be explainod in a snbM^ueat part ot Chls work. 
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(12) The root of any quantity is some eqtud factor of that 
quantity. The square root is one of two equal factors ; the cube 
root one of three equal factors, and so on. 

(13) The multiple of any quantity is some exact number of 
timeir that quantity. 

Other terms will be defined as we use them. 

AXIOMS. 

Axioms are self-evident truths, and of course are above demon 
stration ; no explanation can render them more clear. The fol- 
lowing are those applicable to algebra, and are the principles on 
which the truth of all algebraical operations ^na//y rests: 

Axiom 1. If the same quantity or equal quantities be added to 
equal quantities, their sums will be equal. 

2. If the same quantity or equal quantities be ntbtracted from 
equal quantities, the remainders will be equal. 

3. If equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same, or by equal 
quantities, the quotients will be equal. 

6. If the same quantity be both added to and subtracted from 
another, the value of the latter will not be altered. 

6. If a quantity be both multiplied and divided by another, 
the value of tlie former will not be altered. 

7. Quantities which are respectively equal to any other quan- 
tity are equal to each other. 

8. Like roots of equal quantities are equal. 

9. Like powers of the same or equal quantities are equal 



EXERCISES ON NOTATION. 

When definite values are given to the letters employed, we 
can at once determine the value of their combination in any alge- 
braic expression 



12 EUSMENTS OF ALGEBBA. 

Leta=6 6=20 c=4 d=l 
Then a+6— c=5+20— 4 or a+6-H:=21 

6 20 b 

!L+d=-i-+l or-+J=5 

a 5 a 

b^ 20^ ^^ 4 

a6+ac+(f=5X 20+5X4+ 1=121 
2a+36+2c+5j=10+60+8+6=83 



SECTION I. 
ADDITION. 



(Art. 1.) Before we can make use of literal or algebraical 
quantities to aid us in any mathematical investigation, we must 
not only learn the nature of the quantities expressed, but how to 
add, subtract, multiply, and divide thera, and subsequently learn 
how to raise them to powers, and extract roots. 

The pupil has undoubtedly learned in arithmetic, that quanti- 
ties representing different things cannot be added together ; for 
instance, dollars and yards of cloth cannot be put into one sum ; 
but dollars can be added to dollars, and yards to yards ; units can 
be added to units^ tens to tens, &c. So in algebra, a can be 
added to a, making 2a ; Sa can be added to 5a, making 8a. As 
a may represent a dollar, then da would be 3 dollars, and 5a 
would be 5 dollars, and the sum would be 8 dollars. Again, a 
may represent any number of dollars as well as one dollar ; for 
example, suppose a to represent 6 dollars, then 3a would be 18 
dollars, and 5a would be 30 dollars, and the whole sum would be 
48 dollars. Also, 8a is 8 times 6 or 48 dollars ; hence any num- 
ber of a's may be added to any other number of a's by uniting 
their coefficients ; but a cannot be added to 6, or 4a to 36, or to 
any other dissimilar quantity, because it would be adding unlike 
things f but we can write a+6 and 3a+36, indicating the addi* 
tion by the sign, making a compound quantity^ 
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Let the pnpil observe that a broad generality, a wide hititade 
must be given to the term addition. In algebra, it rather means 
ontting, condensing, or reducing terms, and in some cases, the 
■am may appear like difference, owing to the difference of signs. 
Thus, 4a added to — a is 3a ; that is, the quantities united can 
make only 3a, because the minus sign indicates that one a must 
be taken out. Again, 76+36—46, when united, can give only 
66, which is in fact the sum of these quantities, as 46 has the 
minus sign, which demands that it should be taken out ; hence to 
add similar quantities we have the following 

Rule. Md the affirmative coefficients into one sum and the 
negative ones into another, and take their difference unth the 
9ign of the greater, to which cffix the common literal quan- 
tity. 

EXAMPLES FOR JPRACTICE. 
6a 17a? +5a6 6a+56 — 7cd + Sxf/ 

2a 2x — 6a6 — 6a — 46 — 2c(f + dxy 

Sum 7a 19a?. — a6 



+1, —9cd+llxy 



5a+6 
3a+c 
7a— 26+c 
— 3a — 36 — 4c. 

Sum 12a — 46— 2c 



cdy-^-ax 
2cdy — 3aa? 
4cdy-\-dax 
-7cdy — ax 











4a? — 6 
2a?+10 

— 3a^^- 7 
6a?— 12 

9a?— 1 



N. B. Like quantities, of whatever kind, whether of powers or 
roots, may be added together the same as more simple or rational 
quantities. 

Thus 3a« and 8a^ are llo*, and 76»4-36»=106». No matter 
what the terms may be, if they are only alike in kind. Let the 
reader observe that 2(a+6)+3(a4-6) must be together 5(a+6), 
that is, 2 times any quantity whatever added to 3 times the 
same quantity must be 6 times that quantity. Therefore, 
^j3C+y+3jx+y:^7jx+y, for ^x+y, which represents the 
square root of a?+y, may be considered a single quantity. 

(Art. 2.) To find the sum of various quantities we have the 
following 
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Rule. Collect together all those that are alike^ by uniting 
their coefficients^ and then write the different sumsy one after 
another^ with their proper signs. 



1. 

Sxy 

2ax 

,*— 5a?y 

6aar 



EXAMPLlfiS. 

9. 

9xh/ 

+Saxy 



Sum 8aa?— 2ay Saxy — 2o(^ 



4aa?— 130+3^0? 
5aj* +3aa:4-9aJ* 
7a?y — 4^a?+90 
Jx+40—6a* 

7ax+Sa^+7xy 



5. 

I4ax — 2a^ 
5aa?+3ay 
8y* — iax 
3a:* +26 



3. 

6ay— 12a:* 
— ia?* +3a?y 
+4a:* — 2ay 
- -3ay+4a?« 

4ary — 8ic* 

6. 

9+l0^ax—5y 

2a;+7V^+5y 

5y+3^aa;+4y 

10 — ijax+4t/ 



• 7. Add 2ay— 2a*, 3a*+ay, a*+ary, 4a^-.3ay, 2a?y— 2a«. 

^yw. 4a*+3ay* 

8. Add 8a*x"— 3a3^, 5aar— 5xy, Oay— 5oa:, 2a*a?«+ay, 
5aa>— 3ay. ^n*. 10a*a:*+5aa?— ay. 

9. Add 2a:^— 10j(, 3^^+103:, 2a:«y+25y, I2xy—Jxy, 
Sy^VtJxy, 

Ans. 2a^y+12a2^+10a:+2a?^+19^ay+7y. 

10. Add 26av-12, 3a:*— .26a?, 6x^—d^x, 3Va?+12, 
«*+3. w5n5. 9a:*+3. 

11. Add 106*— 36a:*, 26*a:*— 6*, 10— 26a:*, 6*a:*— 20, 
«6a:*+6*. ^ns. 106*+36*a?— 26a:*— 10. 

12. Add 2a"— 3ax*+a:*^ 2aa:*— 13ay+8, 10a«— aiy~4. 

Jlns. 12a*— ax^+a:*— 14ay+4, 
18. Add 96c*— 18ac*, 156c*+ac, 9ac*— 246c*, 9ac*— 2 
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14. Add 3m*— 1, 6am— 2m*+4, 7— 8am+2m«, ^nd 
«m*+2am+l. w^/w 9m'+ll. 

15. Add 12a— 13a6+16aar, 8— 4m+2y, — 6a+7a6«+ 
12y — ^24, and 7a6 — 16aa?+4m. 

Ans. 6flH-6a5+14y+7a6^— 16. 

16. Add 72aa?*— 8ay», — 38ax*— 3ay*+7fl^, 8+12ay*, 
-6ay«+12— 34aa?*+5aj/»— 9ay*. Ans. — 2ay«+2a. 

Add a4-^ &nd 3a — 56 together. 

Add 6a>— 56+a+8 to —5a — 4ar+46— 3. 

Add a+2^-3c— 10 to 36— 4a+5c+10 and 66— c. 

Add 3a+6 — 10 to c — rf— a and — 4c+2a — 36 — 1. 

Add 3a*+26«— c to 2a6— 3a*+6c— 6. 

(Art. 3.) When similar quantities have literal coefficients, w« 
may add them by putting their coefficients in a vinculum, and 
writing the term on the outside as a factor. 

Thus the sum of ax and 6a? is (a+6)a?. 

EXAMPLES. 
1. 2. 

Add ax+by^ ay+ex 

2car+3ay* 3ay+2ca? 

4rfa:+7y* 4|; +6a: - 



Sum, (a+2c+4(f)a:+(6 +3a+7)y« (4a+4)y +(3c+6)a? 

3. 4. 

Add 3a?+2a!y aa:+7y 

bx -^cxy lax — 3y 

(a +b)x+2cdxy —2a? +4y 



Sum (a+26+3)a?+(2c(f+c+2)a:y (8£>— 2)ar+8y 

5. Add 8aar+2(a?+a)+36, 9aa;+6(ar+a)— 96, and lla:+ 
66— 7aa>— 8(a?+a). Ana. lOax-\- 1 la?. 

6. Add (a+6)^ar and (c+2a — 6)^a? together. 

7. Add 28a«(a?+5y)+21, 18a— 13a«(ar+5y), _l6a»(a?+ 
%)— «• Am. I8a+18j 
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8. Add 17a(a;+3ay)+12a»6V, 8— 18ay--8a»6V, — 7a(a;+ 
Stty)—4+l'tay. Jins. 10a(a?+3ay)+4a»6V— ay+4 



SUBTRACTION. 

(Art. 4.) We do not approve of the use of the term subtraction, 
38 applied to algebra, for in many cases subtraction appears like 
addition, and addition like subtraction.* We prefer to use the 
expression, ^ndin^ the difference. 

What is the difference between 12 and 20 degrees of norUi 
latitude? This is subtraction. But when we demand the differ- 
ence of latitude between 6 degrees nortlf and 3 degrees south, the 
result appears like addition, for the difference is really 9 de- 
grees, the sum of 6 and 3. This example serves to explain the 
true nature of the sign minus. It is merely an opposition to 
the sign plus ; it is counting in another direction; and if we 
call the degrees north of the equator plus, we must call those 
south of it minus, taking the equator as the zero line. 

So it is on the thermometer scale ; the divisions above zero 
are called plus, those below minus. Montty due to us may be 
called plus / money that we owe should then be called minus, — 
the one circumstance is directly opposite, in effect, to the other. 
Indeed, we can conceive of no quantity less than nothing, as 
we sometimes express ourselves. It is quantity in opposite cir- 
cumstances or counted in an opposite direction ; hence the differ^ 
ence or space between a positive and a negative quantity is 
their apparent sum. 

As a further illustration of finding differences, let us take the 
following examples, which all can understand : 

From 16 m 16 16 16 16 

Take 12 8 2 —2 —4 

Differ. 4 8 14 16 18 20 

Here the reader should strictly observe that the smaller the 
number we take away, the greater the remainder, and when tlie 
subtrahend becomes minus, it must be added. 







SUBTRACTION. 




17 


Prom 


12a 


12a 12a 12a 


12a 


12a 


Take 


20a 


16a 12a 9a 


6a 


a 


DiC 


—8a 


—4a 3a 


6a 


Ha. 



Wheu a greater is taken from a less, we camiot have ^Lpori* 
tive or jiltis difference, it must be minus. * 

From 20a 10a 5a —5a —-10a 
Take Ha 11a 11a 11a —6 —b 



Biff. 9a —a —6a —Ha +b b—ba —&a 

Here it will be perceived, that any quantity subtracted from 
cero will be the same quantity with its sign changed. 

(Art. 5.) Unlike quantities cannot be written in one sum, (Art 
1,) but must be taken one aAer another with their proper signs ; 
therefore, the difference of unlike quantities can only be ex- 
pressed by signs. Thus the difference between a and b is a — 6, 
a positive quantity if a is greater than 6, otherwise it is negative 
From a t§ke b — c, (observe that they are unlike quantities). 

OPERATION. 

Prom a+0+0 

Take 0+b—e 



Remainder, or difference, o— ^-|-<! 

This formal manner of operation may be dispensed with ; the 
. ciphers need not be written, and the signs of the subtrahend need 
only be changed. 

From the preceding observation, we draw the following 

GENERAL RULE FOR SUBTRACTION, OR ALGEBRAIC DIF- 
FERENCES* 
Change the signs of the subtrahend^ or conceive them to be 
changed f then proceed as in addition. 

EXAMPLES. 
1. 3. 3. 

From 4a+2a: — 3c 3ar+2y a+ft 

Take a+4a>— 6c ay— 2y a-^ 

Bemainder, 8a— 2a:+3c 3aaj — xy+4y 26 
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From 
Take 


4. 5. 

— ^ — iiX-^-a — a+2+ c 


6. 

4a>— iy 


Rem. 


3a^+a?-fy— a 8a * —6c 


y 


From 
Take 


7. 

8x»— 3ay+2y«+ c 

Q^ — 6a:2/+3y* — ^^ 


ua:+6a?+ca? 
x+oa?+6a: 


Diff. 


7a^+3ay-y«+3c 


(c-l)z 


From 
Take 


9. 

oar+^y+c^r 


10. 

o+6-fc 


Diff. 


(a+m)a:+(6+/i)y+(c+;i)^ 


2a+264-2c 



(Art 6.) From a take 6. The result is a — h. The minus 
sign here shows that the operation has been performed ; h was 
positive before the subtraction ; changing the sign performed 
the subtraction; so changing the sign of any other quantity 
would subtract it. 

11. From 3a take (a6+a?— c — y)> considering the terms in 
the vinculum as one term, the difference must be 3a — (a64-a>— 
— y), but if we subtract this quantity not as a whole, but term 
by term, the remainder must be 3a — ab — x+c+y* 

That isy when the vinculum is taken away 9 all the signs 
within the vinculum must be changed* 

12. From SOxy take (40ay— 26*+3c — id). 

Rem. 26*— 10a!y-^c+4A 



la. From ^a?+y+8aa?— 12 take (4^a;+y— 2ar+6). 

Rem. 5aa?— 3^a?+y — 12 — ft. 

14. Find the difference between 6y*— 2y— 5 and — 8y*— 
6y+12. • Jlns. 14y«+3y— 17. 

15. From 8a— ft-da;+7 take »— 3d+a+42r. 

Jins. 2a+2A— to-^l. 
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16. Pigp Sp+q+r^-^a take q — 8r+2« — 8. 

17. Prom 13rf— 2ax+9a:* take 6rf— 7aa>-Kr*. 

•tffw. 8a«+6ar+10a5» 

18. From 20ay— 5^a+3y take 4jry+6a — y 

^ns. Itey — I0a'+4y. 

19. From the sum of 63^ — lloo^, and 8afy+3aar*, take 

30. From the sum of l5(fb+Scdx^S and 24— 8a'6+2cJ« 
take the sum of 12a'6 — 3c(/a!^-8 and 16+C(/a:— 4Ui^. 

Diff. 12crfar+l3— «% 

21. From the difference between 8a&— 12cy and — 3aft+ 
icy take the sum of 5a6— -7cy and oft+ey. 

Diff. 606— lOey. 
From 2a+26 take — a — 6. 
From ax+bx take ax — bx. 
From a4-c+6 take a+c-^. 
From 3a:+2y+2 take 5a:+3y+ft. 
From 6a+2a:+c take 5a+6a? — Be. 
From ^-4a — 2x — 2 take —6a — 2x — 2. 
From l2x—2xy+S take 7+6y+10a:. 



MULTIPLICATION. 

(Art 7.) The nature of multiplication is the same in arithmetio 
and algebra. It is repeating one quantity as many times as there 
iie units in another ; the two quantities may be called factors, 
and in abstract quantities, either may be called the multiplicand; 
the other will of coune be the multiplier. 

Thus 4X6. It is indifferent whether we consider 4 repeated 
5 times or 5 repeated 4 times $ that is, it is indifferent which we 
call the multiplier. Let a represent 4, and b represent 5, then 
the product is aX6 ; or with letters we may omit the sign and 
the product will be simply ab. 
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The product of any number of letters, za abcd^ \s^cd. 

The product of x y z is ocyz. 

In the product it is no matter in what order the letters are 
placed ; xy and yx is the same product. 

The product of ax X by is axby or abxy» Now suppose 
a=6 and 6=8, then ab=4S, and the product of axXby would 
be the same as the product of 6arX8y or 48ary. From this we 
draw the following rule for multiplying simple quantities : 

Multiply the coefficients together and annex the letters^ one 
after anwlher^ to the product. 

EXAMPLES. 
1. Multiply 3a; by la. Prod. 2\ax. 

a. Multiply 4y by ^ab Prod, \2aby. 

3. Multiply 36 by 6c, and that product by 10a?. 

Prod. l^Obcx 

4. Multiply %ax by \2by by lad. Prod. 504aaxydb 

5. Multiply Sac by 116 by xy. 

6. Multiply of by pq by 4. - 

In the above examples no signs were expressed, and of course 
plus was understood ; and it is as clear as an axiom that plus 
multiplied by plus must produce plus, or a positive product. 

(Art. 8.) As algebraic quantities are liable to be affected by 
negative signs, we must investigate the products arising from 
them. Let it be required to multiply —4 by 3, that is, repeat 
the negative quantity 3 times ; the whole must be negative, a# 
the sum of any number of negative quantities is negative. 
Hence minus multiplied by plus gives minus^^^^^aXb gives 
— a6 ; also a multiplied by —6 must give — a6, as we may 
conceive the minus b repeated a times. 

(Art 9.) Now let it be required to multiply —4 by — 3, that 
is, minus 4 must be subtracted 3 times ; but to subtract minus 
4 is the same as to add 4, (Art. 5,) giving a positive or plus 
quantity ; and to subtract it 3 times, as the — 3 indicates, will 
give a product of +12. 

T^kat iSt minus multiplied by minus gives plus. 
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This principle is so important that we give another mode of 
illustrating it : 

Required the product of a — h by a — c. 

Here a — b must be repeated a — c times. 

If we take a — 6, a times, we shall have too large a product, 
as the multiplier a is to be diminished by c. 

That is a— & 

Multiplied by a 
Gives aa — a6, which is too great by a— ^ repeated 

c times, or by ac — chy which must be subtracted from the former 
product; but to subtract we change signs, (Art 5,). therefore 1l)e 
true product must be cui — ab — oc+cft* 

That is, the product of minus b by minus c gives plus 6<r, 
andy in general, minus multiplied by minus gives plus. 

But plus quantities multiplied by plus give plus, and minus by 
plus, or plus by minus, give minus ; therefore we may say, in 
short, 

TTiat quantities affected by like signs, when multiplied toge- 
ther, give plus, and when affected by unlike signs give minus, 

(Art 10.) The product of a into b caa only be expressed by 
ab or ba. The product of abed, ^., is abed; but if 6 c and d 
are each equal to a, the product would be aaaa* 

The product of aa into aaa is aaaaa ; but for the sake of 
brevity and convenience, in place of writing aaa, we write <f. 
The figure on the right of the letter shows how many times the 
letter is taken as a factor, and is called an exponent. The pro- 
duct of a* into c^ iB a repeated 3 times as a factor, and 4 timBs 
as a factor, in all 7 times ; that is, write the tetter and add the 
exponents. 

EXAMPLES. 

What is the product of o^ by a' ? 
What is the product of a?* by a:" ? 
What is the product of y* by y* by y^ ? 
What is the product of a" by tf* ? 
What is the product of 6V by 6a?. 
"What is the p«*oductof ac by ac" by ii*c*t 



Ans. 


cP. 


Ans. 


x^. 


Ans. 


y". 


Ans. a»+-. 


Ans. 


l^a^. 


Ans. 


t^ff. 
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If adding numeral exponents is a true operation, it must be 
equally true when the exponents are literal. 

N. B. When the exponent is not expressed, one is understood, 
for a is certainly the same as aS or once taken. 

(Art. 11.) Every factor must appear or be contained in a pro- 
duct. Thus aa^ multiplied by bx^ must be abx^. Now if a«»5 
and b=lO the product would be 602^. 

Multiply 3a* by 70*. Product 21a». 

From this we draw the following rule for the multiplication 
of exponential quantities. 

* Multiplymthe coeficients and add the exponents of the same 
letter. Ml the letters must appear in the product. 

EXAMPLES. 

Multiply 4(X* by 3a. Prod. 12A 

Multiply 3a^ by —2a:!*. Prod. — 6ac». 

Multiply 3a: by 7a:" by 3a^. Prod. %^c?a?y\ 

What is the product of 2aa:*, 4aary, labx ? 

Prod. bScfa^by.i 
What is the product of 2ff*, 3rf"a:, and ax ? 

Prod. 6rfH^H->a*. 
Multiply 9c^x by 4x. Prod. 36a»a:». 

Multiply I7(^b^c* by 7ac. Prod. 119a*6V. 

Multiply lla^b^c by lOo^^sA Prod. 110a^»6^V«. 

Multiply 1216Va: by Scfibxt/^. Prod. 605a*6VaY* 

Multiply 77a«ca?* by 61a*6. Prod. 4697a«6ca^. 

Multiply 117a6*c»a: by 2a«6*c. Prod. 2Bia*b*d^x. 

Multiply 90*3: by 6a:. 
Multiply 9aa:* by — ^7aa:. 
Multiply 7aa: by — 4. 
Multiply 3ac by — 2ca: by — 4c. Prod. 2Aa<?x 

(Art. 12.) When one compound quantity is to be multiplied 
or repeated as many times as there are units in another^ it is 
evident that the multiplicand must be repeated by every term of 
the multiplier. 
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Thus the product of a-\'b+e by a?+y+** 
It is evident that a+b-^-c must be repeated x timcSy then y 
times, then z times ; and the operation may stand thus : 

a+b+e 

g+y+^ 
Product by x ax+bx+cx 
Product by y (y+by+ey 

Product by z az+bz+ez 



Entire Product ax+bx+cx+ay+bjf+ejf+az+bz+cz. 

From the foregoing articles we draw the following general 
nde for the multiplication of compound quantities. 

Multiply all the terms of the multiplicand by each term of 
the multiplier^ observing that like signs^ in bothfactors^ give 
plus, and unlike, minus. 

Write each term of the product distinctly by itself vnth its 
proper sign, and afterwards condense or conned the terms as 
much as possible, as in addition, 

EXAMPLES. 
1. 9. 

Multiply 2ax^^x 8x+ 2y 

By 2x +4y 4a? — 6y 

Partial product 4aa^-6a:» 12a:»+ Sxy 

2d part. prod. 8ary— 12a:y _15ay— lOy* 

Whole prod. 4aa?+8aary— 6a5*— 12jry 12a:»— 7ay— lOy* 

8. Multiply 2a:*+xy— 2y* 

By 3x— 3y 



Partial product Ox'+Sa:^ — 6j?y* 

2d partial product — 6aj*y — dxf^+^ 

Whole product 6«*— 3x^— 0ay'+6y* 

4. Multiply 3a^— .2a&— 6« by 2a— 46. 

Prod 60^— 16a"6+6a6»+46». 
«. Multiply as^-ay+y* by x+y. Prod, a^+y* 



u 
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6. Multiply rf— 3ac+c* by 

Prod. 0?— 4a'c+4ac^— c*. 

7. Multiply a+b by a+b. Prod. a^+2ab+b^. 

8. Multiply x+y by x+y. Prod. x^+2ooy+yK 

9. Multiply 0—6 by a— 6. Pro(f. ri^— 2a6+6«. 

10. Multiply a?— y by a>— y, Prorf. a:^ — 2ay+y3, 

(Art. 13.) By inspecting all the problems, from the 7th to the 
10th, we shall perceive that they are all binomial quantities, and 
the multiplicand and multiplier the same. * 

But when a number is to be multiplied into itself the product 
is called a square. Now by inspecting the products, we find 
that the square of any binomial quantity is equal to plus ; the 
squaresof the two parts and tunce the product of the two parts. 

N. B. The product of the two parts will be plus or minus, 
according to the sign between the terms of the binomial. 

Let us now examine the product of a-^-b into a— 6. 
a +b 2m +2n 

a — b 2m — 2n 



(^+ab 
—ab—b* 



4m^+4mn 



Product 0? — ^' 4m* — 4n*^ 

Multiply 2a+Sb by 2a— 36. Prod. 4(fi—9b*.' 

Multiply 3y-|-c by 3y— c. . Prod. 9y^— c«. 

• TliuSj by inspection, we find the product of the sum and 
difference of two quantities is equal to the difference of their 
squares. 

The propositions included in this article are proved also in 
geometry. 

(Art. 14.) We can sometimes make use of binomial quantities 
gready to our advantage, as a few of the following examples will 
show : 

1. Multiply a+6+c, by a+ft+c. 

Suppose a+6 represented by «, then it will be s+e. 
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The square of this is a^+a^c-f-c"; restoring the value of f, and 
we have {a+bY+2{a+b)c+cK 

2. Square x+y — z. Let x+y=8. 

Then («— 2:)*=»^— 25z+2r«=(a?+y)«— 2(ar+y)5r+««, 
S. Multiply x+y+z by x+y — z. Prod. (a;+y)^— a:^. 

4. Multiply 2a;'^— 3a:+2 by a? — 8. 

Prod. 2a;»— 19a::»+26a;— 16. 

5. Multiply ax-^hy by aa?+cy. 

Prorf. c^a^-\'{ab+ac)xy'\'ebj^. 

6. Multiply lar+y by Ja>— y. ProJ ioBS— j/*. 

7. Multiply (f-\-2(^h+2ab^ +6» 
By a«— 2a«6+2a^— 6» 

a«+2a^6+2a*6«+a»6« 

+2rt*62 +4a368+4o2i>4^2ii6» 



Prod. a»— 6« 

8. Multiply ar«^— i :r +f 
By ia: + 2 * 



+ 2 a;^— a+l- 
Product, ix»+V^— 7^+1 

9. What is the product of a"*+6"* by a'^+ft"! 

10. What is the product of x^— |a? by a?* — hxt 

Jim. a^— f a:»+ | 7^ 

ll» What is the product of 4a?^+8x2+l6a?+32 by. 3ar— 6? 

Ans. 12a;*— IW. 

12. What is the product of a?+a*6+a^>«+6' by a— 6T 

Am. ii^-4* 
3 
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DIVISION. 

(Art. 15.) Division is the converse of multiplication, the pro- 
duct being called a dividend, and one of the factors a divisor. If 
a multiplied by b give the product a6, then ab divided by a must 
give b for a quotient, and if divided by 6, give a. In short, if 
owe simple quantity is to be divided by another simple quantity, 
the quotient must be found by inspection^ as in division of num* 
bers. 

EXAMPLES. 

1. Divide l^ah by 4a. *An8. 46 

2. Divide 21acc? by 7c. Am. Sad 

3. Divide ab^c by ac. An$, bK 

4. Divide Zaxy by 2^c. Arts. —^ 

In this last example, and in many others, the absolute division 
cannot be effected. In some cases it can be partially efTected, 
and the quotients must be /rac/tona/. 

y ' 

96 
a 



5. Divide 3acx* by acy. Ans. 

6. Divide 7262a? by Sabx. Ans. 



7. Divide 27aby by llabx. Ans. ^. 

(Art. 16.) It will be observed that the product of the divisoi 
and quotient must make the dividend, and the signs must con- 
form to the principles laid down in multiplication. The follow- 
ing examples will illustrate : 

8. Divide — 9y by 3y. Ana — 3* 

9. Divide — % by — 3y. Ans. +3 

10. Divide +9y by — 3y. Ans. —3. 

* The term quotient would be more exact and technical here ; but, in ie< 
salts hereafter, We shall invariably use the term Ans., m more brief and el»> 
gant, and it is equally well underbtood. 



DIVISION. 



«7. 



(Art. 17.) The product of c? into cfi is a", (Art 10,) that is, 
in multiplication we add the exponents ; and as division is the 
converse of multiplication, to divi ]e powers of ike same letter^ 
we must subtract the exponent of the divisor from that of the 
dividend. 

Divide 2c^ by tf*. 
Divide — o' by a*. 
Divide 16a:* by 4x. 
Divide 15aa?y* by — Say. 
Divide QSeT by Trf*. 
Divide 12ar* by — Scuc. 



Divide 7M by 21a»6«. 
Divide — Ma^ by — ^7eV, 
Divide 117a»6V by 7SMc\ 
Divide 96abe by 12a'&c^ 
Divide M(^ by fl^ft^c*. * 
Divide 27cfb^cd^ by 21a6«f. 
Divide Uab^cd by 6fl«A 



•^n«. 



w^n«. 


2A 


Jins. 


— a. 


Ans. 


4ic». 


' jins. — Say, 


Jim. 9<jr-. 


w«n*. — 4af^. 


7M 


1 

— 


• 21a»6»" 


dab' 


W^IM. 


6 



•^«*. -:r- 



Jins. 



Am. -4-^ 



7€f 

2c 
8 

I 

Ans. %^l^d. 

7 

Ans. -— . 
3ac 

(Art. 18.) The object of this article is to explain the nature of 
negative exponents. 

Divide €^ successively by a, and we shall have the following 
(|aotientB : 



a*, o^, a, 1, 



? 



?• ?• ^- 



> Divide e^ again, rigidly adhering to the principle that to 
divide any power of a by a, the exponent becomes one less^ and 
we have 
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a, a", aS a®, tf~S «r*, a"*, Ac. 

Naw these quotients must be equal, that is, a* in one seriei 
equals a* in the other, and 

t^=^a\ a-=(^, l=a^ i=a-* !=«-• l=ir« 

Another illustration. We divide exponential quantities by 
•abtracting the exponent of the divisor from the exponent of the 
dividend. Thus a* divided by a" gives a quotient of a'^^=ii?. 
(f divided by a''=c^''==crK We can also divide by taking the 
dividend for a numerator and the divisor for a denominator, thus 

«" 1 1 

—=--., therefore -i=€r* (Axiom 7.) 

From this we learn, that exponential factors maybe ckmiged 
from a numerator to a denominator^ and the reverse^ by change 
ing the signs of the exponents. 

Thus, -5=aar-» 5— i=«^ --=ar"-* 

Divide (fbe by c^l^cK ' Ans. cr^b-^(?. 

Observe, that to divide is to subtract the exponents. 

Divide Ual^cd by 6a»&c«. Ans. L^zr-lfidtr'crK 

(Art. 19.) A compound quantity divided by asimple quantity, in 
effected by dividing each term of the compound quantity by the 
simple divisor. 

EXAAIPLES. 
!• Divide 3ax — 15a? by 3a?. 
9. Divide 8a:«+12ar» by 4a?«. 
8. Divide Zbcd-^Vlbco^—Wc by 36c. 
4. Divide 7aa:+3ay — tbd by — tad. 





Ana. 


a — 5. 




Ans. 


2a+3. 


Jins 


, d+4x-'3h. 


7nit 


X 


Jy+^ 


I7fo* 


d 


^+i 
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9. Divide I6<fbe — 15ac2^+fkuP by —-Sac. 

^ Divide lOo:* — 16a;'— 2fo by 5x. ./Sim. Sa:^— '8;p — 5. 
9 Divide — lOa&+0Oa^ by — ^6aft. 

§• Divide 36a«6«+60a»ft— 6aft by — 12a&. 

^n«. — daft— 0a+|. 
9» Divide lOra? — ery+2erx by cr. 

10. Divide l(Hy+l6d by 2if. 

11* Divide 6ay — 18aec{+24a by 6a. 
!•• Divide «m>— onur+m by m". 

(Art 20.) We now come to the last and most important ope- 
ration in division, the division of one compound quantity by an- 
other compound quantity. 

The dividend may be considered afroduet of the divisor into 
iStie yet unknown factor, the quotient ; and the highest power of 
any letter in the product, or the now called dividend, must be 
conceived to have been formed by the highest power of the same 
letter in the divisor into the highest power of that letter in the 
quotient. TTurtfore^ both the divUor and the dividend muti 
be arranged according to the regular powers of some letter. 

After this, the truth of the following rule will become obrioue 
by its great similarity to division in numbers. 

Rule. Divide the first term of the dividend by the first term 
€fthe divisor^ and set the result in the quotient.* 

Multiply the whole divisor by the quotient thus founds and 
subtract the product from the dividend* 

Tlu remainder unllform a new dividend, with which pro* 
eeed as before, till the first tepn of the divisor is no longer 
contained in the first term of the remainder. 

The divisor and remainder, if there be a remainder, are then 

* Dhride Hur first term of the dividend and of the lemainden by iSbis first 
term oi the dinsor ; be not troubled about other tennB. 
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io be written in thtform of a fraction^ as in division of num^ 
bera. 

EXAMPLES. 

Divide 4^+2ab+V by o-f^. 

Here, a is the leading letter, and as it stands first in both the 
dividend and divisor, no change of place is necessary. 

OPERATION. 

a+by+2ab+b^{a+b 
a^+ ab 



ab+b^ 



Agreeably to the rule, we consider that a will be contained in 
0*, a times ; then the product of a into the divisor is (j^-^-ab^ and 
thefrst term of the remainder is ab, in which a is contained b 
times. We then multiply the divisor by 6, and there being no 
remainder, a+b is the whole quotient. 

Divide (f+Bcfx+daa?+oi? by x-^-a. 

As the highest power of a stands in the first term of the divi- 
dend, and the powers of a decrease in regular gradation firom 
term to term, therefore we must change the terms of the divisor 
to make a stand first. 

OPERATION. » 

1. a+x)€fi+d(^x+2aa^+a*{(^+2ax+2^ 

a«+ (^x 









DIVI8lbN. tl 

a* — a*c 



— 3a*c+4ac" 
— 3a»c+3ac« 



oc* — c* 



8, a»— 4a+4)a»— 6a»+12a— 8(a— 2 



— 2rf+ 8flH-8 



4. Divide 6a?*— 96 by 6a>— 12. ^na. a^+2(x^+4X'1 -9. 
*• Divide ef — 6' by a — b. Ans, a f-6. 

6. Divide 26a:«-^— 2a;*— 8x« by 6a:»— 4a*. 

Ana. 5a:»+4ar«+3a:+2, 

(Art. 21.) We may cast out equal factors from the dividend 
and divisor, without changing the value of the quotient; for 
amxy divided by am gives xy for a quotient ; cast out either of 
the common factors a or m from both dividend and divisor, and 
we shall still have xy for a quotient. This, in many instances, 
will greatly facilitate the operation. Thys, in the 4th example, 
the factor 6 may be oast out, as it is contained in all the terms ; 
and in the 6th example the factor a:* may be cast out ; the quo- 
tients will of' course be the same. 

7» Divide a'+4aa:+4a!*+y* by a+2a:. 



Ana. o+2ar+ - 



a+2af 

S. Divide 6d*+9a«— 16a by So*— 3a. 

(Observe Art. 21.) Arts. 2a*+2a+5. 

9. Divide a*— y* by a:*+2a:'y+2ay+y*. 

Ana. x"— 3a;^+2ary"— ^- 
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10. Divide a3i^—{(^+b)af+V by oa>-*. 

11. Divide 1 by 1— a. ^na. l+fl+a"+a*f &Cm &c. 
1«. Divide :c»+|^+??+l by |+J. 

N. B. We may multiply both dividend and divisor by ths 
aarne number as well as divide them. 

1». Divide l_6y+I0y"— 10y»+6y— y« by 1— 2y+y», 

Jlns. 1— 3y+3yi-y 

14. Divide tf*+45* by €f—2ab+2b*. 

Am. a*+2a5+2y, 

15. Divide a:" — a^^+a:*— a:*+2a: — 1 by a^+a? — 1. 

Ana. ar* — ^a:'+a^— a?+l. 

16. Divide a?— x* by a — a?. 

1% Divide ft'+y* by 6+y. 

18. Divide ^•+6a^+5oy"+y* by a+y, 

w^n«. rf+4ay4"y*» 

If more examples are desired for practice, the examples in 
multiplication may be taken. The product or answer may be 
taken for a dividend, and either one of the factors for a divisor ; 
Ihe other will be the quotient. 

Also, the examples in division may be changed to examples in 
multiplication ; and these changes may serve to impress on the 
mind of the pupil the close connection between these two operar 
tions. 

(Art 22.) In the following examples the dividends and divi- 
sors are given in the form of fractions, and the quotients are the 
terms after the sign of equality. Let the pupil actually idivide, 
and observe the quotients attentively. 

^j ^ 

1. =a»+a. 



DIVISION. 88 

X — a 

Hence we may conclude that in general ar" — cT is divisible by 
X — a, m being any entire positive number. 

That is, =x"*-*+aa:'*-*+ - - - flr-*ar+rf^' 

a? — a 

The quotient commencing wiUi a power of a?, one less than 
m, and ending with a power of a, one less than tn. 

These divisions show, that the difference of two equal powers 
of different quantities is always divisible by the difference of 
their roots. 

(Art. 23.) By trial, that is, actual division, we shall find that 

a;»— a« 

— T — =x — a. 
a?+a 

, =0? — aa^+d^x — a*. 

<Sz;c. &c. &c. &c. 

From which we learn that the difference of any two equal 
powers of different quantities, is Slso divisible by the sum of their 
roots when the exponent of the power is an even number* 

(Art. 24.) By actual division we find that 

x+a 

T =a:* — aa^+a^oi^ — a'a?+<**- 
x+a 

And in general, we may conclude that the sum of any two 
equal powers of different quantities, is divisible by the sum of 
their roots when the exponent of the power is an odd number. 
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In Art 22, if we make a==l the formulas become 



a?— 1 



==j?+l- 



x—l 



—a^+x+l. 



=:a?"*-'+ar"^+af*-*, &c. 



X —I 

If we make a:=l, what will the formulas become ? 

Make the same substitutions in articles 23 and 24, and exa- 
mine the results. 

By inspecting articles 22, 23, and 24, we find that 

(a?+a)(a? — a)=a^ — a*, (x^+aa:+a*)(a? — a)=a? — «•, &c., 

for the product of the divisor and quotient must always produce the 
dividend. These principles point out an expedient of condensing 
a multitude of terms by multiplying them by the roots of the terms 
involved. Thus, x^zhaa^-i-c^a^ztic^x-^'C^j can be condensed to 
two terms by multiplying them by xdza, the root of the first and 
last term, with the minus sign where the signs are plus in the 
multiplicand, and with the plus sign where the signs are alter- 
nately plus and minus. See examples in Art. 22 and 24. 



ALGEBRAIC FRACTIONS. 



(Art. 25.) We shall be very brief on the subject of algebraic 
fractions, because the names and rules of operations are the same 
as numeral fractions in common arithmetic ; and for illustration* 
shall, in some cases, place them side by side. 

Case i. To reduce a mixed quantity to an improper fraC' 
tion, multiply the integer by the denominator of the fraction^ 
and to the product add the numerator ^ or connect it with its 
proper sign, -]- or — ; then the denominator being set under 
this sunh will give the improper Jraction required. 



ALGEBRAIC FRACTlONa 



EXAMPLES. 



1* Reduce 2 J and o+t to improper fractions. 

^„,. -V ai«l?*±ff 

These two operations, and the principle that governs thenit 
are exactly alike. 

2. Reduce 5} and a-f-r- to improper fractions. 



3* Reduce 4 — I and a to improper fractions. 

X 

An8. V and 

4. Reduce 5 — and 2h — to improper fractions. 

5 5 c 

tf» Reduce 5a-l v — to an improper fraction. 

^ Reduce 124 — r — to an improper fraction. 

7. Reduce 44-2a?-l — to an improper fraction, 
c 

5. Reduce 5a?— — - — to an improper fraction. 

3 

©• Reduce 3a — 9 Xq~ *^ *^ improper fraction^ 



^ns. 



a+3 

Case 2. 7%c converse of Case 1. 7b reduce improper 
fractions to mixed quantities^ divide the numerator by the de- 
nominator ^ as far as possible^ and set the remainder^ {if any,) 
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aver the dmommatar for the fractional part ; the two joined 
together with their proper sign, unll be the mixed quantity 
sought. 

EXAMPLES. 

!• Redace y and — ^ — to mixed quantities. - 

X 

JSne. 6J and a+-^ 

9« Reduce V s^d — - — to mixed quantities* 
• a 

bx 
Ans. 2f and o-| — 

S. Reduce ^ 5^ to amixeil quantity. 

y 

4L Reduce — ~— to a whole or mixed quantity, 
a — b 

Ans. 2a+2ft 

2ic*— — 21/* 

5. Reduce ^ to a whole number. 

ar— y 

d^rw. 2{a^-^xy+%f) by (Art. 22.) 

^ « ^ 4c+2caj+6 . . , 

^ Reduce to a mixed quantity. 

c 

^ , lOfli— 4a+6 . , 

7» Reduce to a mixed quantity. 

5a "^ . 

13X+5 
S. Reduce — - — to a mixed quantity. 

^ ^ ^ 3a:« — 12ffa?+v — ^^ . , 

9. Reduce — ^ to a mixed quantity. 

ox 

(Art. 26») It is very desirable to obtain algebraic quantities in 
their most condensed form. Therefore, it is x)f\en itecessary to 
reduce fractions to their lowest terms ; and this can be done as 
th arithmetic, by dividing both numerator and denominator by 
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iheir obvious common factors, or for their finaV reduction, by 
their greatest common measure. If the terms haver no common 
measure, the fraction is already to its lowest terms. 

The prmciple on which these reductions rest is that of divi- 
sion, explained in (Art. 21). 

Case 3. To find the greatest common measure of the terms 
of a fraction^ divide the greater term by the leaa, and the last 
divisor by the remainder, and so on till nothing remains ; then 
the divisor last used will be the common measure required. 

But note, that it is proper to arrange the quantities according 
to the powers (f some letter f as is shown in division. 

N. B. During the operation we may cast out, or throw in m 

factor to either one of the terms which is not it factor in the 

other, as such a factor would make no part of the common 

measure, and the vcUue of quantities is not under consideration. 

ab + b* 
Thus, the fraction — r^ — rr ha» a+b for its greatest common 
o* — 0' 

measiire; and this quantity is not affected by casting out the 

factor b from the numerator! and seeking the common measure 

a+b 
of the fraction -;; — rr. 
cr — 0* 

(Art 27.) To demonstrate the truth of the rule for finding the 
greatest common measure, let us suppose D to represent a divi- 
dend, and d a divisor, q tlie first quotient and r ttie first re- 
mainder. 

In short, let us represent successive divisions as follows : 

d)Z)(«.- 
r)dk 



VXq" 
r'q" 





Now, in division, the dividend. is always equal to the prodnc^ 
of the divisor and quotient, plus the remainder, if any. 
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Therefore, 


r^rY 


and 


rf=r^'+r' 


and 


D^dq-k-r. 



As r=r'q'\ the last divisor r' is a factor in r (there being no 
remainder) ; that is, r' measurts r. 

Now as r' measures r, it measures any number of times r, 
or rq''\-r\ or d; therefore r' measures d. 

Again, as r' measures d and r, it measures any number of 
times df+r/ that is, it measures dq-\-r or D. 

Hence r', the last divisor, is a common measure to both D 

and d, or of the terms of the fraction _. 

d 

We have now to show that r' is not only the common mea- 
sure of D and d, but the greatest common measure. 

In division, if we subtract the product of the divisor and quo- 
tient from the dividend, we shall have the remainder. 

That is, D — dq=^r^ and d — rq^^r'. 

Now, every common measure of D and d is also a measure 
of r, because D — dq=:r ; for the same reason every common 
measure of r and d is also a measure of r'. But the greatest 
measure of r' is itself. This final remainder is, therefore, the 
greatest common measure of D and d, 

EXAMPLES. 
1* Find the greatest common measure of the two terms of 

the fraction -r--; — : and with it, reduce the fraction to its lowest 

terms. 

CONSIDERATION AND OPERATION, 

The denominator has a* as a factor to all its terms, which is 
not a factor in the numerator $ hence this can form no part of 
the common measure, or the common measure will still be there 
if this factor is taken away. 

We then seek the common measure of a^— I and a^-|-l. 
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-1 



Hence c^+1 is the common measure, which, used as a diTisor 
to both numerator and denominator, reduces the fraction to 

9* Find the greatest common measure, and reduce the firac- 



tion 






Divide this rem. by j/* xxf' — y* 

X— y)a:»— y"(a:+y 
ar* — ^ajy 

•^IM. Common measure x — y. 

Fraction reduced — ^ . , . 
ar+ary 

8* Find the greatest common measure and reduce the frao- 
5a*a:y+5ary 

a^ar*y+ary 

Am. Greatest common measure a*+a:^. Reduced frac- 
oaxy. 
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Find the greatest common measure of o'+Sa^fi+So^'+ft* 
and a*c+2a6c+^c. , 

Reject the common factor c in one of the quantities, 

d'+2ab+b^y+dM+Sa¥+b'{a+^ 
a«+2a'6+ a6« Jy 

(^b+2ab'+b^ 

4« Find the greatest common divisor, and reduce the fraction 
3at_2a— 1 



4a«— 2a2_3a+l 



to its lowest terms. 



Here we find that neither term is divisible by the other ; but 
if these quantities have a common divisor, such divisor will still 
exist if we multiply one of the terms by any number whatever, 
to render division possible. 



Therefore take 40® 
Multiply it by 3 


—2a*— 


. 30+ 1 




3a*— 2a— l)12ft»— 6a»— 
1203—80*- 


. 9a+ 3(4o 
- 4a 




Multiply by 


2a*- 
3 


- 5a+ 3 




3o* — ^2o— 


-l)6a*- 
6a*- 


-150+ 9(2 
- 4a— 2 




Divide by-rll 


— 


■Uo+ll 






)mmon 


o— l)3o^^2o— l(3a+l 
3a*— 3o 


^ns Greatest c( 
3a+l 

4o«+2«— r 


o— 1 

0—1 

measure o— 1. Reduced fractton 
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d* Find the greatest common measure and reduce the frao- 






•^n«. Common divisor fl^ — x^. Reduced fraction 



6. Find the greatest common measure, and reduce the frac- 



tion — — =^ to its lowest terms. 



^ns. Common divisor afi — y\ Red. frac. -f-; rr— -. 

fl* — dc^x-^Baa^ — a^ 

7. Reduce 1 — ; to its lowest terms. 

cr-— ar 

Ana. ' 



a+x 



6a" + 7a2>— 3ar* 
8. Reduce ^^^-_-j__ to its lowest terms. 



S€H-X 

3a+x 

^ „ , cfib3*+2aba^ ^ bx 

9. Reduce — : — ; — r-r to its lowest terms. Ana. — 

, _ _ , 6a»a:4-9ax*— 12aa?— 8a» ^ . . 

10. Reduce to its lowest terms. 

6aa? — 8a 

^ 2a'+3a? 

w2n«. — • 

2 

a*— A* 

11. What is the value of ? w^n«. «^^-^ 

a«+62 

19« Find the greatest common divisor of 12a!* — 24a*6+ 12«^6*, 
and 8a»6«— 24a*&»+24a6*— 86*. Ana. ^(a^—2ab-\-b\) 

(Art. 28.) We may often reduce a fraction by separating both 
numerator and denominator into obvious factors, without the 
formality of finding the greatest common divisor. The follow 
ing are some examples of the kind : 
4 
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!• Reduce -r-, r-m to its lowest terms. 

a«+2«6+6« {a+b){a+b) {a+b)la+b) a+b * 
•• Reduce — 7 — rr to its lowest tenns. Ans. 



a:* — 1 X — 1 

8* Reduce ; — to its lowest terms. ^ns, . 

^+1/ y 

4 Reduce ; — -- to its lowest terms. Ana. — ; — -• 

acx+abx ac-^ab 

SiB*— 1 6fl?— 6 
5. Reduce -—1 , to its lowest terms. Ans. t. 

(Art. 29.) To find the least common multiple of two or 
more quantities. 

The least common multiple of several quantities is the least 
quantity in whicli each of them is contained without a remainder. 

Thus, the least common multiple of the prime factors, a, 6, c* 
Xj is obviously their product abcx. Now observe that the same 
product is the least common multiple also, when either one of 
these letters appears in more than one of the terms. Take . a, 
for example, and let it appear with 6, c, or ar, or with all of 
them, as a, a6, c, ax, or a, 6, ac, ax, the product abcx is still 
divisible by each quantity. Therefore,= *when the same factor 
appears in any number of the terms, it is only necessary that it 
should appear once in the product; that is, once in the least 
common multiple. If it should be used more than once, the 
product so formed would not be the least common multiple. 

From this examination, the following rule for finding the least 
common multiple will be obvious : 

Rule. Write the given quantities, one after another, and 
draw a line beneath them. Then divide by any prime factor 
that vnll divide two or more of them without a remainder^ 
bringing down the quotients and the quantities not divisible^ 
to a line below. Divide this second line as the firsts forming 
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a thirds 4^c., until nothing but prime quantities are left. Then 
multiply aH the divisors and the remainders that are not dims- 
ible^ mid their product ivill be the least common multiple. 
N. B. This rule is also in common arithmetic. 

EXAMPLES. 

1* Required the least common multiple ot Sac^ 4^^ 12a& 
8ac» and ex. 

2a)Sac 4c^ I2ab Sac ex 



2c)4c 


2a 


6b 


4e 


cx 


2)2 


a 


36 


2 


X 



I a Sb I X 

Therefore 2aX2cX2XaXBbXx=24(^cbx. 

Here the divisor 2c will not divide 2a» but the coefficient of 
C will divide the coeiHc^nt of a, and we let them divid^» for it 
is the same as first dividing by 2, and aAerwards by e. From 
the same consideration we permit 2c to divide cx^ or let the leip* 
ter c in the divisor strike out c before x» 

By tlie rule we should divide by 2 and by c separately ; but 
this is a practical abbreviation of the rule. 

3* Required the least common multiple of 27a, 156, 9a6, and 
3fl?. Jlns. 1350*6. 

8. Find the least common multiple of (a* — a:^, 4(a — a:), 
and (a+a:). .dns, 4{c^ — of). 

4. Find the least common multiple of aa^t bx^ acx, and 
rf— <i:*. ^ ^ns. (a? — a^)acba^. 

5. Find the least common multiple of a+6, a — 6, c^+ab+i^f 
and (j^—ab+bF. Ans. (f—t^. 

The least common multiple is useful many times in reducing 
fractions to their least common denominator. 

Case 4. To reduce fractions to a common denominator. 

(Art 30.) The rule for this operation, and the principle on 
which it is founded, is just the same as in common arithmetic, 
merely the multiplication of numerator and denominator by the 
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same quantity. The object of reducing fractions to a common 
denominator is to add them, or to take their difference, as diffe 
rent denominations cannot be put into one sum* 

Rule. Multiply each numerator by all the denominators^ 
except its own, for a new numerator, and all the denominators 
for a common denominator. 

Or, find the least common multiple of the given denomina- 
tors for a common denominator; then multiply each denomi' 
nator by such a quantity as will give the common denominor 
tor, and multiply each numerator by the same quantity by 
which its denomincUor was multiplied, 

EXAMPLES. 

1* Reduce — and — to a common denominator. 
X 2c 

a 4ac , 9bx 

Ans. -— and - — . 

2ca? %cx 

2a 3a4-26 
•• Reduce -r- and — : — to a common denominator. 
b Zc 

^ 4ac ^ 3a6+2 6» 

™** TTT" and ; • 

26c 26c 

5a Sb 
8. Reduce -— and — -, and 4if to a common denominator. 
3x 2c 

- lOac .9bx ^24cdx 

Ans. -- — and - — and . 

6cx 6ca? 6cx 

a •i/*^~l t/ 

4« Reduce r, , , , to fractions having a common de- 

o c x+a ® 

nominator. 

Ans. acx + c^e {bx+b){x+a) bey 

bcx+abc bcx-^abc ' bcx+abe* 
(Art. 31.) Case 6 Additionorfinding the sum of fractions. 

Rule. Reduce the fractions to a common denominator; 
and the sum of the numerators, written over the common deno- 
ndnatorf wiU be the sum of the fractions. 
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EXAMPLES. 



3a? 2x X 

1 Add — , ^-, and - together 

5 7 « 

. 6 3ar+30 r+35ar_l28jr 
•^- 105 105 

H. Add T and . Mns. 1 

o c be 



S Add ~, --• and — ; — . 
2' 3 a-^-x 

_ 3ii+3a:+2a»+2a»x+6a*+6x« 

^ns, — j r . 

6(a+ar) 

4. Add r and -y-. w^n«. — r—ir- 

a — a+b (T — b^ 

!^ Add 2a +^ and 4a+ ■ -^ - Jlns. 6a+— -- . 

6. Add a r- and b-\ ^ns, a+6H ; . 

be be 

X — 2 2x — 3 

T. Add 6a?H — -— and 4x — . 

3 bx 

5a:»— 162?+9 



.Arts. 9a?- 



15ar 



8. What ifl the sum of 26+-—, 7 and —7— ? 

5 — X b 

... 3Z>«ar— 36a:»+5a^ 

v— 2 , 2y-- 3 , 

9 What is the sum of 5^+^^— and Ay — — — ? 

5y»~16v+9 
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10. What is the sum of 5a, —5 and J ? 

Ans. 8a+»^+y«^ 

(Art. 32.) Cask 6. Subtraction or finding difference. 

Rule. Reduce the fractions to a common denominator^ ana 
tubtract the numerator of that fraction which ie to be stdh 
traded from the numerator of the other, placing the difference 
over the common denominator. 

EXAMPLES. 

1. Prom? take !^. ^. ?1^=^=1!^2. 
2 3 DO 

9. From take —j— . Eq. fractioiis ^ ^. , T^ > 

a?— y ar+y a:*— y" a?*— y' 



Difference or ^na. 



8y 

• TT_ a? ^ , 2a? -..^ a: 

S. Prom - take — . Diff. — ^ 

o 7 21 

- „ 3ar ^ , 2a? ^ 13a: 
4L* Prom ■— take -^ . Jins. -^5-. 

- ,, 2a— 6 , ^ ^ 80—46 
5 Prom —3 — subtract — -7 — . 

4e 36 

6a6_36^— 12ac+166c 



Ans. 



126c 



6. Prom 3aH — subtract 2aH s — , 

10 7 



**"*• "+-106- 

T. Prom «+:;^^ 8ubtn«5t-^lty_. -«m. »— -j^^--. 
3r-x-xy sr—xy ar—^ 

«. Prom ^ take H^. ^„,. 5f±:«*^:^5£±!f«'. 

2c 6(^ 10c<7 
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^ ^ -. . ^ I a? — a ^ ^ , cx+bx — ab 

9. From Sx+t take x . ^ns. xx-\ r 

be be 

a-\-b , a — b 

10. Find the difference between — -i- and — j-r- 

a — b a+b 

4ab 
Am. 



oK-^ 



11 From (^±^ take (^II?^ Ans. 4. 

xy xy 

Case 7. Multiplication of fractionB. 

(Art. 33.) The multiplication of algebraic fractions is just the 
same in principle and in fact, as in numeral fractions, hence the 
rule must be the same. 

It is perfectly obvious, that f multiplied by 2 must be 4» and 
multiplied by 3 must be f ; and the result would be equally ob- 
vious with any other simple fraction ; hence, to multiply a frac- 
tion by a whole number, we must multiply its numerator. 

It is manifest that doubling a denominator without changing its 
numerator halves a fraction, thus i ; double the 2, and we have 
ii the half of the first fraction. 

Also f , double the 5 gives y\, the half of |. In the same 
manner, to divide a fraction by 3 we would multiply its denomi- 
nator by 3, &c. In general, to divide a fraction by any num* 
ber, we must multiply the denominator by that number. 

Now let us take the literal fraction t» and multiply it by c, the 
product must be -r-. 

Again, let it be required to multiply ~ by -5. fiere the mul- 
tiplication is the same as before, except the multiplier c is divided 
by d ; therefore if we multiply by c we must divide by d. But 

the product of ~ by c is — ; this must be divided by df, and we 

ac a c 

shall have ^ for the true product of ,- by -3. 
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From the preceding investigation we draw the following rule 
to multiply fractions : 

KuLE. Multiply the numerators together for a new nume* 
rator^ and the denominators together for a new denominator. 

N. B. When equal factors, whether numeral or literal, 
appear in numerators and denominators, they may be canceled* 
or left out, which will save subsequent reductions. 

EXAMPLES. 

1. Multiply ^ by - and ^. Jlns. ^. 

X c ex 

In this example, b in the denominator of one fraction cancels 
^ in the numerator of another. 

5. Multiply* "^ , — r— and • ^ns. a. 

^ X x+y x—y 

a?+l a>"r- 1 , 3f:B^^— 1) 

6. Multiply 3a,-- — and — pT together. *Ans^, -~ — r-^f . 

^^ 2a a+b ^ 2(a+ft) 

N. B. Reduce mixed quantities to improper fractions. 

• a'— a^ a*— 6* 

7. What is the continued product of — r-z-f — r— :; an<i 

a+b ax+x^ 

a— a? X 

4v' 15v — 30 

•• Multiply 5^ by -if—. An,. 6y. 

* Separate into factors when separation is obvious. 
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•.Multiply — —- by -r — n- •*'»'• — ^-r — • 

1«. Multiply ^!^. by 2^2?- '*"'• ''('^•>- 

11 Required t|y continued product of ^ — ^, -z^-g and 

t..Mdtiply.+|by,.-^. j„. JtH-^»^Htfy-^ 

14. Multiply -.^j- by ^^-^^. ^n,. ^jj^^-^. 

1». Multiply -^^^ by 8^^3aa6+82y "*"'• 25+46' 

Case 8 Division of Fraction». 

(Art 34.) To acquire a clear understanding of division fai 
fractions, let us return to division in whole numbers. 

The first principle to which we wish to call the attention of 
Ifae reader, is, that if we multiply or divide both dividend and 
divisor of any sum in division, by any number whatever, we do 
not affect or change the quotient. (Art. 21.) 

Thus, 2)6(3 4)12(3 8)24(3 &c 

The second principle to which we would call observation is^ 
that if we multiply any fraction by its denominator, we have the 
numerator for a product. 

Thus, I multiplied by 3 gives 1, the numerator, and | by 5 

gives 2, and -^ multiplied by h gives a, ^. 
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o c 

Now let it be required to divide ■=- by -z. 

The quotient will be the same if we multiply both dividend 
and divisor by the same quantity. Let us multiply both terms 

by d, Ihe denominator of the divisor, and we have -r- to be di 

vided by the whole number c. But to divide a fraction by a 
whole number we must multiply the denominator by that num« 

ber. (Art. 33.) Hence -=- is the true quotient required. 

We can mechanically arrive at the same result by inverting 
the terms of the divisor, and then multiplying the upper terms 
together for a numerator, and the lower terms for a denominator; 
therefore to divide one fraction by another we have the following 

Rule. Invert the terms of the divisor, and proceed as in 
multiplication. 

EXAMPLES. 

1. Divide — -— by — r-r. Mns. ^ — V--. 

c ^ a-\-b & 

2. Divide - by -. 

a ^ c 

c 6*]? 5cj7 
Operation: divisor inverted r-X — ==— r- •^^w. 

'^ a ao 

• 

_ -.. ., 15a6 , lOac* 

•• Divide by -x i. 

a — X "^ cr — ar 

Operation. ]^y,i^±^^, " ^„,. ?*(?±^. 
a — X lOac 2c 

«. Divide ?^^y -.-/-J-,. ^„,. (H^I^XEdlf). 

yA ^4 x-\-b 

* Divide into fitctors, in all such caseer, and cancel. 
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6, Divide ^:^ by -^. ^ns. ^ ^^+^ . 

^ ^. . , lAx—Z , lOar — i ^ 70a? 15 

v. Divide — -— by —5^-. Ans ^^=— i? 

5 25 lOor — 4 

8. Dmde — by --. Ans. r:f— T. 

06 a: 

a T\- A 6^—7 , X — 1 ^ 18x— 21 

».Dmde^-by_. An,. -^^-^ 

11. Dmde ^^—j-, by -^--f-. ^n.. o^+x- 

W. Divide 'i^ by ^. Ans. !^=? 

5 5 y 

«o Tk- -J no— nar , mot— ^mx ^ w 

18. Divide -— rr- ^Y rr-- •^^«- — 

a+b -^ a+6 m 

14. Divide 12 by i^tfT-^. .fn«. ~^^ 

M. Divide ±^ by ^. .tfn,. 6+- 

ar -^ ar a 

16. Divide ^ by ?^. .tfn.. M^:::*) 
IV. Divide a by the product of -^ into 



a;+y x—y 

Ans. t=^^ 



X 



18. Divide 5^^ by the product of ^^ into ^. 

.^n«. 3a. 
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SECTION II. 

CHAPTER L 

Preparatory to the solution of problems, and to extended in- 
vestigations of scientific truth, we commenced by explaining the 
reason and the manner of adding, subtracting, multiplying, and 
dividing algebraic quantities, both whole and fractional, that the 
mind of the pupil need not be called away to the art of perform- 
ing these operations, when all his attention may be required on 
the nature and philosophy of the problem itself. 

For this reason we did not commence with problems, 

/ Analytical investigations are mostly carried on by means 

OF EQUATIONS. 

(Art. 35.) An equation is an algebraical expression, meaning 
that certain quantities are equal to certain other quantities. Thus, 
3+4=7; a+6=c ; a:+4=10, are equations, and express that 
3 added to 4 is equal to 7, and in the^ second equation that a 
added to b ia equal to c, &c. The signs are only abbreviations 
for words. 

The quantities on each side of the sign of equality are called 
members. Those on the left of the sign form the Jirst member, 
those on the right the second. 

In the solution of problems every equation is supposed to con- 
tain at least one unknown quantity , and the solution of an equa- 
tion is the art of changing and operating on the terms by means 
of addition, subtraction, multiplication, or division, or by all tliese 
combined, so that the unknown term may stand alone as one 
member of the equation, equal to known terftis in the other 
member, by which it tlien becomes known. 

Equations are of the first, second, third, or fourth degree, 
according as the unknown quantity which they contain is of tlie 
first, second, third, or fourth power. 

ax-^b=dax is an equation of the Jirsi degree or simple 
equation. 
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aa^-^-bx^s^Bab is an equation of the second degree or quadraiie 
equation. 

aa:*+&a:"4-ca?=2tf*A is an equation of the third degree. 

aa^+6x*+ca:*+«?a?=2a6* is an equation of the fourth degree. 

We shall at present confine ourselyes to simple equations. 

(Art 36.) The unknown quantity of an equation may be 
united to known quantities, in/our different ways : by addition, 
l>y subtraction, by multiplication, and by division, and further 
by various combinations of these four ways as shown by the 
following equations, both numeral and literal : 





NUMERAL. 


LITEBAL. 


1st By addition. 


a:+6=10 , 


x+a=ib 


2d. By subtraction. 


a>— 8=12 


x—e^d 


3d. By multiplication, 


20a:=80 


ax^e 


4th. By division. 


1=., 


5=ir+a. 



6th. 2:4-6—84-4=10+2—3, x+a-^+c=d+c, &c., 
are equations in which the unknown is connected with known 
quantities by both addition and subtraction. 

X X 

2X'\'-=^2h aaf4-7-=c, are equations in which the unknoton 

9 U 

IB connected with known quantities by both multiplication and 
division. 

Equations often occur, in solving problems, in which all of 
these operations are combined. 

(Art. 37.) Let us now examine how the uninou^ quantity can 
be separated from others, and be made to stand by itself 
Take the 1st equation, or other similar ones. 

ar4-6=10 x+a—h 

Take equal quantities 6= 6 a=a from both 

members, and a:=10 — 6 a?=6 — a the 

remainders must be equal. (Ax. 2.) Now we find the term 
added to x, whatever it may be, appears on the other side with 
a contrary sign, and the unknown term x being equal to known 
terms is now known. 
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Take the equations a?— 8=f2 a>— cs=rf 

Add equals to both memb. 8=s 8 c^c 

Sums are equal ar=12+ 8 x^^d+e (Ax. 1.) 

Here again the quantity united to x appears on the opposite 

sidft with a contrary sign. 

From this we may draw the following principle cr role ^f 

operation : 

^ny term may be transposed from one member of an equa^ 

tion to the other^ by changing its sign. 

Now 20a:=80. ax=^e. If we divide both members by the 
coefficient of the unknown term, the quotients will be eqnaL 

(Ax. 4.) Hence a:=|J=4. a?=-. 

That is, the unknown quantity is disengaged from known 
quantities, in this case, by division, 

X X 

Again, take the equations t^^^ » 3=^+^* 

Multiply both members by the divisor of the unknown term, 
and we have x= 16X4. x=gd+ad. Equations which must 
be true by (Ax. 3.), and here it will be observed that x is libe* 
rated by mtdtiplication. 

From these observations we deduce this general principle : 

TTuit to separate the unknown quantity from additional 
terms we must use subtraction $ from subtracted terms we 
must use addition ; from multiplied terms we must use divu 
tion ; from divisors we must use multiplication. 

In aJl cases take the opposite operation. 

EXAMPLES. 

1* Given 3x-~A=7x — 16 to find the value of or. Jlns. OpasS. 

9. Given 3a?+9 — 1 — 6x=0 to find the value of x. 

Ans. a?=4. 

Z. Given 4y+7=y4-21 — 3+y to find y. Ans. y=6i. 

4L« Given box — c=6— 3ax to find the value of x. 

6+c 
8a 
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S* Given a3!^+bx=9a^-^cx to find the value of a? in tenns 

of a, 6, and c. Ana* a:= g, 

N. B. In this last example we observe that every term of the 
equation contains at least one factor of a; ; we therefore divide 
every term by x, to suppress this factor. 

(A.rt. 38.) In many * problems, the unknown quantity is 
ofteiT combined with known quantities, not merely in a simple 
manner, but under various fractional and compound forms.-— 
Hence, rules can only embody general principles, and skill and 
tact must be acquired by close attention and practical application : 
but from the foregoing principles we draw the following 

GfiNBRAL Ruts. Connect and unite as much as possible all 
the terms of a similar kind on both sides of the equation. 7%cn, 
to clear of fractions, multiply both sides by the denominators^ 
one after another, in succession. Or, multiply by their con- 
tinued product, or by their least common multiple, (when such 
a number is obvious,) and the equation mill be free of fractions. 

Then, transpose the unknown terms to the first member of 
the equation, and the known terms to the other. TTien unite 
the similar terms, and divide by the coefficient of the unknoum 
term, and the equation is solved. 

EXAMPLES* 

!• Given x+ix+3 — ^7=6 — 1, to find the value of x. 
Uniting the known terms, after transposition, agreeably to the 
rule of addition, we find x-\-hx=^d. Multiply every term by 
2, and we have 2a;+a:=18. Therefore ar=6. 

«• Given 2x+ix+lx — Sa=4b-\-da, to fiod x. 

N. B. We may clear of fractions, in the first place, before we 
condense and unite terms, if more convenient, and among literal 
quantities this is generally preferable. 

In the present case let us multiply every term of the equation 
by 12, tlie product of 3X4, tind we shall have ' 

24x+9x+4x—36a=^4Sb+d&a. 
Transpose and unite, and 37x=^4Sb+72a 
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T% .J ,_ «« 1 486+72a 

Divide by 37, atd x^ — r . 

37 , 

». Given ix+^x+ix—dd^ to find the value of x. 

Here are no scattering terms to collect, and clearing of firao* 
tioas is the first operation. 

By an examination of the denominators, 12 is obviously theif 
least common multiple, therefore multiply by 12. Say 13 
halves are 6 whole ones, 12 thirds are 4, 12 fourths are 3, &c. 

Hence, ex+ix+3x=39X 12 

Collect the terms, 13a:=39X 12 

Divide by 13, and a?= 3X12=36, ^ns. 

N. Br In other books we find the numerals actually multiplied 
by 12. Here it is only indicated, which is all that is necessary. 
For when we come to divide by the coefficient of a?, we shall 
find factors that will cancel, unless that coefficient is prime to all 
the other numbers used, which, in practice, is very rarely the 
case. 

4. Given ix+^x+ix^ch to find x. 
This example is essentially the same as the last* It is identi- 
cal if we suppose a=39. 

Solution, 6a?+4a;+ 3ar= 1 2a 

Or, 13a?=12(i 

Divide and x= — 

13 

Now if a be any multiple of 13, the problem is easy and 
brief in numerals. 

«. Wtqn tl+ — r«— =— 5 — H 5 — to find the value of 4r. 

Id o « 

Here 16 is obviously the least common multiple of the deno< 
rainators, and the rule would require us to multiply by it, and 
such an operation would be correct ; but in this case it is more 
easy to multiply by the least denominator 2, and then condense 
like terms. Thus, 
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Multiply by 2, and we have 

42H —-=——+g7—7x. 

Recollect that we can multiply a fraction by dividing its deno- 
minator. Also observe that we can mentally take away 42 from 
both sides of the equation, and the remainders will be equal 
(Ax. 2.) 

2x — 11 6x — 5 . 
Then — - — =JlIIL4-55_7a?, 
8 4 

Multiply by 8, and 

3a:_ll=10a:— 10+440— 66j? ; 

Transposing and uniting terms, we have 

49a?=441 ; 

By division, a: =9. 

6. Given §ar+2j+ll=fa:+17, to find x. 

If we commence by clearing of fractions, we shouiti make 
comparatively a long and tedious operation. Let us firhc reduce 
it by striking out equals from both sides of the equation. W? 
can take 1 1 from both sides without any formality of transposing 
or changing signs ; say drop equals from both sides, (Ax. 2.) and 
reduce the fraction ^x^ix. 

All this can be done as quick as thought, and we shaU have 

Multiply by 4, then ia:+2i=ia:+6; 

^+10=a;+24, or i^=a:+14: 
5 5 

Hence, 7a?=70, or ic=10 Jlns. 

7. Given ix—b+ix+S+'jX—lO=li)0—e—7 to fjid tha 
value of X. 

Collecting and uniting the numeral quantities, we have 

|a?+ia?+^a?=94; 
Multiply every term by 60, and we have 
20ar+15a:+12x=94.60 
Collecting terms, 47x=94.60 

DiTide both sides by 47, and x^ 2.60s=l20 Jim. 



58 ELEMENTS OF ALGEBRA. 

(Art. 3^ > When equations contain compound fractions and 
simple cues, clear them of the simple fractions first, and unite* 
as far as possible, all the simple terms. 

EXAMPLES. 

8. Given — j^ — \- ^ i o = — tt- ^ ^^^ *b» ^^^^ of X. 
y oa:-i-3 3 

Multiply all the terms by the smallest denominator, 3. That 
is, divide all the denominators by 3, and 
6a?+7 * 7ar— 13 



2a?+l 



=2a?+4. 



Multiply by 3 again, and 6a?+7+ o 4,1 =^^+1^ 

Drop 6ar+7, and . =5. 

Clear of fractions, 21ar — 39=10a?+5. 

Drop 10a? and add 39, and we have lla?=44, or x=4. 

^ _. 7a:+16 a?+8 a? ^ , , . - 

9. Given — — tt=« to "nd the value of x. 

21 4x — 11 3 

Observe that — ~ — may be expressed in two parts, thus, 
21 

7a? 16 7a? a? 

-—+^57. Observe dso, that 57=5^. Hence these terms may 

«1 <«1 * 21 o 

be dropped, the remainders must be equal. Transpose the 

. 16 a?+8 

minus term, then 7rT=z r« 

21 4a?— 11 

Clear of fractions, and 64a?— IIX 16=21a?4-21X8. 

Drop 21a? and observe that 11 X 16 is the same as 22X8. 

Then 43a:— 22X8=21X8. Let a=8, 

Then 43a?— 22a=21a. 

Transpose — ^22a and 43a?=43a. 

Hence a?=a. But a =8. Therefore a?=8. 

N. B. We operate thus, to call attention to the relation of^ 
quantities, and to form a habit of quick comparison, which will, 
in many instances, save much labor and introduce the pupil into 
the true spirit of the science 



i 
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• Ik r^- 9a:+20 4x—l2 , a? , ^ , ,, 

to. Given — --— =_ _+-. (o find the value of ar. 

30 OX— 4 4 

9x 

By a slight examination we perceive that -- is equal to ix. 

3d 

Hence tiiiese terms may be left out, as they balance each other. 

Also,|J=f 

_ . 5 4a?— 12 

Therefore ;r=-= r-. 

9 &x — 4 

Clear of fractions, and 25x — ^20 =86:0 — 108. 
Transpose 25a? — 36a:=20 — 108. 

Unite and change signs, and llar=:88 or a?=89 ^nt 

« i n 20a? , 36 , 5a:+20 4a? ,86 ^ . . 

11. Given 7:r-+ir^+;i T^^T+T^ ^ fi^d X. 

25 25 9a? — 16 6 25 
By taking equals from both sides, we have 

5a?+20 « „ , ,. 

—- — —==2. By reduction a:=4. 

«A r^' 3^ ^«>— 1 » 20a?+13 , ^ . 

la. Given --— =6a? ^ — ^ find a?. 

4 2 4 

Multiply by 4, to clear of fractions, and 

3ar — ^2a?+2=24a>— 20x — 13. Reduced a?=5. 

(Art. 40.) When a minus sign stands before a compound 
quantity, it indicates that the whole is to be subtracted ; but we 
subtract by changing signs, (Art. 5). The minus sign before 

in the last example, does not indicate that the a? is minus, 
2 

but that this term must be subtracted. When the term is multi- 
plied by 4, the numerator becomes 2a? — 2, and subtracting it 
we have — 2ar+2. 

Having thus far explained, we give the following un wrought 
equations, for practice : 

Sa?" X 
18. Given -s-=j+24 to find the value of a?. Ans. \9\. 

14. Given jar+i^=10 to find the value of x. Am. 24. 
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15, Given — - — |-r'=20 — ^i — to find x. AnM 9 

1«. Giren ^+5±?=16— ^? to find «. ^n#. 18 

Mr. Given aa>-^+16=i?^±H? to find «. 

1«. Giren x J^=:— I— to find a?. Ans. a?=13. 

a 4 

19. Given Ja:+ia:+ia?+^a?=T7 to find ar. Ans. a^=60. 

ao. Given ix+Ja:+ia?=:130 to find x. Am. ar=:120 

91. Given hx+\x-\-^^x=^^ii to find x. Ana. 0^120 

aa. Given iy+ 5^+7^=82 to find y. Ans. y=84 

98. Given 5x+^^+3^=34 to find x. Ans. a^=G• 

94. Given llx+~+?+|+|j-316 to find ar. 

o 4 D «4 

w^ntf. a^=:24. 

95. Given y+|+ Y+y +^"^1^^ ^ ^^ V- •^^»-y=66 

96. Given ^^;tf 2 9 ^^^~^^ 30 to find a?. Ans. x==^ 

a?+2 a? — t 

There is a peculiar circumstance attending this 26th example* 
-and the 4th example of Art. 42, which will cause U8 to refer to 
them in a subsequent part of this work. 

N. B. In solving equations 19, 20, 21, 22, and 23, use no 
larger numbers than those given, indicating and not performing 
numeral multiplications. 

(Art. 41.) Every proportion may be converted into an equa- 
tion. Proportion is nothing more than an assumption that th« 
same relation or the same ratio exists between two quantities, 
as exists between two other quantities. 

^ That is, w^ is to ^ as C is to D. There is some relation b«» 
me^h A and A. Lei r express that relation, iheri Rr=itA, feft 
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the relation between C and D is the same (by hypothesis) as 
between A and B. Hence D=rC. 

Then m place of ./^:i?:: C:/> • 
we hare A : rA\ : C:rC 

Multiply the extreme terms, and we have rCA. 

Multiply the mean terms, and we have rAC. 

Obviously the same product, whatever quantities may be re- 
presented by either A, or r, or C. 

Hence, to convert a proportion into an equation, we have the 
following 

Rule. Place the product of the extremes equal to the prO' 
duct of the means. 

(Art. 42.) The relation between two quantities is not changed 
by multiplying or dividing both of them by the same quantity. 
Thus, a: b:: 2a :2b, or more generally, a:bi:na:nb, for the 
product of the extremes is obviously equal to the product of the 
means. 

That is, a is to 6 as any niynber of times a is to the same 
number of times b. 

We shall take up proportion again, but Articles 41 and 42 are 
sufficient for our present purpose. 

EXAMPLES. . 

1. Given Sx — 1 : 2x4-1 :: 3ar : ar to find x» 
(By Art. 41.) d3i^—x-=6x^+Sx. 
Transpose and unite, and we have 0=3x'+4x. 
Divide by«a?, and 3a?+4=0 or ar= — |, Ans. 

3 3x 
9. Given - : -— : : 6 : 5a? — 4 to fina a?. 
2 4 

The first two terms have the same relation as s : jo?, or of 
% : x. Hence 2 : a? ;: 6 : 5x — 4. 

Product of extremes and means, lOa: — 8=6a: or a?=2. 

« ^. (x^l)(x+l) x+l ^ ^ ,\a 

8« Given ^ ^-^ — ■ — ^ : -^ — : : 2 : 1 to find x» 

Sa . Sa 
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4. Given — j— : (a? — 5) : : f : | to find a?. . 

5* Given a?+2 : a : : 6 : c to find the value of x. 

Am. j:= ^2. 

c 

•• Given 2a? — 3 : x — 1 :: 2x : a?+l to find the value of a?. 

•^n^. a?=3 

1. Given a?+6 : 38— a? : : 9 : 2 to find ar. Am. ic==30. 

8. Given ar+4 : a:-— 11 :: 100 : 40 to find a?. Am. ar=21. 

QUESTIONS PRODUCING SIMPLE EQUATIONS. 

(Art. 43.) We now suppose the pupil can readily reduce a 
simple equation containing but one unknown quantity, and he is, 
therefore, prepared to solve the following questions. The only 
difiiculty he can experience is the want of tact to reason briefly 
and powerfully with algebraic symbols ; but this tact can only 
be acquired by practice and strict attention to the solution of 
questions. We can only give the following general direction : 

JRepresent the unknown quantity by some symbol or letter^ 
and really consider it as definite and known, and gp over the 
same operations as to verify the answer when known, 

EXAMPLES. 

1. What number is that whose third part added to its fourth 
part makes 21 ? Ans, 36. 

The number may be represented by a?. • 

Then ix+ix=2l. Therefore a^=36. 

2. Two men having found a bag of money, disputed about 
the division of it. One said that the half, the third, and the 
fourth parts of it made $130, and if the other could tell how 
much money the bag contained, he might have it all. How 
much money did the bag contain ? Ans. $120. 

(See equation 20, Art. 40.) 
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3* A man has a lease for 20 years, one-third of the time pas. 
IS equal to one-half of the time to come. How much of the timu 
nas passed ? 

Let x= the time past. 

Then 20 — x= the time to come. 

X 20'^ic 
By the qaestion - = — - — , Therefore a:=12 j^n*. 
o 2 

4.0 What number is that, from which 6 being subtracted, and 
the remainder multiplied by 11, the product will be 121 ? 

Let a:= the number. 

Then (ar — 6)11=121, or x — 6=11 by division. 

Hence a:=17. 

5* It is required to find two numbers, whose difference is 6, 
and if I of the less be added to ^ of the greater, the sum will 
be equal to ^ of the greater diminished by | of the less. 

Let x= the less. Then a:+6= the greater. 

jt-|-6 ;r-}-6 
By the question ix-\ — — =— ^x. 

Drop ix from both sides and add \x to both sides, and we 

have — i-- =2, or af=2, the less number. 
5 

We may clear of fractions in full, and then transpose and unite 
terms, but the operation would be much longer. 

6. After paying | and j of my money, I had $66 left ; how 
much had I at first ? ^ns. $120 

7* After paying away i of my money, and J of what remained, 
and losing \ of what was left, I found that I had still $24. How 
much had I at first ? JUns. 60. 

8. What number is that from which if 5 be subtracted, | of 
the remainder will be 40 ? Jlns. 66. 

9. A man sold a horse and a chaise for $200 ; 5 of the price 
of the horse was equal to i of the price of tlie chaise. What 
was the price of each? Jins, Chaise $120. * Horse $80 
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lO Divide 48 into two such parts, that if the less he divided 
by 4, and the greater by 6, the sum of the quotients will be 9. 

Ans, 12 and 36. 

11* An estate is to be divided among 4 children, in the fol- 
lowing manner : 

The first is to have $200 more than k of the whole. 
The second is to have $340 more than \ of the whole. 
The third is to have. $300 more than \ of the whole. 
And the fourth is to have $400 more than \ of the whole. 
What is the value of the estate? Am. $4800 

12. Find two numbers in the proportion of 3 to 4, whose 
fium shall be to the sum of their squares as 7 to 50. 

An8, 6 and 8. 

N. B. When proportional numbers are required, it is generally 
most convenient to represent them by one unknown term, with 
coefficients of the given relation. Thus, numbers in proportion 
of 3 to 4, may be expressed by 3a: and 4a?, and the proportion 
of a to 6 may be expressed by ax and bx, 

IS. The sum of $2000 was bequeathed to two persons, so 
that the share of A should be to that of J? as 7 to 9. What was 
the share of each? Am. A's share $875, B's share $1125. 

14. A certain sum of money was put at simple interest, and 
in 8 months it amounted to $1488, and in 15 months it amounted 
to $1530. What was the sum ? Am. $1440. 

Let x=- the sum. The sum or principal subtracted from the 
amount will give interest: therefore 1488 — x represents the 
mterest for 8 months, and 1530 — x is the interest for 15 months. 

Now whatever be the rate per cent, double time will giv* 
double interest, &c. Hence 8 : 15 :: 1488 — x : 1530 — x. 

N. B. To acquire true delicacy in algebraical operations, it m 
often expedient not to use large numerals, but let them be repre- 
sented by. letters. In the present example let a=1488 Then 
a+42=1530, and the proportion becomes 8: 15:: a — a::a+ 
42 — X. 
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Multiply extremes, Ac, 8a+8'42— 8a?=sl6flH-15a?. 

Drop 8a and — Sx. We then have 8-42 =7a— Tar. 

Dividing by 7 and transposing x=a — 48=1440, Ana, 

1<I. A merchant allows $1000 per annum for the expenses 
of his family, and annually increases that part of his capital 
which is not so expended by a third of it ; at the end of three 
years his original stock will double. What had he at first f 

Ana. $14,800. 

Let 07= the original stock, and a=1000. 

To increase any quantity by its j part is equivalent to multi- 

\x \.ci 
plying it by |. Hence — - — is his 2d year's stock. 



16. A man has a lease for 99 years, and being asked how 
much of it had already expired, answered that | of the time past 
was equal to | of the time to come. Required the time past and 
the time to come. 

Assume a=99. Ans, Time past, 54 years. 

17* In the composition of a quantity of gunpowder 

The nitre was 10 lbs. more than f of the whole, 

The sulphur 4s lbs. less than \ of the whole, 

The charcoal 2 lbs. less than \ of the nitre. 

What was the amount of gunpowder ? Ans, 69 lbs 

18» Divide $183 between two men, so that \ of what the first 
receives shall be equal to ^^ of what the second receives. What 
will be the share of each ? Ans. 1st, $63 ; 2d, $120. 

10. Divide the number 68 into two such parts that the differ- 
ence between the greater and 84 shall be equal to 3 times the 
difference between the less and 40. Ans, Greater, 42 ; Less, 26. 

dO. Four places are situated in the order of the letters A^ B^ 
C, D The distance from A to D is 34 miles. The distance 
from .^ to ^ is to the distance from C to /) as 2 to 3. And 4 
of the distance from A to B^ added to half the distance from C 
to D, is three times the distance from B to C. What are the 
respective distances ? 

Ans. From ^to jB=12; from B to C=4 ; from C-to/>=18, 
6 
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31* A man driving a flock of sheep to market, was met by a 
party of soldiers, who plundered him of i of his flock and A 
more. Afterwards he was met by another company, who took 
i what he then had and 10 more : after that he had but 2 left. 
How many had he at first ? ^ns, 45. 

tl3« A laborer engaged to serve for 60 days on these condi 
tions : That for every day he worked he should have 75 cents 
and his board, and for every day he was idle he should forfeit 25 
cents for damage and board. At the end of the time a settlement 
was made and he received $25. How many days did he work, 
and how many days was he idle ? 

The common way of solving such questions is to let x— the 
days he worked ; then 60 — x represents the days he was idle. 
Then sum up the account and put it equal to $25. 

Another method is to consider that if he worked the whole 60 
days, at 75 cents per day, he must receive $45. But for every 
day he was idle, he not- only lost his wages, 75 cents, but 25 
cents in addition. That is, he lost $1 every day he was idle. 

Now let x= the days he was idle. Then x= the dollars 
he lost. And 45 — ^a?=25 or x=20 the days he was idle. 

93* A boy engaged to carry 100 glass vessels to a certain 
place, and to receive 3 cents for evety one he delivered, and to 
forfeit 9 cents for every one he broke. On settlement, he re- 
ceived 2 dollars and 40 cents. How many did he break ? 

^ns. 5. 

24L. A person engaged to work a days on these conditions : 
For each day he worked he was to receive b cents, for each day 
he was idle he was to forfeit c cents. At the end of a days he 
received d cents. How many days was he idle ? 

^ns. -r-j — daya 

o+c ^ 

25« It is required to divide the number 204 into two such 
parts, that | of the less being taken from the greater, the remain- 
der will be equal to f of the greater subtracted from 4 times the 
Iflss. Ann. The numbers are 154 and 50.* 
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(Art. 44.) We introduce this, and a few foDowing problems. 
Id teach one important expedient^ not to say principle, which is, 
not always to commence a problem by putting the unknown 
quantity equal to a single letter. We may take 2x, 3x, or nx 
to represent the unknown quantity, as well as a?, and we may 
resort to this expedient when fractional parts of the quantity are 
called in question, and take such a number of x's as may be 
divided without fractions. 

In the present example we do not put x= to the less part, as 
we must have | of the less part. It will be more convenient to 
put bx= the less part. Then f of it will be 2x. Put a=204. 

96. A man bought a horse and chaise for 341 (a) dollars. 
Now if I of the price of the horse be subtracted from twice the 
price of the chaise, the remainder will.be the same as if | of the 
price of the chaise be subtracted from 3 times the price of the 
horse. Required the price of each. 

^ns. Horse $152. Chaise $189. 

N. B. Let 8a?= the price of the horse. 
Or let 7x= the price of the chaise. 
Solve this question by both of these notations. 

dY« From two casks of equal size are drawn quantities, which 
are in the proportion of 6 to 7; and it appears that if 1 6 gallons less 
had been drawn from that which now contains the less, only one 
half as much would have been drawn from it as from the other. 
How many gallons were drawn from each ? ^ns. 24 and 28. 

N. B. -Let 6x and 7x equal the quantities drawn out. 

98. Divide $315 among four persons, Ay By C, and A giving 
B as much and | more than A\ C i more than A and B toge- 
ther; and D k more than Aj B and C. What is the share of 
each! Ans. w^ $24. ^$36. C $80, and 2) $175. 

If we take x to represent A'^s share, we shall have a very 
complex and troublesome problem.* But it will be more simple 
by making 6a:=.^'s share. 

* Taking x for A'n share, and reducing their sum, gives Equation 24| 
4rt40. 
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Thus, let 6a:=w^s share. 

Then 9x=B"s share. 

And 15ar+5x=C"s share. 

Also B5x-\ — T-=/)'s share. 

4 



Sum 70a?+^=315 



4 

280a?+35a:=315X4 
315x=315X4 

Hence 6a?=24, J^h 



39* A gamester at play staked ^ of his money, which he lost, 
but afterwards won 4 shillings ; he then lost i of what he had, 
and afterwards won 3 shillings ; after this he lost \ of what he 
had, and finding that he had but 20 shillings remaining, he left 
off playing. How much had he at first ? Ans. 30 shillings. 

80. A gentleman spends | of his yearly income for the sup- 
port of his family, and f of the remainder for improving his 
house and grounds, and lays by $70 a year. What is his in- 
come? ^ns, 9X70 dollars, or more generally, 9 times the 
sum he saves. 

81. Divide the number 60 (a) into two such parts that their 
product may be equal to three times the square of the less num- 
ber ? ^ns. 15 and 45, or |a= the less part. 

82. After paying away i and \ of my money, I had 34 (a) 
dollars left. What had I at first ? 

.tfna. 56 dollars. General answer r— X28. 

17 

88. My horse and saddle are together worth 90 {a) dollars, 
and my horse is worth 8 times my saddle. What is the value 
of each ? ^ns. Saddle $10. Horse $80. 

84. My horse and saddle are together worth a dollars, and 
my horse is worth n times my saddle. What is the value of 

each ? w2n«. Saddle — ;-—. Horse — t-^. 

n+i n+l 
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M* The rent of an estate is 8 per cent greater this year than 
]z»U This year it is 1890 dolkrs. What was it last year? 

• Ans. $1750 

36 The rent of an estate is n per cent, greater this year than 
last, rhis year it is a dollars. What was it last year ? 

•^'i*- ,^^ . dollars. 
100+n 

87 A and B have the same income. A contracts an annual 
debt atflounting to ^ of it ; B lives upon ^ of it ; at the end of 
two years B lends to A enough to pay off his debts, and has 32 
(a) dollars to spare. What is the income of each ? 

Ana. $280 or i(35a). 

39* What number is that of which |, i and ^ added together 

^ ' Ana, 84. General Ana, — —. 

73 

39. A person afler spending 100 dollars more than ^ of his 
income, had remaining 35 dollars more than I of it. Required 
his income. Ana, $450. 

40. A person after spending (a) dollars more than \ of his 
income, had remaining (6) dollars more than | of it. Required 
his income. 

^ns. ^P dollars. 

41. There are two numbers in proportion of 2 to 3, and if 4 
be added to each of them, the sums will be in proportion of 5 
to 7 ? Ana. 16 and 24. 

49* It is required to find a number such, that if it be increased 
by 7, the square root of the sum shall be equal to the square 
root of the number itself, and 1 more. Ana. 9. 

43. A sets out from a certain place, and travels at the rate of 
7 miles in 5 hours ; and 8 hours afterward B sets out from the 
same place in pursuit, at the rate of 5 miles in 3 hours. How 
long and how far must B travel before he overtakes A? 

Ana. 42 hours, and 70 miles 
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SIMPLE EQUATIONS. 
CHAPTER n. 

(Art. 45.) We have given a sufficient number of exampleSf 
and introduced the reader sufficiently far into the science pre- 
vious to giving instructions for the solution of questions contain- 
ing two or more unknown quantities. 

There are many simple problems which one may meet with 
in algebra which cannot be solved by the use of a single un- 
knoum quantity, and there are also some which may be solved 
by a single unknown letter, that may become much more simple 
by using two or more unknown quantities. 

When two unknown quantities are used, two independent 
equations must exist, in which the value of the unknown letters 
must be the same in each. When three unknown quantities are 
used, there must exist three independent equations, in which the 
value of any one of the unknown letters is the same in each. 

In short, there must be as many independent equations as 
unknown quantities used in the question. 

For more definite illustration let us suppose the following 
question : 

•tf merchant sends me a bill of 16 dollars for Spcdr of shoes 
and 2 pair of boots ; afterwards he sends another bill of 23 
dollars for 4 pair of shoes and Spair of boots, charging at the 
same rate. What was his price for a pair of shoes, and what 
for a pair of boots P 

This can be resolved by one unknown quantity, but it is far 
more simple to use two. 

Let x= the price of a pair of shoes* 

And y= the price of a pair of boots. 

Then by the question 3a?+2y=16 

And 4x+Sy=22. 

These two equations are independent ; that is, one cannot be 
converted into the other by multiplication or division, notwith- 
standing the value of x and of y is the same in both equations. 

Having intimated that this problem can be resolved with one 
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unknown quantity, we will explain in what manner, before we 
proceed to a general solution of equations containing two un- 
known quantities. 

Let x= the price of a pair of shoes. 
Then 3ar= tlie price of three pair of shoes. 
And 16— -3a?= the price of two pair of boots. 

Consequently — - — = the price of one pair of boots. 

Now 4 pair of shoes which cost 4a?, and 3 pair of boots which 

cost — - — being adi^ed together, must equal 23 dollars. 

That is, 4X+24— ja?=23. 

Or, 1 — ia?=0. Therefore x—2 dbllars, the price 

of a pair of shoes. Substitute the value of x in the expression 

— r — and we find 5 dollars for the price of a pair of boots. 
2 

Now let us resume the equations, 

3ar4-2y=16 (Jl) 

4a:+3y=23 {B) 

FIRST METHOD OP ELIMINATION. 

(Art. 46.) Transpose the terms containing y to the right Land 
aides of the equations, and divide by the coefficients of Xf and 

From equation (.^) we have x= — ^--^ (C) 

3 

* go Oy 

And from {B) we have ar= — j-^ {D) 

Put the two expressions for x equal to each other. (Ax. 7.) 
And 16z^=!!z^. 

An equation which readily gives y=5, which, taken as the 
value of y, in either equation (C) or {D) will give a:=2. 

This method of elimination^ juat explained, is called th 
method by comparison 
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SECOND UETHOD OF ELIMINATION. 

(Art. 47.) To explain another method of solution, let us again 
resume the equations : 

3a?+2y=16 (./?) 
4x+3y=23 (B) 

The value of x from equation {^) is a;=|(16— 2y). 

Substitute this value for x in equation (J9), and we have 
iX i (1 6— 2y) +3^5=23, an equation containing only y. 

Reducing it, we find y=5 the same as before. 

This method of elimination is called the method by substitu- 
tion, and consists in finding the value of one unknown quantity 
from one equation to put that value in the other wliich will cause 
one unknown quantity to disappear. 

THIRD METHOD OP ELIMINATION. 

(Art. 48.) Resume again 3a:+2y=16 {^) 
4a:+3y=23 {B) 

When the coefficients of either x or y are the same in bodi 
equations, and the signs alike, that term will disappear by sub- 
traction. 

When the signs are unlike, and the coefficients equal, the term 
will disappear by addition. 

To make the coefficients of x eqtial, multiply each equation 
by the coefficient of x in the other. 

To make the coefficients of y equal, multiply each equation 
by the coefficient ofy in the <Hher. 

Multiply equation {^) by 4 and 12a;4-8y=64 
Multiply equation [b) by 3 and 12a:+9y=69 

Difference y=6 as before. 

To continue this investigation, let us take the equations 
2a:+3y=23 (./?) 
5x— 2y=10 {B) 

Multiply equation (w5) by 2, and equation {B) by 3, and we 
haLve 4a:+6y=48 

15a: — 6y=30 
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Eqaations in which the coefficients of y are equal, and the 
figns unlike. In this case add, and the y's' will destroy each 
other, ^ving 19a:=76 

Or a?=4. 

This method of elimination is called the method l^ nAli tiofl 
U)d subtraction. 

FOURTH METHOD OP ELIMINATION. 

(Art. 48.) Take the equations 22r4-3y=23. {^ 
And 5x—2y=l0. {B) 

Multiply one of the equations, for example (ji), by some inde- 
terminate quantity, say m. 
Then 2mx+Smy=23m 

Subtract {B) 6ar— 2y=10 

Remainder, (C) {2m — 5)ar+(3»n+2)ys=23m — 10 

As m is an indeterminate quantity, we can assume it of any 
falue to suit our pleasure, and whatever the assumption may b^ 
the equation is still true. 

Let us assume it of such a value as shall make the. coefficient 
of y, (3«i+2)=0. 

The whole term will then be times y, which is 0, and eqiw 
tion (C) becomes 

(2m -5)a;=23m — 10 

23m— 10 ,-,, 

But 3m+2=0. Therefore w=— f. 
Which substitute for m in equation (2>), and we have 
_23X|— 40 —23X2—30 —76 ^ 

^ 1 = = r=4. 



_2Xf— 5 —2X2—15 —19 

This is a French method, introduced by Bezout, but it is too 
mdirect and metaphysical to be much practised, or in fact much 
known. 

Of the other three methods, sometimes one is preferable and 
sometimes another, according to the relation of the coefficient 
and the positions in which they stand. 
7 
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No Cfne should be prejudiced againdt either method, and in 
practice we use either one, or modifications of them, as the case 
may require. The forms may be disregarded when the princi- 
ples are kept in view. 

(Art. 49.) To present these different forms in the most general 
manner, let us take the following general equations, as all par- 
ticular equations can be reduced to these forms. 

ax+by=c {Ji) 
a'x+b'y=& (B) 

Observe that a and a', may represent very different quantities, 
80 b and b' may be different, also c and & may be different. In 
special problems, however, a may be equal to a\ or be some 
multiple of it; and the same remark may apply to the other 
letters. In such cases the solution of the equations is much 
easier than by the definite forms. Hence, in so^ying definite 
problems great attention should be paid to the relative values of 
the coefficients. 

Itrat method. 

Transpose the terms containing y and divide by the coeffi- 
dents of x, and 

x=^—£. also x= ^ (C) 

a a' ^ ' 

Therefore ^ — ^=^ ^ (Axiom f .) 

Cleaiing of fractions, give a'c — a'by=ac* — ab'y. 
Transpose, and {ab' — a'b)y=:a& — afc. 

T» J. . . ac' — a'c 

Bydmsion y=-^pz:^f,' 

When y is determined, its value put in either equation marked 
(C) will give x. 

Second method. 



Pwa equation (wf)- ar-^^^"^. 
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Which value of x substitute in equation {B) and 

Clearing of fractions and transposing a'c^ we have 
ab'y — a'by=ac' — o'c 

The same value of y as before found. 

Third method. 
Multiply equation {A) by a', and equation {B) by a. 
And a'aa:+«%=a'c. 

Also alax-\'ab'y^=^ac* 

Difference {ab' ~<i!l})y^ac' — dc 

Or V——r, Ti same value as by the 

^ ab' — a'b ^ 

dther methods. 

Fourth method. 
Multiply equation (w^) by an indefinite number m, • 
And amx-^bmy=mc 

Subtract (5) a'x+ b'y=& 



And {am — a')a?+ (bm — b')y=mc — &. 

Now the value of m may be so assumed as to render the 
coefficient of a?==0, or am—a'=0. 

Then {bm — b')y=mc — c' 

But am— a'=0, or «i=— . 

a 
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Put this resultant value of m, in equation (C), and 

a' 
cX c' 

^ ca' — ac* 



^, a'b—ab' 

bX b' 

a 



by multiplying both numerator and denominator by a. 

(Art. 60.) The principles just explained for elimination be- 
tween two quantities may be extended to any number, where the 
number of independent equations given are equal to the number 
of unknown quantities. For instance, suppose we have the 
three independent equations : 

ax+by-\-cz=d (w5) 

a'x+by+c'z=d' (B) 

a"x+b"y+c"z=d" {€) 

We can eliminate either x, or y, or z, (whichever may be 
f^ost convenient in any definite problem) between equations (^) 
and (Bj) and we shall have a new equation containing only two 
unknown quantities. We can then eliminate the same letter be- 
tween equations (B) and (C,) or (./?) and (C,) and have another 
equation containing the same two unknown quantities. 

Then we shall have two independent equations, containing two 
unknown quantities, which can be resolved by either of the four 
methods already explained* 

(Art. 51.) Another theoretical method, from the French, we 
present to the reader, more for curiosity than for any thing else. 

Multiply the first equation (Ji,) by an indefinite assumed num- 
ber m. Multiply the second equation (B) by another indefinite 
number n, and add their products together. Their sum will be 

{am'^a'n)x+{bm+b'n)y+{cm+c'n)z==dm'\'nd' 
Subtract eq. (C) a"x +b"y c"z=:d". 

And (jam+a'n — a")a:+(6m+ft>*— ^")y+(cw+c'n — c")z 

s=^dm+nd' — d" 
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As m and n are independent suid arbitrary numbers, they can 
be so assumed that 

tfm+a'nPT-a"=0 and 6ni+6'n — 6"=0« 
Then ain'\-€^n^a" (1) and 6tii+6'»=6" (2) 

And z= — -^ ;;■ (3) 

From equations (1) and (2) we can find the values of m and 
n, which values may be substituted in equation (3,) and then z 
will be fully determined. 

EXAMPLES FOR PRACTICE. 

1. Given \ ,^ T« ,^^ c to find the values of x and y. 
Cl2af+7y=100 5 ^ 

We can resolve this problem by either one of the four methods 
just explained. But we would not restrict the pupil to the very 
letter of the rule, for that in many cases might lead to operations 
unnecessarily lengthy. 

If we take the third method of elimination, we should multi- 
ply the first equation by 12, the second by 8 ; but as the coeffi- 
cients of X contain the common factor 4, we can muhiply by 3 
and 2, in place of 12 and 8. That is, multiply by the fourth 
part of 12 and 8. 

In practice even this form need not be observed, we may de« 
cide on our multipliers by inspection only. 

Three times the 1st gives 24a:+15ys=204 

Twice the 2d gives 24a:+14y=200 

Difierence gives y=4 

Substituting this value of y in first equation, and 

8a:+20=68 or a?=6. 

In solving this, we have used modificationa of the 8d and 2d 
formal methods. 
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For exercise, let us use the 4th method. 

8ma?+6wiy=68fii 
Take 12a: + ly =100 



(8m— 12)a?+(6mr-7)y=68m— 100 
Assume 8fnF^12=cO. 

"^^ y= J^7 ' xButm=i. 

68X1—100 204—200 ^ ^ 
Therefore y= ^^.^ =-[5l^ir=^ •^'^• 

If we multiply the first of these equations by 3, the coefficients 
ilf y will be equal, and the equations become 

15a?+6y=57, 
And 7a: — 6y=9. 

To eliminate y, we add these equations (the signs of the terms 
containing y being unlike), and there results 

22a;s=66, 
af=3. 

This value of x put in the 1st equation gives 

15+2y=19, 
And y=2. 

S. Given ?y?+6y=21 and 2^+5a?=23tofinda:andy 

Clear of fractions and reduce. We then have 

a?+24y=76 
And 15a?+ y =63. 

In this case there are no abbreviations of the rules, as the 
coefficients of the unknown terms are prime to^each other. 
Continuing the operation, we find x=4, y=3. 
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4. Given x+y=17 and — =-^ to find x and y* 

Owing to the peculiarity of form in the 2d equation, it is moit 
expedient to resolve this by the 2d method. 

From the 2d, a?=^. Then ^+3f=17. 

o o 

Clearing of fractions, 9y+8y=17X8. 
Or, 17y=17X8, or y=8. 

Hence, a?=9. 

5. Given < f , * ^""^ «, c to find the values of x and y. 

Here we observe that both x and y are divided by 8, x in-one 
equation, and y in the other ; also, x and y are both multiplied 
by 8. 

(ArtBl.) All such circumstances enable us to resort to many 
pleasant expedients which go far to teach the true spirit of al« 
gebra. 

Add these two equations, and — ^+8(ar+y)=326. 

Assume a:H-y=*- 

Or let 8 represent the sum of or-f-y* then |«+8«=s325. 
Clear of fractions, and «+64»=325X8. 
Unite and divide by 65 and 9=5X8. 

Or a?-f'y=5a. (wf ) By returning to the value of «, and pal- 
ting a=8. 
Multiply the 1st equation by 8, and 

a?+64y=194a 
Subtract {A) x + y=5a 

Rem. 63y=189a 

Divide by 63 and y=3a=24. Whence a:=2a=16. 
Let the pupil take any one of the formal rules for the solution 
of the preceding equations, and mark the difference. 

6. Given ia?+3y=21 and iy+3.r=29 to find x and y. 

jins. «=9. y=»6. 
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T. Oiyen 4a?4"y"=34 and 4y+a:«=16, to find of and y. 

Ans. a:=8. y=2 

8. Given Ja?+iy==14 and ia:+iy=ll, to find x and t/. 

9. Given a?+iy=8 and ia?+y=7 to find ar and y. 

Ans. a?=6. y=4. 

10. Given |ar+7y=99 and ^y+7ars=61 to find x and y. 

Ans* a?=7. y=14 

r iav-12=iy+8 

11. Given |?+?Lj.|x-8=3t:f+27. 

w^n*. a?=6a y=s4o 

d J) c d ** 

19. Given --{ — =6 and — | — =10, to find x and «• 
X y x^y ^ 

Multiply the first equation by c, the second by a, and we shall . 
l»ve 

at ,be ^ 
X y^ 

oc , ad ,^ 
— — =iOa. 
X y 



By subtraction (6c— a<f)-=6c — 10a 

Therefore T7r'=V* 

6c— 10a ^ 



18. Given H?_ll!=28 Uh and H+^=:^ (m jo find 
X y .^' X ^ y Z ^ ' 

the values of 2;. and y. 

21 21 

Divide equation {A) by 7, and — ^- — =4. 

Divide this result by 21, and ^ — -^=-1 (C) 

.0? y 21 ^ ' 
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Multiply (C) by 17, gives ~^=^ (Z>) 

Subtract (2>) from [B) and we have ~=— . 

y 21 

13 1 
Divide by 73, and -=— =- or ^=7. 

Putting this value in equation (C) and reducing we find a:=d. 

14. Given --+-=-_i ' and -+-=2+| to find the valuei 

^ y y X y X 2 

of X and v /> . , 

^ ^n«. a?==4 and y=2. 

15. Given J^50:y+100 :: 5 : 9 J *^ ^^^ ^ ^"^ y- 

w5n«. a?=300. y=350. 



16. Given 3:r+6y+l=??^l2^!±l^ ' 
' ^ • 2a:— 4y+3 



to find X and y. 



And 3:r=i^-ni?f+??3tzll2_ 

4y— 1 3i/— 4 

./^n*. a?=9. y=2. 

In the first equation actually divide the numerator by the de« 
nominator, then drop equals from both sides. 

17. Given j L7 =33 ( ^ ^"^ ^® values of x and y. 

Arts. x=2. y=6 

18. Given \ f^+Jy=® ? to find x and y. 

An8. aj=6. y='15. 

19. Given ar+y=8 and a:*— y*=16 to find x and y. 

./6fns. ar=5. y=^3. 

«p. Given 4(a:+y)=9(av--y) and a:*— y*=36 to find ^ andy. 

Ans. ar=6J y=>=2i. 
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ai. Given a?:y::4:3 and a^-^^dV, to find x and y. 

^na. a:=4. y=3* 

aa. Given a?+y=a and T^^^^ab to find a? and y. 

•8. Given =i and — rT=i to find a? and «• 

y y+1 ^ 

•tfn*. 07=4. y=15 

24. Given |(a?+2)+8y=31 fend i(y+5)+10a;=192 to 
find the values of x and y. .^ns. a:=19. y=3 

a5. Given 3ar+7y=79 and 2y+5a;=19 to find the values 
of X and y. ^ Ana. a:=10. y=7. 

96. Given 4(a:+y)+25=a; and 5(a?+y) — 5=y to find 
the values of x and y. .^n^. a?=85. y=35. 

97. Given a: — 4=y+l and 5a?— 1=-^— J^+37 to find the 
values of x and y. .^n*. a:=8. y=3 

as. Given 4— ?^=y— 17| and |=?+2 to find the 
o 5 5 

values of a? and y. .^n*. a?=10. y==20. 

^A n- 7aN— 21 , ar ^ , 3a:^19 , 2a?+v 

' 29. Given — ^ — +y-_=4+— ^— and — ^— 

9ar— 7 3y+9 4ar+5v - , , ^ « . 

-5 — =-^-2 r^ to find a: and y. .^n*. x=9. y=s4 

o 4 lo "^ 



80. Given 



23— a; 2 



y^a:— 18 ^^ 3 



to find X and y 
•^n^. a;=:21. ya20. 
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CHAPTER in. 

Solution of Equations iniH>lvtng three or more wJmawn 
quantities. 

(Art 52.) No additional principles are requisite to thoee gif«n 
in^ articles 49 and 50. 



EXAMPLES. 

p+ y+ 2^= » 

1. Given \ a:+2yH-3z=16 
P+3y+4z=21 






to find or, y, and z. ^ 



Bj the 1st method, transpose the terms containing y and z m 
each equation, and 

x= 9 — y — Zf 
ar=16— 2y — Sz^ 
a?=21 — 3y — iz. 

Then putting the 1st and 2d values equal, and Ike 2d and 8d 
values equal, gives 

9 — y — 2r=16— 2y — Bar, 
16 — 2y — 3z=21 — 3y — iz. 

Transposing and condensing terms, and 

y=7— 2z, 
Also, y=5^ 2r, 

Hence, 5 — z=^7 — 2zj or z=2 

Having z=2, we have y=5 — z=3, and having the values of 
both z and y, by the first equation we find x=4. 

!2x+4y—dz^22 ^ 
4a?— 2y+52:=18 >to find values of a?, y and ar. 
6a:+7y — z=Q3 J 

Multiplying the first equation by 2, 4a?+8y — 6;r— 44 
And subtracting the second, 4a: — 2y+ 52r=18 

The result is, {Jl) lOy— lU=s26 



to find Xt y and z. 
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ITien multiply the first equation by 3, 6a?+12y — 0;2r=66 
And subtract the third, 6a:-[- 7y — ar=63 

The result is, {B) 5y— Sz= 3 

Multiply the new equation {B) by 2, lOy — 16;2r= 6 

And subtract this from equation (t/^) lOy — ll2r=.26 

The result is, 52r=20 

Therefore 2r= 4 

SiHstituting the value of z in equation {B) and we find y=7. 
Substituting these values in the first equation, and we find :r=3. 

' 3a:+9y+8;r=41 

8. Given - 6a?+4y— 2z=20 

^ lla?+7i/— 6z=37 

To illustrate by a practical example we shall resolve this by 
die principles explained in (Art. 51.) 

3ma?4"9wy+8m2r=41m 
5na: +4ny — 2nz =20n 

Sum (3m+5n)ar+ (9m+4n)y + (8m— 2n)z=4 lni+20n 
Take 11a: +7y — 62r=37 

Rem. . (3m+5n^— 1 1) a: -«- (7 — 9m — 4n)y +(8»i — ^2n+6)2r=3 
41m+2Qn— 37. 

Assume 3m+5n=ll (1) 

And 9m+4fi=7 (2) 

Then ^J^^^^ (3) 

Stw— 2n+ 6 ^ ' 

From equations (1) and (2) we find m=— /r and n=\\ 
. These values substituted in equation (3) we have 

_ — 41 X T°T+gO X fi— 37 
^ _ 8Xt't— 2XH+ 6 

Multiply both numerator and denominator by 11, and we shaU 
. —123+520—407 ^ —10 

*"" —24— 6H- 66""— 10"" 



r 
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Putting this value of z in the 1st and 2d equations, we shall 
have only two equations involving x and y, from which the 
values of these letters may be determined. 

These equations can be resolved with much more facility by 
multiplying the 2d equation by 4, then adding it to the Ist to 
destroy the terms containing z. 

Afterwards multiplying the 2d equation by 3, and subtracting 
the 3d equation, and there will arise two equations containing x 
and y, which mav be resolved by one ^of the methods already 
explained. 

(Art. 53.) When three, four, or more unknown quantities with 
as many equations are given, and their coefficients are all prime 
to each other, the operation is necessarily long. But when sev- 
eral of the coefficients are multiples, or measures of each other, 
or unity, several expedients may be resorted to for the purpose 
of facilitating calculation. 

No specific rules can be given for mere expedients. Exam- 
ples alone can illustrate, but even examples will be fruitless to 
one who neglects general principles and definite theories. Some 
few expedients will be illustrated by the following 

EXAMPLES. 

r x+y+z=dl 1 
1. Given \ x+y — z=26 > to find x, y, and z. • 
I X'-y—z^^ 9 J 

Subtract the 2d from the 1st, and 2z=6. 
Subtract the 3d from the 2d, and 2y=16. 
Add the 1st and 3d, and 2a:=40. 

r x+y+z=2^ I 
2 Given \ x — y = 4 r to find a:, y and z. 
[ x—z = 6 J 

Add all three, and 3a?=36 or 2?=12. 

8. Given | 3y— iP— z=l2 j to findar, y and z 
[ 72:— y— ar— 24 J 



1 
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Assume X'}-y+z=8. Add thlB equation to each of the given 
equations, and we then have 

2a?= 6+«r {^) 
4y=12+«, {B) 
82:=24+«. (C) 
Multiply {A) by 4, and (J3) by 2, and we have 
8a:=24+4«, 
8y=24+2«, 
* 8z=24+ «. 
By addition, Ss=3X24+7s. Or *=72. 
Put this value of 8 in equation (^) and we shall have 
2a^=6+72. Or 07=3+36=39/ &c. 

4. Given a?+iy=100, y+lz=100, 2r+ia:=100 to find 
Xf y, and 2r. 

Put a=100. Ana. a?=64, y=72, and z=84. 

w+v+a:+y=10 

5 Given { u+v+y+z=l2 
u+x+y+z=lS 
t;+a7+y-|-z=14 
Here zvejive letters and five equations. Each letter has the 
same coefidcient, one understood. Each equation has 4 letters, 
Z is wanting in the 1st equation, y in the 2d, iic. 
Now assume u-{-v-\-x-\-y-\'Z=8. 
Then 5— 2:= 10 (Jl) 

8 — a;=12 
8 — r=13 
8 — w=14 

Add, and 5* — 5=60 Or 8=15. 
Put this value of « in equation (w^), and z=5, &:c. 

6. Given a?+y=«> a:+z=6, y+z=^c. 

Add the 1st and 2d, and from the sum subtract the 3d. 

An8, a:=J(a+6 — c), y=2(a+c — b), z=i(b-^c — aV 



to find the value of each. 
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T. Given 



2x— ti+y+;r 

3y=u+x+2 

4z=u+z+y 

ti=a? — 14 



to find the value of u* Xf y« 
and z. 



11=26, ar»40, y»30, ;r=24. 



8 Given J ix+iy+iz=47 

ix+a= y+z 
y+a=2x+2z 
z+a==3x+3y 



a?=:24. 
y=60. 
z=120. 



10* Given 



2x+ y — ^2z=40 
4y — ar+3z=36 
3w+ /=13 
y+ w+ /=16 
3a?— y+3^— m=49 



d^TW. 



w^h^. 



'x=20 

y=10. 

Jin8.\^= 5 

M= 4. 

/= 1, 




(Art 54.) Problems producing simple equations involving two 
or more unknoum quantities, 

!• Find three nnmhers such, that the product of the 1st and 
2d, shall he 600; the product of the 1st and 3d, 300 ; and the* 
product of the 2d and 3d, 200. 

Jins. The numhers are, 30, 20, and 10. 

9* Find three numhers, such that the^ra^ with i the sum of 
the second and third shall be 120 ; the second with | the differ- 
ence of the thir^ and Jirst shall be 70 ; and the sum of the three 
numbers shall be 190. Jins. 60 ; 65 ; 75. 

3« A certain sum of money was to be divided among three 
persons, w^, B, and C,1lo that, ^s share exceeded j of tlie shares 
of B and C by $120 ; also the share of B exceeded f of the 
shares of w5 and Cby $120; and the share of C, likewise, ex- 
ceeded I of the shares of w^*and B by $120. What was each 
persofi's share? 

Jlns. jSTs share, $600 ; i^'s, 480 ; and C's 360. 



1 
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4. Ji and B^ working at a job, can earn $40 in 6 days ; A and 
C together can earn $54 in 9 days ; and B and C $80 in 15 
days. What can each person alone earn in a day? 

Let A earn x^ B earn y, and C earn z dollars per day, then, 
. By the question, 6a:+ 6y=40 
9ar+ 9z=54 
15y+15z=80 

Dividing the equations by the coefficients of the unknown 
quantities, we have, a;.-4-t/=62- 

y+2:=5y. 

See Problem 6. (Art. 53.) 

A man has 4 sons. The sum of the ages of the first, second 
and third is 18 years ; the sum of the ages of the first, second 
and fourth is 16 years; the sum of the ages of the first, third 
and fourth is 14 years ; the sum of the ages of tlie second, third 
and fourth is 12 years. What are their ages? See Problem 6. 
(Art. 53.) Am. Their ages are, 8, 6, 4, 2. 

5. Ay B and C sat down to play, each oue with a certain num- 
ber of shillings ; A loses to B and C as many shillings as each 
of them has. Next B loses to A and C as many as each of 
them now has. Lasdy, C loses to A and B as many as e^ch of 
them now has. After all, each one of them has 16 shilliiigs. 
How much did each one gain or lose ? 

Let ar= the number of shillings A had at first 
y= ^'s shillings, and 
2:= C*s shillings. 
Then, by resolving the problem, we shall find a?=26, y=14 
and z=8. Therefore, A lost 10 shillings, B gained 2, and C8. 
N. B. When the equations are found? divide the 1st by 4, the 
2d by 2, and then compare them with Ex. 3. (Art. 53.) 

6. A gentleman left a sum of money to be divided among four 
servants, so that the share of the first was 5 the sum of the 
shares of the other three ; the share of the second, j of the sum 
of the other three ; and the share of the third, k the sum of the 



EQUATIONS. 80 

other three ; and it was found that the share of the last was 14 
dollars less than that of the first. AVhat was the amount of 
money divided, and the shares of each respectively I 

Ans. The sum was $120 ; the shares 40, 30, 24 and 26. 

Observe Prob. 7. (Art. 63,) in connection with this problem. 

■y. A jockey has two horses, and two saddles which are worth 

15 and 10 dollars, respectively. Now if the better saddle be put 
on the better horse, the value of the better horse and saddle 
would be worth \ of the other horse and saddle. But if the 
better saddle be put on the poorer horse, and the poorer saddle 
on the better horse, the value of the better horse and saddle i« 
worth 6nce and f j the value of the other. Required the worth 
of each horse ? Jins, 65 and 50 dollars. 

8. A merchant finds that if he mixes sherry and brandy in 
quantities which are in proportion of 2 to 1, he can sell the mix- 
ture at 78 shillings jocr dozen; but if the proportion be 7 to 2 he 
can sell it at 79 shillings per dozen. Required the price per 
dozen oiF the sherry and of the brandy ? 

Ans. Sherry, 81». Brandy, 72*. 

In the solution of this question, put a=78. Then a+l=79. 

9. Two persons, A and B, can perform a piece of work in 

16 days. They work together for four days, when A being 
called off, B is left to finish it, which he does in 36 days. In 
what tune would each do it separately ? 

Ans. A in 24 days ; J? in 48 days. 

10 What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes | ; but the 
denominator being doubled, and the numerator increased by 2, 
the value becomes ^? Ans, ^. 

11. Two men wishing to purchase a house together, valued 
at 240 («) dollars ; says A to B, if you will lend me f of your 
money I can purchase the house alone ; but says B to A^ if you 
lend me \ of yours, I can purchase the house. How much 
money had each of them ? Am. A had $160. B $120. 

8 
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Id. It is required to divide the number 24 into two such parts, 
that the quotient of the greater part divided by the less, may be 
to the quotient of the less part divided by the greater, as 4 to 1 

,Bn8. 16 and 8. 

18. A certain company at a tavern, v^hen they came to settle 
their reckoning, found that had there been 4 more in company, 
they might have paid a shilling a-piece less than they did; but 
that if there had been 3 fev^er in company, they must have paid 
a shilling a-piece more than they did. What then was the num- 
ber of persons in company, and what did each pay^ 

Ans» 24 persons, each paid 7a. 

14* There is a certain number consisting of two places, a unit 
and a ten, which is four times the sum of its digits, and if 27 be 
added to it, the digits will be inverted. What is the number? 

Ans. 36. 

Note. Undoubtedly the reader has learned in arithmetic that 
numerals have a specific and a local value, and every remove 
from the unit multiplies by 10. Hence, if x represents a digit 
in the place of tens, and y in the place of units, the number must 
be expressed by 10a:+y. A number consisting of three places, 
with X, y and z to represent the digits, must be expressed by 
lOOar+lOy+ar. 

15. A number is expressed by three figures ; the sum of these 
figures is 1 1 ; the figure in the place of units is double that in 
the place of hundreds, and when 297 is added to this number, 
the sum obtained is expressed by the figures of this number re- 
versed. What is the number ? Ans, 326. 

16. Divide the number 90 into three parts, so that twice 
the first part increased by 40, three times the second part in- 
creased by 20, and four times the third ^art increased by 10, may 
be all equal to one another. 

Arts. First part 35, second 30, and third 25. 

IT. A person who possessed $100,000 (a,) placed the greater 
part of it out at 5 per cent interest, and the other part at 4 per 
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cent The interest which he received for the whole amounted 
to 4640 (fi) dollars. Required the two parts. 

Jlns. 64,000 and 36,000 dollan. 

General Answer. (1006— 4a) for the greater part, and (5(^— 
1006) for the less. 

19* A person put out a certain sum of money at interest at a 
certain rate. Another person' put out $10,000 morej at a rate 1 
per cent, higher, and received an income of $800 more. A third 
person put out $15,000 more than the first, at a rate 2 per cent 
higher, and received an income greater by $1,500. Required 
the several sums, and their respective rates of interest. 

^ns. Rates 4, 5 and 6 per cent. Capitals $30,000, $40,000 
and $45,000. 

19* A widow possessed 13,000 dollars, which she divided 
into two parts and placed them at interest, in such a manner, that 
the incomes from them were equal. If she had put out the first 
portion at the same rate as the second, she would have drawn 
for this part 360 dollars interest, and if she had placed the se- 
cond out at the same rate as the first, she would have drawn for it 
490 dollars interest. What were the two rates of interest ? 

^ns. 7 and 6 per cent.* 

9tf* There are three persons, w^, B and C, whose ages are as 
follows : if ^'s age be subtracted from .^'s, the difference will 
be Cs age ; if five times £*8 age and twice Ca age, be added 
together and from their sum ^s age be subtracted, the remain- 
der will be 147. The sum of all their ages is 96. What are 
their ages ? J^na. jI'b 48, ^'s 33, C'a 15. 

91. Find what each of three persons, Jl^ B and C, is worthy 
from knowing, 1st, that what A is worth added to 3 times what 
B and C are worth, make 4700 dollars ; 2d, that what B is worth 
added to four times what A and C are worth make 5800 dollars; 
3d, that what C is worth added to five times what A and B are 
worth make 6300 dollars. 

Ans. A is worth 500, B 600, C 800 dollars. 

See brief solution to these two pmblems, 18 and 19, in Key to Algebra. 
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Put s^= the sum that ^, B and C are worth, to make an aux- 
iliary equation. 

22. Find what each of three persons, •4, By C, is worth, 
knowing, 1st, that what A is worth added to / times whai B and 
C are worth is equal to p; 2d, that what B is worth added to m 
times what A and C are worth is equal to q; 3d, that what C is 
worth added to n times what A and B are worth is equal to r. 

Let x=^A^s capital, y—B^a, and z^=^C*b. 
Then a!?+/y+fe=p, is the first equation. 

Assume 0?+ y+ 2:=«. Multiply this equation by / and 
subtract the former j and (/ — l)a:=/» — p. 

■ «"=^) 

BJr a similar operation, y= — ^^ 

And, z= 7 

n — I 



(A) 



This equation may take the following form ; 

Now as the terms in parenthesis "are fully determined, of 
known value, we may represent the first by a, the second by 6t 
and this last form becomes 

8^=09 — b 

By transposition, &c. (a — 1)»=6 

b 



Therefore 



a — 1 



This known value of 8 put in each of the equations marked 
(A), and the values of x, y and z will be theoretically deter- 
mined. 



! 
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23* Three brothers made a purchase of $2000 (a;) the first 
wanted in addition to his own money i the money of the second, 
t}ie second wanted in addition to his own i of the money of the 
third, and the third required in addition to his own i of the 
money of the first. How much money had each f 

^na, 1st had, $1280 ; 2d, $1440 ; and the 3d, $1680. 

Gen. AnB. 1st had \\a; 2d, \\a; and the 3d.|^a. 

See Prob. 6. (Art. 53.) 

34. Some hours afler a courier had been sent firom A io^Bf 
which are 147 miles distant, a second was sent, who wished to 
overtake him just as he entered i?, and to accomplish this he 
must perform the journey in 28 hours less time than the first did 
Now the time that the first travels 17 miles added to the time the 
second travels 66 miles is 13| hours. How many miles does 
each go per hour 1 Ans, 1st 3, the 2d, 7 miles per hour. 

35* There are two numbers, such that i the greater added to 
i the lesser, is 13 ; and if i the lesser is taken fiom i the greater, 
the remainder is nothing. Required the numbers. 

Am. 18 and 12. 

SO. Find three numbers of such magnitude, that the 1st with 
the I sum of the other two, the second with i of the other two* 
and the third with i of the other two, may be the same, and 
amount to 51 in each case. Arts. 15, 33, and 39. 

27. A said to B and C, " Give me, each of you, 4 of your 
•beep, and I shall have 4 more than you will have left." B said 
to A and C, " If each of you will give me 4 of your sheep, I 
shall have twice as many as you will have left." C then said 
to A and B, " Each of you give me 4 of your sheep, and I shall 
have three times as many as you will have left." How many 
had each ? Ans. A 6, B S, 2nd C 10. 

28. What fraction is that, to the numerator of wnich if 1 be 
added, the fraction will be J : but if 1 be added to the denomina- 
tor, tlie fraction will be i 1 ^ns. -fj. 

29. What fraction is that, to the numerator of which if 2 be 
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added, the fraction will be | ; but if 2 be added to the denomina* 
tor, the fraction will be j ? Ans. y« 

30. What fraction is that whose numerator being doubled, and 
its denominator increased by 7, the value becomes | ; but the do- 
nominator being doubled, and the numerator increased by 2, the 
ralue becomes | ? Ans. ^. 

31. If wf give B $5 of his money, B will have twice as much 
money as A has left; and if B give A $5, A will have thrice as 
much as B has left. How much had each ? 

w^n5. w^ $13, and ^ $11. 

33. A corn factor mixes wheat flour, which cost him 10 shil- 
lings per bushel, with barley flour, which cpst 4 shillings per 
bushel, in such proportion as to gain 43| per cent, by selling the 
mixture at 11 shillings per bushel. Required the proportion. 

Ans. The proportion is 14 bushels of wheat flour to 9 of 
barley. 

33. There is a number consisting of two digits, which num- 
ber divided by 5 gives a certain quotient and a remainder of one^ 
and the same number divided by 8 gives another quotient and a 
remainder of one. Now the quotient obtained by dividing by 5 
is double of the value of the digit in the ten's place, and the quo- 
tient obtained by dividing by 8 is equal to 5 times the unit digit. 
What is the number? Ans. 41. 

Interpretation of negative values resulting from the solution 
of equations. 
(Art. 65.) The resolution of proper equations drawn from 
problems not only reveal, the numeral result, but improper enun- 
ciation by the change of signs. Or the signs being true algebraie 
language, they will point out errors in relation to terms in com- 
mon language, as the following examples will illustrate : 

1* The sum of two numbers is 120, and their diflference ii 
160 ; what are the numbers ? 
Let X be the greater and y the less. Then 
a?+y=120 (1) 
av-^=160 (2) 
The solution gives a?=140, and y= — ^20. 
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Here it appears that one of the numbers is greater than the 
sum given in the enunciation, yet the sum of x and y, in tlie al- 
gebraic sense, is 120. 

There is no such abstract number as — 30, and when minus 
appears it is only relative or opposite in direction or condition 
to plus, and the problem is susceptible of interpretation in an al- 
gebraic sense, but not in a definite arithmetical sense. 

Indeed we might have determined this at once by a considera- 
tion of the problem, for the difference of the two numbers is 
given, greater than their sum. But we can form a problem, an 
algebraic (not an abstract) problem that will exacdy correspond 
with these conditions, thus : 

The joint property of two men amounts to 120 dollars, and 
one of them is worth 160 dollars more than the other. What 
amount of property does each possess ? 

The answer must be +140 and — ^20 dollars ; but there is no 
such thing as minus $20 in the abstract ; it must be interpreted 
debt 9 an opposite term to positive money in hand. 

3* Two men, ^ and B, commenced trade at the same time ; 
^ had 3 times as ifiuch money as B, and continuing in trade, ^ 
gains 400 dollars, and ^150 dollars ; now ^ has twice as much 
money as B. How much did each have at first ? 

Without any special consideration of the question, it implies 
that both had money, and asks how much. But on resolving the 
question with x to represent .^'s money, smd y B^b, we find 

a?= — 300 
And y= — 100 dollars. 

That is, they had no money, and the minus sign in this case 
indicates debt; and the solution not only reveals the numerical 
values, but the true conditions of the problem, and points out the 
necessary corrections of language to correspond to an arithmeti- 
cal sense, thus : 

A is three times as much in debt as B ; but A gains 400 doU 
lars, and B 150 ; now A has twice as much money as B. How 
much were each in debt 9 

As the enunciation of this problem corresponds with the real 



1 
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circumstance of the case, we can resolve the problem witliout a 
mmus sign m the result. Thus : 

Let x=^ B'b debt, then Sx= ^'s debt 
150 — x= -B's money, 400 — dx= .^'s money 
Per question, ' 400 — 3a7==300 — 2x. Or j?=100. 

3. What number is that whose "fourth part exceeds its third 
part by 12 ? , Jlns, — 144. 

But there is no such abstract number as — 144, ani we cannot 
interpret this as debt. It points out error or impossibility, and 
by returning to the question we perceive that a fourth part of any 
number whatever cannot exceed its third part; it must be, its third 
part exceeds its fourth part by 12, and this enunciation gives the 
positive number, 144. Thus do equations rectify subordinate 
Terrors, and point out special conditions. 

4. A man when he . was married was 30 years old, and his 
wife 15. How many years must elapse before his age will be 
three times the age of his wife ? 

^ns. The question is incorrectly enunciated ; 7? years b^ore 
the marriage, not after, their ages bore the specified relation. 

5. A man worked 7 days, and had his son with him 3 days , 
and received for wages 22 shillings. He afterwards worked 6 
days, and had his son with him one day, and received for wages 
18 shillings. What were his daily wages, and the daily wages 
of his son ? 

^ns. The father received. 4 shillings per day, and paid 2 shil- 
lings for his son's board. 

6. A man worked for a person ten days, having his wife with 
him 8 days, and his son 6 days, and he received $10.30 as com- 
pensation for all three; at another time he wrought 12 days, his 
wife 10 days, and son 4 days, and he received $13.20; at an- 
other time he wrought 15 days, his wife 10 days, and his son 12. 
days, at the same rates as before, and he received $13.85. What 
were the daily wages of each ? 

^ns. The husband 75 cts., wife 50 cts. The son 20 cts. eX" 
pense per day. 
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7* A man wrought 10 days for his neighbor, his wife 4 da)r8, 
and son 3 days, and received $11.60 ; at another time he served 
9 days, his wife 8 days, and his son 6 days, at the same rates bb 
before, and received $12.00 ; a third time he served 7 days, his 
wife 6 days, and his son 4 days, at the same rates as before, and 
he received $9.00. What were the daily wages of each t 

^ns. Husband's wages,$l. 00; wifeO; son 50 cts. 

§• What fraction is that which becomes | when one is added 
to its numerator, and becomes | when 1 is added to its denomi- 
nator? 

^ns. In an arithmetical sense, there is no such fraction. The 
algebraic expression, ZIy|, will give the required results. 

(Art. 58.) By the aid of algebraical equations, we are enabled 
•mit qbI J to resolve problems and point out defects or errors in 
their enunciation, as in the last article, but we are also enabled 
to demonstrate theorems, and elucidate many philosophical truth* 
The following are examples : 

Theorem 1. It is required to demonstrate, that the half sura 
plus half the difference of two quantities give the greater of the 
two, and the half sum minus the half difference give the less 

Let a?= the greater number, y= the less. 



«= their i 


mm, • 


(f= 


'• their difference. 


Then 


x+y=8 


{A) 




• 


And 


a?— y=rf 


{B) 






By addition. 


2ar= 8+ d 








Or 


x=l9-]r\d 








Subtract {B) from 


{A) and divide 


by 2, 


and 


we have 




y=ls — id 






These last two eq 


uations, which 


are mj 


mife 


stly true, de 



■trate the theorem. 

Tl*3orem ?. Four times the product of any two numbers, is 
equal to the square of their sum, diminished by tlie fquaxe of 
their difference. 

9 
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Let x= the greater number, and y^ the less, as in the last 
theorem. 2x^s +d 

And 2y=« — d 

By multiplication 4xy=«^ — c/* a demonstration of Jie 
theorem. 

Many other theorems are demonstrable by algebra, but we de- 
fer them for the present, as some of them involve quadratic equar 
tiotis, which have not yet been investigated ; and we close th© 
subject of simple equations by the following quite general prob- 
lem in relation to space^ time and motion. 

To present it at first, in the most simple and practical manner, 
kt us suppose 

Two couriers, A and B, 100 miles asunder on the same road 
set out to meet each other^ A going 6 miles per hour and B 4. 
How many hours must elapse before they meet, and how far 
will each travel? 

Let a?= w^'s distance, y= ^'s, and /= the time. 
Then x+y=lOO (1) 

As the miles per hour multiplied by the hours must give the 
distance each traveled, therefore, 

x=6t and y=4t (2) 

Substitute these values in equation (1) and 
. (6+4)^= 100 

Therefore, '— rXJ W 

A J n. 100X6 ., 100X4 ,^, 

And :r=6/=-^-p^ y=4/=__ (4) 

From equation (3,) we learn that the time elapsed before the 
couriers met was the whole distance divided by their joint mo- 
tion per hour, a result in perfect accordance with reason. From 
equations (4,) we perceive that the distance each must travel is 
Jie whole distance asunder midtiplied by their respective mo« 
tions and divided by the sum of their hourly motions. 

Noft let us suppose the couriers start as before^ but travel in 
the same direetion^ the one in pursuit of the other. B having 
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100 miles the start, traveling four miles per hour, pursued by 

A, traveling 6 miles per hour. How many hours must elapse 
before they come together, and what distance must each travel? 

Take the same notation as before. 

Then a? — y=100 (1.) As A must travel 100 miles morethan 

B, But equations (2,) that is, a!r=6/ and y=4/, are true under 
all circumstances. 

Then (6—4)/= 100 

And ^"=^=60 

0—4 

The result in this case is as obvious as an axiom. A has 100 
miles to gain, and he gains 2 miles per hour, it will therefore re- 
quire 50 hours. 

But it is the precise form that we wish to observe. It is the 
fact that the given distance divided by the difference of tlieir mo- 
tions gives the time, and their respective distances must be this 
time multiplied by their respective rates of motion. 

Now the smaller the difference between their motions, the 
longer the time before one overtakes the other ; when the differ 
ence is very small, the time will be very great ; when tlie differ 
ence is nothing, the time will be infinitely great ; and this is in 
perfect accordance with reason ; for when they travel equally 
fast one cannot gain on the other, and they can never come to« 
gether. 

If the foremost courier travels faster than the other, they must 
all the while become more and more asunder ; and if ,they have 
ever been together it was preceding their departure from the 
points designated, and in an opposite direction from the one they 
are traveling, and would be pointed out by a negative result. 

(Art. 59.) Let us now make the problem general. 

Two couriers, A and B, d miles asunder on the same road^ 
set out to meet each other; A going a miles per hour, B going 
b miles per hour. How many hours must elapse before they 
meet, and how far will each travel? 
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Taking the same notation as in the particular case. 
Let x= t/^'s distance, y= B^s, and t=^ the time. 

Then x+y==d (1) x=at y^ht (2) 

Therefore (a+6)^=rf Or ^"^"TZa (^) 

And ^=«^=^-^ y=^'==^ w 

If a=&, then x=id and y=id. A result perfectly obvious, 
the rates being equal. Each courier must pass over one half 
the distance before meeting. 

If a=0 ar=—r-r=0 and y=—.=zd. That is, one 
0+0 ' c> 

will be at rest, and the other will pass over the whole distance. 

(Art. 60.) Now let us consider the other case, in which one 
tourier pursues the other, starting at the same time from dif- 
ferent points. 

Let the line CD represent the space the couriers are asunder 
when the pursuit commences, and the point E where they come 
together. C D E 

i n i 

The direction from C towards D we call plus, the other dircc- 
ion will therefore be minus. 
Now as in the 2d example, (Art. 58.) 

Put x=CjB=.^'s distance 
y=^DE=B*9 distance 
Then x—y=CD=d (1) 

As before, let t= the time. Then 
x^at y:=bt (2) 

. Therefore at — bt=d 

And t=^ (3) 

For the distances we have 

od ,.. - bd ,_. 

(4) and y=— -. (6) 



a — b ^ ' * a — & 
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By an examination of these equations, it will be perceived that 
X and y will be equal when a is equal to 6, yet d still exists aa 
a difference between them. This is in consequence of x and y 
in that case being so very great that d is lost in comparison. So 
all values are great or small only in comparison with others oi 
with our scale of measure. 

To make this clear, let us suppose two numbers differ by oniB 
and if the numbers are small, the difference may be regarded at 
considerable ; if large, more inconsiderable ; if still larger, still 
more inconsiderable, &c. If the numbers or quantities be infin- 
itely great, the comparative small quantity may be rejected. 
Thus: 

5 and 6 differ by 1, and their relation is as 1 to 1.2. 

Also, 5Q and 51 differ by I, and their relation is as 1 to 1.02. 

500 to 501 are as I to 1.002, iic. The relation becoming nearer 

and nearer equality as the numbers become laiger, and when the 

numbers become infinitely great the difference is comparatively 

nothing. 

ad 
When a=6 0—6=0 and 2P=-jr a symbol of infinity. 

If we suppose b greater than a, a — b will become negative, and 
as X and y refer to the same point, that point must then be in the 
backward direction from that we suppose the couriers are mo* 
ving, and will show how far they have traveled since that event. 

If in the equatipns (3), (4) and (5), c?=0, and at the same 
time a=6, then we shall have t^=-^ ^~a ^^^ V'n * ^^^^ 

shows that tt is a symbol of indetermination, it being equal to 

several quantities at the same time. If (f=0 the two couriers 
were together at commencement ; and if they travel in the same 
direction, and equally fast, they will be together all the while, 
and the distances represented by x and y will be equal, and of 

all possible values. Hence - may be taken of any value what* 
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tver^ and may be made to take a particular value^ to correspond 
to any other circttmstance or condition** 



APPLICATION. 

(Art 61.) We have hitherto considered CD a right line; but 
the equations would be equally true, if we consider CD to ba 
curved, and indeed we can conceive the line CD to wind about 
a perfect circle just forming its circumference, and the point JE 
upon the circle, CE being a little more than one circumference. 

This being understood, Equation (3,) (Art. 60,) gives us a so« 
lution to the following problems. 

1* 7%e hour and minute hands' of a clock are together at 12 
0* clock, When are they next together ? 

* The 26th equation (Art. 40), if resolved in the briefest manner, ^ivill show 


the influence of the fector ^. In the equation referred to, add 30 to both 

members and divide the numerator of the second member by its denommator, 

5a;-l-6 
and we have — ^--^1=6. Drop 1, and divide both members by 6, we then 

aj-j-2 

av+-l 
have -\ — =1, or jp4-l=;a9-|-2. Hence 1=2, a manifest absmdity 

But an our operations, yea, and all our reasonings have been correct, but 

we did not pay sufficient attention to dividing the numerator by the denomi- 

6(:p— 2) 
nator, which was -p ^T"* Taldng 6 for the quotient, which it would be in 

eveiy case except when x — 2=0, leads to the absurdity; which absurdity, 
•n turn, shows that x — 2=0, or x=St, 

As another illustration of the influence of this symbol, take the identicd 
equation 100=100, or any other similar one. 
This is the same as 96-f4=96-f-4 

Transposing, 4 — 4=96 — 96 

Resolving into fectors, 1(4 — 4)=:24(4— 4} 

Dividing by the common fector, and 1=24 ; 

1 

But, to restore equality, -- in this case must equal —, or 24. 


Hence we perceive that •- is indetermixiate, in the abstract, but may be no- 

dend definite in particular 
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By the equation, t= ^ this problem and all others like it 

are already resolved. All we have to do is to determine the 
values of cf, a, and b. 

There are 12 spaces (hours) round the dial plate of a clock ; 
hence d may represent 12. a and b are the relative motions of 
the hands, a moves 12 spaces or entirely round the dial plate 
while b moves one space. Hence a=i2, 6^1» and 0—6=11. 

Consequently, /=^f-=lh. 5m. 27 ^jS. 

Again. We may demand tghat time the hour and minute 
hands of a clock are together between 3 and 4. 

From 12 o'clock to past 3 o'clock there are 3 revolutions to 

3X 12 
pass over in place of one, and the solution is therefore /=— — 

and so on for any other hour. 

3. What time between two and thrie 6*clock will the hour 
and minute hands of a clock make right angles with each other? 

Here the space that the one courier mast gain on the other ie 
two revolutions and a quarter, or 2 id* 

Hence /=if X2i=HX|=H=2h. 27T\m. 

3. What time between 5 and 6 will the two hands of a clock 
make a right line? 

Here one courier must gain 5s revolutions, or (/ in the equa- 
tion must be multiplied by 5$='^*. 

Hence, t=\^ X V =6h. 

That is, the hands make a right line at 6 o'clock, a result man- 
ifestly tni3. 

This simple equation enables us to determine the exact time 
when the two hands of a clock shall be in any given position. 

We may apply this equation to a large circle, as well as to a 
small one ; it may apply to the apparent circular course of the 
heavens, as well as to a dial plate of a clock ; and the application 
is equally simple. 

The circle of the heavens, like all other circles, is divided into 
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860 degrees ; and the sun and moon apparently follow each other 
like two couriers round the circle. 

In one day the moon moves on an average 13^.1764, (divisions 
of the circle,) and the sun apparently 0^.98565, or not quite one 
division of the circle. The moon's motion being most rapid, 
corresponds to a in the equation, and the sun's apparent motion 
10 b. Then a— ^sld'^inei— 0.98565=:12''.19075; and the 
time required for one courier to gain on the other the required 

■pace, in this case a revolution of 360 degrees, or /«= — ^=b 



which gives 29.53(ip887 days, or 29 days, 12 hours, 

44 minutes, 3 seconds, which is the mean time from one change 
of the moon to another, called a synodic revolution. 

These relative apparent motions of the sun and moon round 
the circular arc of the heavens, are very frequently compared to 
the motions of the hour and minute hands of a clock round the 
dial plate ; and from the preceding application of the same equa- 
tion we see how truly. 

We may not only apply this equation to the mean motions of 
the sun and moon, but it is equally applicable to the mean mo- 
tions of any two planets as seen from the sun. To appearance, 
the two planets would be nothing more than two couriers mo- 
ving in a circle, the one in pursuit of the other, and the time be- 
tween two intervals of coming together, (or coming in conjunc- 
tion, as it is commonly expressed,) will be invariably represen- 
ted by the equation 

'-^ 

To apply this to the motion of two planets, we propose tho 
following problem : 

Tlie planet VenuSj as seen from the sun^ describes an are of 
l^ 36' per day^ and the earth, as seen from the same pointy de^ 
scribes an arc of 59'. ^t wJiat interval of time ivill these ttoe 
bodies come in a line with the sun on the same side ? 

Here a=l°36' 6=59' (/=360*' 

llierefore, a — 6=37'; and as the denominator is 
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minutes, the numerator must be reduced to minutes also ; hence 
the equation becomes 

, 360X60 ^^^^, 
t= — 5- — =683.8 days, nearly. 
37 

We have not been very minute, as the motions of the planeta 
are not perfectly uniform, and the actual interval between succes 
•ive conjunctions is slightly variable. Hence we were not par- 
ticular to take the values of flr^nd 6 to the utmost fraction. A 
more rigid result would have been 583.92 days. Half of this 
time is the interval that Venus remains a morning and an even- 
ing star. 

(Art. 63.) This equation, as simple as it may ap'-e^ir, is one 
practical illustration of the true spirit and utility oj analysis by 
algebra. 

The principles and relations of time and motion are fixed and 

invariable, and the equation ^=^—7 stands conspicuously as 

one of these relations. 

If/ can be determined by observation, as it may be in respect 
to the earth and the superior planets, the mean daily motions of 
the planets can be determined ; as f/=360°, a=59' 08" the mean 
motion of the earth, and suppose b the motion of Mars^ for ex- 
ample, to be unknown. 

When unknown, represent it by a?. 

d 
Then /= or at — tx=^a. 

at — d 
Therefore ^=*~"1 — • 
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SECTION III. 

involution: 

CHAPTER L 

(Art. 6-1.) Equations, and the resolntion of problems producing 
equations, do not always result in the first powers of the un- 
known terms, but different powers are frequently involved, and 
therefore it is necessary to investigate methods of resolving equa- 
tions containing higher powers than the first ; and preparatory 
to this we must learn involution and evolution of algebraic 
quantities. 

(Art. 65.) Involution is the method of raising any quantity to 
a given p \ ^. . Evolution is the reverse of involution, and is 
the method of uetermining what quantity raised to a proposed 
power will produce a given quantity. 

As in arithmetic, involution is performed by multiplication, and 
evolution by the extraction of roots. 

The first power is the root or quantity itself; 

The second power, commonly called the square, is the quan- 
tity multiplied by itself; 

The third power is the product of the second power by the 
quantity ; « 

The fourth power is the third power multiplied into the quan* 
tity, &c. 

The second power of a is 

The third power is 

The fourth power is 

The second power of a* is 

The third power of a* is 

The nth power of a** has the exponent 4 repeated n times, 
>r a*". Therefore, to raise a simple literal quantity to any 
iower, multiply its exponent by the index of the required 
power. 

Raise x to the 5th power. The exponent is 1 understood, 
and this 1 multiplied by 5 gives, a^ for the 5th power. 



a Xa 


or 


a« 


a^Xa 


or 


a» 


(fXa 


or 


(^ 


a'Xa' 


or 


a« 


a«Xa* 


or 


a« 
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Raise x* to the 4th power An». «"• 

Raise fp to the third power. Ans. %f^* 

Raise of" to the 6th power. Ann. 7^. 

Raise a?" to the mth power. Ann. a^. 

Raise ay^ to the 3d power. «$n«« o'x*. 

Raise dbl^y^ to the 2d power. Ana. o'ftV. 

Raise cy to the 5th power. Ana. c^y*. 

(Art. 66.) By the definition of powers the second power is 
any quantity multiplied by itself; hence the second power of 
ax is c^a^^ the second power of the coefficient a, as well as the 
other quantity x ; but a may be a numeral, as 6x, and its second 
power is ^^a?. Hence^ to raise any simple quantity to any 
power^ raise the numeral coefficient, as in arithmetic, to the 
required power^ and annex the powers of the given literal 
quantities 

EXAMPLES. 

1. Required the 3d power of 3aa^. Ans. 27a*JC*. 

a. Required the 4th power of fy*. Ans. |fy". 

3. Required the 3d power of — 2x. Ans. — 8a:*.* 

4« Required the 4th power of — 3x. Ans. 81a^. 

Observe, that by the rules laid down for multiplication, the 

even powers of minus quantities must he plus, and the odd powers 

mimts. 

2c^h^ 4M^ 

5» Required the 2d power of -—— . Ans. ^ . 

2a - 64a' 

6. Required the 6th power of -—5-. •«'W. a * 

0*6 729a"6* 

7m Required the 6th power of -3—. Ans — ^g — • 

(Art. 67.) The powers of compound quantities are raised by 
the mere application of the rule for compound multiplicatioa* 
(Art. 12.) 



loe 
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Let a+b be raised to the 2d, 3d, 4th, &c. powers. 
a+b 
a+b 







Sd power or square 


a+b 




cf+id'b+ab* 


8d power or cube, 


(^+3ifb+3ab^+V 
a+b 




<^+3(i'b+3a^b'+ab* 


The 4th power, 


t^+4<fb+6<fb>+4ab»+b* 
a+b 


■ 


(f+4M+6(fl^+4a^b*+ad* 


The 5th power, 


a»+5rt'6+ 10a»6^+ 10a»6»+5a6*+&» 



&c., &c. 

By inspecting the result of each product, we may arrive at 
general principles, according to which any power of a binomial 
may be expressed, without the labor of actual multiplication* 
This theorem for abbreviating powers, and its general application 
to both powers and roots, first shown by Sir Isaac Newton, has 
given it the name of Newton's binomial, or the binomial theorem* 



OBSERVATIONS. 



Observe the 6th power : a, being the first, is called the leading 
term ; and b, the second, is called the following term. The sum 
of the exponents of the two letters in each and all of the termi 
amount to the index of the power. In the 5th power, the sum 
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of the exponents oi a and 5 is 5 ; in the 4th power it is 4 ; in 
the 10th power it would be 10, inc. In the 2d power there are 
three terms; in the 3d power there are 4 terms; in the 4th 
power there are 5 terms ; always one more term than the index 
of the power denotes. 

The 2d letter does not appear in the first term ; the 1st letter 
does not appear in the last term. 

The highest power of the leading term is the index of the 
gireu power, and the powers of that letter decrease by one from 
term to term. The second letter appears in the 2d term, and its 
exponent increases by one from term to term as the exponent of 
the other letter decreases. 

The 8th power of (a+^) is indicated thus: (a+6)^ When 
expanded, its literal part, (according to the preceding observa- 
tions) must commence with a^, and the sum of the exponents of 
every term amount to 8, and they will stand thus : .o^, a'^, o'ft* 
(^b\ (^b\ a»6^ c^b\ ab\ b\ 

The coefficients are not so obvious. However, we observe 
that the coefficients of the first and last terms must be unity. 
The coefficients of the terms next to the first and last are equals 
and the same as the index of the power. The coefficients in- 
crease to the middle of the series, and then decrease in the 
same manner, and it is manifest that there must be some law of 
connection between the exponents and the coefficients. 

By inspecting the 5th power of a+^, we find that the 2d co* 
efficient is 5, and tlie 3d is 10. 

2 

The third coefficient is the 2d, multiplied by the exponent of 
the leading letter, and divided by the exponent of the second 
Utter increased by unity. 

In the same manner, the fourth coefficient is the third multi- 
plied by the exponent of the leading letter, and divided by the 
exponent of the second letter increased by unity ^ and so on from 
Coefficient to coefficient. 
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The 4th coefficient is 

The 5th is 
The last is 

Now let us expand 
For the 1st term write 
For the 2d term write 
8X7 
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10X3 



3 

10X2 



= 10 



4 
6X1 



For the 3d, 



For the 4th, 



For the 5th, 



=28 



28X6 



56X5 



(a+6)« 

Sa'b 
28a«&* 

56a'6» 

/Oa*6* 



= 6 

1 understood. 



Now as the exponents of a and b are equal, we have arrived 
at the middle of the power, and of course to the highest coeffi- 
cient. The coefficients now decrease in the reverse order which 
they increased. 

Hence the expanded power is 

a8-f-8a'6+28a«^^«+56a«6»+70fl*Z^*+56a»5«+28a*6«+8a6^+6". 
Let the reader observe, that the exponent of b, increased by 
unity is always equal to the numbej* of terms from the beginning, 
or from the left of the power. Thus, 6* is in the 3d term, &c. 
Therefore in finding the coefficients we may divide by the num- 
ber of terms already written, in place of the exponents of the 
second term increased by unity. 

If the binomial (a+6) becomes (a+l*) that is, when b be 
eomes unity, the 8th power becomes, 

a8_j,8a'+28a«+56a«+70a«+56a«+28a«+8a+l. 
Any power of I is 1, and 1 as a factor never appears. 
If a becomes 1, then the expanded power becomes, 

H-86+286*+566»+706*+566«-t-28Z»«+86^+ft' 
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The manner of arriving at these results is to represent the unit 
by a letter, and expand the simple literal terms^ and afterwards 
substitute their values in the result 

(Art. 68.) If we expand (a — h) in place of (a+6,) the expo- 
nents and coefficients will be precisely the same, but the princi« 
pies of multiplication of quantities affected by different signi 
will ^ve the minus sign to the second and to every alternate term. 

Thus the 6th power of (a — b) is 

(Art. 69.) This method of readily expanding the powers of a 
binomial quantity is one application of the " binon^al theorem** 
and it was thus by induction and by observations on the result 
ot particular cases that the theorem was established. Its rigid 
demonstration is somewhat difficult, but its application is simple 
and useful. 

Its most general form may arise from expanding (a+6)". 

When n=3, we can readily expand it; 

When «=4, we can expand it ; 

When n= any whole positive number, we can expand it 

Now let us operate with n just as we would with a known 
number, and we shall have 

{a+b)"=^a^+na^'-'b+n^^a^V, &c. 

We know not where the series would terminate until we 
know the value of n. We are convinced of the truth of the 
result when n represents any positisre whole number; but let n 
be negative or fractional, and we are not so sure of the result. 
To extend it to such cases requires deeper investigation and 
rigid demonstration, which it would not be proper to go into at 
this time. We shall, therefore, content ourselves with some of 
its more simple applications. 

EXAMPLES, 
1* Required the third power of 3a?+2y. 
We cannot well expand this by the binomial theorem, because 
the terms are not simple literal quantities. But we can assume 
^x=a and 2y==b, Then 

Sx+2y=a+b and {a+by=^(^+S(^b+3ab^+V. 
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Now to return to the values of a and 6, we have, 
«•= 27a?« 

3a«ft=3 X 9a:«X 2y =54a:^. 
3a6*=3X3ar X4y«=36ary«. 

^'= Sf. 

Hence (3x+2y)3=27a;»+54x*y+36ay+8y. 

*• Required the 4th power of 2a* — 3. 
Let a:=2a' y=3. Then expand (x — y)\ and return the 
values of x and y, and we shall find the result, 

16a«— 96a«+216a*— .216a«+81. 

3. Required the cube of (a+6+c+e?). 

As we can operate in this summary manner only on binomial 
quantities, we represent a-^b by ar, or assume a?=a-l-6, and 
y=c+d. 

Then (x+t/)''=a:'^+3a:'y4-3a:3/'+y». 

Returning the values of x and y, we have 

(a+6)»+3(a+5)»(c+(;)+3(a+6)(r+rf)«+(c+d)»- 

Now we can expand by the binomial, these quantities con^ 
tained in parenthesis. 

4. Required the 4th power of 2a+32r. 

^ns. 16a*+96a»a:+216^a;«+216aa?»+81a?*. 

' 9. Expand (ar^+Sy*)'. 

J9n8. x^^+ 1 5sf^y^+90a^y*+270sdy+^05a^+243y^: 

6. Expand {2(^+ax)* Am 8a«+12«^af+6fl^a:*+a'«". 

V. Expand {x — ^1)*. 

Am. a:«— 6a:»+ 1 Sa;^— 20a;»+ 1 5x»— 6a:+ L 

8. Expand (3a>— 5)« w^m. 27a:«— 135a:«+225a^l2a. 

9. Expand (a+2)*. Am. a*+8a»+24a»+32a+l« 

3/1* £^ <^ 
iO. Expand (1— i/*)*. . ^W5. 1— 2a+-^ -^'— 

11. Expand (a+^^+c)". 
la. Expand {a~2bf. 
I8« Expand (1— 2iv]". 
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EVOLUTION. 

CHAPTER EL 

(Art. 70). Evolution is the converse of involution, or the ex- 
ti action of roots, and the main principle is to observe how powers 
are formed, to be able to trace the operations back. Thus, to 
equare a, we i]puble its exponent, (Art. 65), and make it a*. 
Square this and we have a*. Cube «" and we haTO a*. Take 
the 4th power of x and we have a?*. The nth power of a:;' is 

Now, if multiplying exponents. raises simple Literal quantities 
to powers, dividing exponents must extract roots. Thus, the 

square root of fl* is €^. The cube root of a* must be a^. The 
cube root of a must have its exponent, (1 understood,) divided by 

3, which will make a^* 

Ther^ore roots are properly expressed by fractional expo- 
nenis, i 

The square root of a is a^, and the exponents, 5, 1, ^, &c. in- 
dicate the third, fourth, and fifth roots. The 6th root of x^ is 

s 
«•; hence we perceive that the numerators of the exponent in- 
dicate the power of the quantity, and the denominator the root 
of that power. 

(Art. 71.) The square of ax is a*x*. We square both 
factors, and so, for any other power, we raise all the factors to 
the required power. Conversely, then, we extract roots by 
taking the required root of all the factors. Thus the cube root 
of 8x^ is 2x. 

A root that can not be exactly expressed is called a surd^ or 
imationai root T^ square root of 2 can not be exactly ex- 
pressed, hence, it is called a surd. A root merely expressed by 
the radical sign (^ ), or by a fractional exponent, is called a 
radical quantity. The cube root of 9 may be symbolically ex- 
pressed thus, 5/97 or (9)^, and this is a radical quantity; but 
numericadly the root can not be exactly expressed ; it is, there- 
fore, a surd. Surd roots may be found approximately. 
10 
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The square root of 64aS is obviously So*, aiid from Uiis and 
the preceding examples we draw the following 

Rule. For the extraction of the roots of monomials. Ex* 
tract the root of the numeral coefficients and divide the exponent 
of each letter by the index of the root. 

EXAMPLES. 

1* What is the square root of 49a*ar* ? Ana. las? 

a. What is the square root of 25c^®^>« ? Ana. 6(^b. 

8. What is the square root of 20ar ? Ans. 2 J box* 

In 20, the square factor 4 can be taken out ; the other factor 
is 5. The square root of 4 is 2, which is all the root we can 
take ; the root of the other factors can only be indicated as in the 
answer. 

4. What is the square root of 12a* ? Ans. 2a jT. 

5* What is the square root of 144a?c*a:y ? Ans. I2ac*xy. 

6. What is the square root of 36a:* ? Ans. dtQa^. 

(Art. 72.) The square root' of algebraic quantities may be 
taken with the double sign, as indicating either plus or mintM, 
for either quantity will give the same square, and we may not 
know which of them produced the power. For example, tlie 
square root of 16 may be either +4 or —4, for either of them, 
when multiplied by itself, will produce 16. 

The cube root of a plus quantity is always plus, and the cube 
root of a minus quantity is always minus. For +2a cubed, 
gives +80*, and — 2a cubed gives —8a*, and a may represent 
any quantity whatever. 

EXAMPLES. 

1 What is the cube root of 125a* ? Ans. 5a. 

9. What is the cube root of — 64a:® ? Ans. ~4a::* 
8. What is the cube root of — 216ay ? Ans. — Bay* 

4. What is the cube root of 729(^30^^ t Ans. 9a»a:* 

5. What is the cube root of 320* ? Ans, 2a*/i? 
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6. What is the 4ih root of 266a*j:»! Jlnt. ±:4aa^. 

7. What is the 4th root of 16a ! Jlns. :±:2a*. 

8. What is the 4th root of 64xy ? ^ns. dz^Sxy. 
N. B. The 4th root is the square root of the square root. 

9. What is the 4th root of 20ax ? * Ans. ±{20yJx*. 

10. What is the square root of 75! Ans. =h5^3l 

75=26X3. 

4a*af* ^ 2a^ 

11. Required the square root of -^y -^f . =*=— . 

19 Required the square root of ^rs — • •^'W. dz-^r-. 

loax 3 

N. B. Reduce the fraction as much as possible, and then ex- 
tract the root. 

^ 200a'' ^ 5a» 

18. Required the square root of . .tfn«. zt-r* 

14. Required the nth root of -5^. -^w*. -5-. 

15. Required the nth root of j-, Ans. w* fi (f^ . 

Observing that — =6-'r"* 



CHAPTER in. 
To extract roots of compound quctniities. 

(Art. 72.) We shall commence this investigation by confining 
our attention to square root, and the only principle to guide us is 
the law of formation of squares. The square of a+b is a*+ 
2ab'\-bK Now on the supposition that we do not know the root 
of this quantity tO be a+6, we are to find it or extract it out of 

ike square 

(^+2ab+bK 

We know that a", the first teim, must have been formed by the 
multiplication of a into itself, and the next te>'m is 2aXb. That 






I 
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18 twice the root of the first term into the second term of the root. 
Hence if we divide the second term of the square by twice the 
root of the first term, we shall obtain 6, the second term of the 
root, and as b must be multiplied into itself to form a square, we 
add b to 2a, and have 2a+b^ which we call a divisor. 

OPERATION. 

d'+2ab+b^{a+b. 



2a+b)2ab+b^ 
2ab+b* 



We take a for the first term of the root, and subtract its square 
(a*) from the whole square. We then double a and divide 2a6 
by 2a and we find b, which we place in both the divisor and quo- 
tient. Then we multiply 2a+b by b and we have 2(jA+b\ to 
subtract from the two remaining terms of the square, and in this 
case nothing remains. 

Again, let us take a+b+d and square it. We shall find its 
square to be 

c^+2ab+b^+2ac+2bc+d'. 
(^+2ab+b'+2ac-{-2be+c'{a+b+c 

2a+6 2ab+b^ 
2ab+b^ 



2a+2&+c 2az+2bc+(^ 

2ae-|-26c+c* 



By operating as before, we find the first two terms of the root 
to be a+by and a remainder of 2ac+2&c+c". Double the root 
already found, and we have 2a-}-26 for a partial divisor. Divide 
the first term of the remainder 2ac by 2a, and we have c for the 
third term of the root, which must be added to 2a-\-2b to com- 
plete the divisor. Multiply the divisor by the last term of the 
root and set the product under the three terms last brought down, 
and we have no remainder. 
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Again, let us take a+b+c to square ; but b^efore we square it 
let the single letter s=a-{-b. 

Then we "shall have «+c to square* which produces 
s^+28C+€^, To take the square root of this we repeat the first 
operation, and thus the root of any quantity can be brought into 
a binomial and the rule for a binomial root will answer for a root 
containing any number of terms by considering the root already 
founds however great, as one term. 

Hence the following rule to extract the square root of a eom^ 
pound quantity* 

Arrange the terms according to the powers of some letter^ 
beginning ivith the highest ^ and set the square root of the first 
term in the quotient. 

Subtract the square of the root thus found from the first 
term and bring down the next two terms for a dividend. 

Divide the first term of the dividend by double of the root 
already foundy and set the result both in the root and in the 
divisor. 

Multiply the divisor^ thus completed, by the term of the root 
last found J and subtract the product fromthe dividend^ and so on. 

EXAMPLES. 
1. What is the square root of 



4a*6+'46» 



2a«+46— 2 _4a«— 86+4 

_4a*— 86+4 



«. What is the square root of 1— 46+46*+2i/ — iby+\^ ? 

Ans. 1— 26+y. 

3. What is the sq lare root of 4a;*— 40:^+1 3x*— 6a: +9 1 

Am. 2^2— ar+3. 

4. What is the sa lare root of 4a:*— 16a?'+24a?«— 16ar+4 ? 

Am. 2a:' — 4a?+2. 
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9. What is the square root of 16a?*+24a:»+89a:*+60a:+100t 

6 What is the square root of 4x!*~l6a^+S3c^+iex+i ? 

Jlns. 2a:* — ix-^-U 
V* What is the square root of . 

a^+2xy+j^+exz+tyz-{9s^l Am. x+y+Zz 

%• What is the square root of a'-Hi6+i6*? 

Ana. a— s6. 

9. What is the square root of « — ^2+Zi^ 

^ a b ha 

Ana. rr or — r 

b a a o 

10. What is the square root of a^ — ^x^y +y^ ? 



Ana. X* — y' or y* — x*. 



(Art. 73.) Every square root will be equally a root if we change 
the sign of all the terms. In the first example, for instance, the 
root may be taken — a* — 2b-[-2, as weU as a*+26 — ^2, for either 
one of these quantities, by squaring, will produce the given 
square. Also, observe that every square consisting of three 
terms only, has a binomial root. 

(Art. 74.) Algebraic squares may be taken for formulas, cor- 
responding to numeral squares, and their roots may be extracted 
in the same way, and by the same rule. 

For example, a+b squared is a*+2a6+6', and to apply this 
to numerals, suppose a=40 and 5=7. 

Then the square of 40 is 0^=1600 

2a6= 560 
6«= 49 



^ Therefore, (47)*=2209 

Now the necessary divisions of this square number, 2209, are 
not visible, and the chief difficulty in discovering the root is to 
make these separations. 
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The first observation to make is that the square of 10 is 100, 
of 100 is 10000, and so on. Hence, the square root of any 
square number less than 100 consists of one figure, and of any 
square number over 100 and less than 10000 of two figures, and 
so on. Every two places in a power demanding one place in 
its root. 

Hence, to find the number of places or figures in a root, we 
must separate thepowej into periods of two figures, beginning 
at the unifs place. For example, let us require the square root 
of 22*09. Here are two periods indicating two places in the 
root, corresponding to tens and units. The greatest square in 23 
is 16, its root is 4, or 4 tens =40. Hence a=40. 

22 09(40+7=47 
«!*= 16 00 



2a+6=80+7=87 )609 
609 



Then 2a=80, which we use as a divisor fbr 609, and find it 
IS contained 7 times. The 7 is taken as the value of b, and 
2a4-^f the complete divisor, is 87, which multiplied by 7 gives 
the two last terms of the binomial square. 2a6+ft'=560+49 
-=609, and the entire root 40+7=47 is found. 

Arithmetically, a may be taken as 4 in place of 40, and 1600 
as 16, the place occupied by the 16 makes it 16 hundred, and 
the ciphers are superfluous. Also, 2a may be considered 8 in 
place of 80, and 8 in 60 (not in 609) is contained 7 times, &c. 

If the square consists of more than two periods, treat it as two, 
and obtain the two superior figures of the root, and when obtain- 
ed bring down another period to the remainder, and consider the 
root already obtained as one quantity, or one figure. 

For another example, let the square root of 399424 be es- 

^^^^^ 39-94-24 l| 632 

36 



1231394 
1 369 

1262"T25 24 
25 24 
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In this example, if we disregard the local value of the figures, 
we have a=6, 2a=12, and 12 in 39, 3 times, which gives b=2 
Afterwards we suppose a=63, and 2^=126, 126 in 252, 2 times, 
or the second value of 6=2. In the same manner, we would 
repeat the formula of a binomial square as many times as we 
have periods. 

EXERCISES FOR PRACTICE. 

!• What is the square root of 8836? Jins. 94. . 

»• What is the square root of 106929? ^ns. 327. 

8. What is the square root of 4782969? ^ns. 2187. 

4. What is the square root of 43046721? ^ns, 6561. 

^ 5. What is the square root of 387420489? Jins. 19683. 

When there are whole numbers and decimals, point off periods 
both ways from the decimal point, and make the decimal places 
even, by annexing^ciphers when necessary, extending the deci- 
mal as far as desired. When there are decimals only, commence 
pointing off from the decimal point. 

EXAMPLES. 

1. What is the square root of 10-4976? ^ns. 3-24. 

2. What is the square root of 3271-4207? ^ns. 57-19+. 
8. What is the square root of 4795-25731 ? ^ns. 69-247+. 

4. What is the square root of -0036 ? ^ns. -06 

5. What is the square root of -00032754? ^m. -01809+. 

6. What is the square root of -00103041 ? Jlns. -0321. 
(Art. 75.) As the square of any quantity is the quantity mul- 
tiplied by itself, and the product of j by t^ (Art. 64.) is j-^ ; 

hence to fake the square root of a fraction we must extract the 
gqiiare root of both numerator and denominator. 

A fraction may be equal to a square, and the terms, as given, 
not square numbers ; such may be reduced to square numbers. 
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EXAMPLES. 
What is the square root of //j ^ 

Observe tV?=|}* Hence the square root if |. 

1* What is the square root of j]^ ? Jliu. }• 

9* What is the square root of W\t Am. {. 

8. What is the squar| root of %\\^ T Ans. f • 

#• What is the square root of m^t Ans. |. 

When the given fractions cannot be reduced to square termty 
reduce the value to a decimal, and extract the root, as in the lasl 
article. 

CHAPTER IV. 

-^ To extract the cube root of compound quantities. 

(Art. 76.) We may extract the cube root in a similar manner 
as the square root, by dissecting or retracing the combination of 
terms in the formation of a binomial cube. 

The cube of a+b is a^+3M+dab*+b^ (Art. 67). Now 
to extract the root, it is evident we must take the root of th« 
first term (a*), and the next term is 30^6. Three times the square 
ofthejirst letter or term of the root multiplied by the 2d term 
of the root. 

Therefore to find this second term of the root we must divide 
the second term of the power {Sa^b) by three times the sq^sare 
of the root already found (a). 

Sc^)3M(b 
Sd'b 

When we can decide the ualue of b, we may obtain the com- 
plete divisor for the remainder afler the cube of the first term is 
subtracted, thus : 

The remainder is Sc^b+3ab^+b^ 

Take out the factor 6, and S^^+3ab+b^ is the complete 

divisor for the remainder. But this divisor contains b, the very 

term we wish to find by means of the divisor ; hence it must be 

found before the divisor can be completed. In distinct algebraic 

11 
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quantities there can be no difficulty, as the terms stand separate, - 
and we find b by dividing simply 3a'& by So' ; but in numbers 
the terms are mingled together, and h can only be found by trial. 

Again, the terms ^a^-\r^h'\-b^ explain the common arithme- 
tical rule, as So^ stands in the place of hundreds, it corresponds 
with the words : " Multiply the square of the quotient by 300>" 
**and the quotient by 30," (3a,) Ac. ^ 

By inspecting the various powers of a-^-h^ (Art* 67,) we draw 
the following general rule for the extraction of roots : 

Arrange the terms according to the powers of some letter; 
take the required root of the first term and place it in the qtuh 
tient : subtract its corresponding power from the first term, and 
bring down the second term for a dividend. 

Divide this term by twice the root Q\re?idy found for the bqiiaiub 
root, three times the square of it for the cube root, four times 
the third power for the fourth root, &c., and the quotient unll 
be the next term of the root. Involve the whole of the root, 
thus found, to its proper power, which subtract from the given 
quantity, and divide the first term of the remainder by the same 
divisor as before: proceed in this manner till the whole root is 
determined. 

EXAMPLES. 

1. What is the cube root of af^+6x^ — 40a:»+96aN— 64 ! 

aJ»+6aJ*_40a:'+96ar— 64 {a^+2x—i 
a* 



Divisor 3a:^) 6a^=lst remainder. 

a^+63(^+l2a^+Sx^ =(a;*+2a?)» 
Divisor 3a?* ) — 12a;*=2d remainder. 

a*+6a^—40a?+96x—64 

»^ What is the cube root of 27a«-|-108a«+144a+64 ? 

Ans. 3a+4. 

9^ What is the cube root of ci?— 6a*«+12aa:*— 8a:* I 

Jins. 0—200 
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4. What is the cube root of a^ — Sar'+Sx* — 3a? — 1 ? 

Ans, Q^ — ^a>— 1 

4. What is the cube root of a»— 6a»6-|-12a6«— 85«? 

Am. a— -26. 



3 1 

6. What is the cube root of a*+3x-i — 1--^ ? 

X or 



V« Extract the fourth root of 

fl*+8a»+24a«+32a+l 6(a+2 



Ans. X'\ — . 

X 



4c^ 8a», &c. 



ci*+8a«+24(i«+32a+16. 



(Art 77.) To apply this general rule to the extraction of th» 
cube root of numbers, we must first observe that the cube of 10 
is 1000, of 100 is 1000000, &c.; ten times the root producing 
1000 times the power, or one cipher in the root producing 3 in 
the power; henc^ any cube within 3 places of figures can have 
only one in its root, any cube within 6 places can have only two 
places in its root, &c. Therefore we must divide off the given 
power into periods consisting of three places, commencing at the 
unit. If the power contains decimals, commence at the unit 
place, and count three places each way, and the number of pe* 
riods will indicate the number of figures in the root. 

EXAMPLES. 

1. Required the cube root of 12812904. 
12-812-904(234 
a=2 a»= 8 

Divisor 30^=12 ^48 



12167 = (23)» 
3(23)*= 1587 ) 6459^4 

12 812 904=(234)* 



Am. 


63. 


Am. 


83. 


Am. 


111. 


Am. 


127, 


Am. 


255. 


Am. 


354. 


Am. 


466. 
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Here 12 is contained in 48, 4 times; but it must be remem- 
bered that 12 is only a trial or partial divisor; when completed 
it will exceed 12, and of course the next figure of the root can- 
not exceed 3. 

The first figure in the root was 2. Then we assumed 0=2. 
Afterwards we found the next figure must be 3. Then we as- 
sumed a=23. To have found a succeeding figure, had there 
been a remainder, we should have assumed a =234, &c., and 
from it obtained a new partial divisor. 

a. What is the cube root of 148877? 

3. What is the cube root of 571787? 

4. What is the cube root of 1367631? 

5. What is the cube root of 2048383 ? 

6. What is the cube root of 16581375 ? 

7. What is the cube root of 44361864 ? 

8. What is the cube root of 100544625 ? 

(Art. 78.) When the power is not complete, and, of course, 
its root surd, the methods of direct extraction are all too tedious 
to be much used, and several eminent mathematicians have given 
more brief and practical methods of approximation. 

One of the most useful methods may be investigated as follows : 

Suppose a and a-\-c two cube roots, c being ve»;y small in 
relation to a. a^ and a^+3«^c+3ac*+c' are the cubes of the 
supposed roots. 

Now if we double the first cube (a*), and add it to the second, 
weshaUhave 3a.+3«3e+3«c»+c». 

If we double the second cube and add it to the first, we shall 

^*^® * 3a3+6a2c+6ac^+2c^. 

As c is a very small fraction compared to a, the terms coih 
taining c' and c' are very small in relation to the others, and 
the relation of these two sums will not be materially changed by 
rejecting those terms containing c* and c®, and the same will 

^"""^ 3a«+3a'c 

And Zcf-\-6c?C 
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The ratio of these tenns is the same as the ratio of a-f-^ to 
a+2c. 

Or the ratio is l-\ — ; — 

a+e 

But the ratio of the roots a to a+e^ is 1 H — . 

a 

Observing again that c is supposed to be very small in rela* 

c c 

tion to a, the fractional parts of the ratios — ; — and - are both 
'^ a+c a 

small and very near in value to each other. Hence we have 

found an operation on two cubes which are near each other in 

magnitude, that will give a proportion very near in proportion to 

their roots ; and by knowing the root of one of the cubes, by this 

ratio we can find the other. 

For example, let it be required to find the cube root of 28, true 
to 4 or 5 places of decimals. * As we wish to find the cube root 
of 28, we may assume that 28 is a cube. 27 is a cube near in 
value to 289 and the root of 27 we know to be 3. 

Hence a, in our investigation, corresponds to 3 in this exam* 
pie, and c is unknown; but tiie cube of a+c is 28, and €f 
IS %7. 

Then 27 28 

2 2 

~64 "15 
Add 28 27 

Sums 82 : 83 : : 3 : a+c very nearly. 

Or (a+c)= W =3-03658+, which is tiie cube root of 28, 
true to 5 places of decimals. 

By the laws of proportion, which we hope more fully to in- 
vestigate in a subsequent part of this work, the above propor- 
tion, 82 : 83 : : a : a+e, may take this change * 
82 : I x: a : c 

Hence, c= g\- c being a correction to the known root, 
which, being applied, will give the unknown or sought root. 

From what precedes, we may draw the foUowing rule for find- 
ing approximate cube roots : 
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Rule. Take the nearest rational cube to the given number^ 
and call it an assumed cube ; or 9 assume a root to the given 
number and cube it. Double the assumed cube and add the 
given number to it ; also^ double the given number and add 
the assumed cube to it. TJien^ by proportion^ as the first sium 
is to the second^ so is the known root to the required root Of 
take the difference of these sums, then say, as double of the 
assumed cube, added to the number, is to this difference, so is 
the assumed root to a correction. 

This correction, added to or subtracted from the assumed rooti 
as the tase may require, will give the cube root very nearly. 

By repeating the operation with the root last found as an as- 
sumed root, we may obtain results to any idegree of exactness ; 
one operation, however, is generally sufficient 

EXAMPLES. 
!• What is the approximate cube root of 126? 

Ans. 4-93242+. 
9* What is the approximate cube root of 8*5 1 

Ans. 2-0408+. 
8. What is the approximate cube root of 63.? 

Ans. 3-97909+. 
4* What is the approximate cube root of 515 ? 

Ans. 8-01559+. 
5. What is the approximate cube root of 16 ? 

The cube root of 8 is 2, and of ^7 is 3 ; therefore the cube 
root of 16 is between 2 and 3. Suppose it 2*5. The cube of 
this root is 15-625, which shows that the cube root of 16 is a 
little more than 2*5, and by the rule 



31-25 
16 

47-25 : 
47-25 J 


32 
15-625 

47-625 
•375 


: : 2-5 : to the required root. 

:: 2-5 : -01984 
Assumed root 2*50000 
Correction -01984 




Approximate root 


2*51984. 
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We give the last as an example to be followed in most < 
where the root is abou^midway between two integer numbers. 

This rule may be used with advantage to extract the root of 
perfect cubes, when the powers are very laige. 

EXAMPLE. 
The number 22'069*810'125 is a cube ; required its root 
Dividing this cube into periods, we find that the root must 
contain 4 figures, and the superior period is 22, and the cube rool 
of 22 is near 3, and of course the whole root near 3000 ; but less 
than 3000. Suppose it 2800 and cube this number. The 
eabe is 21952000000, which being less than the given number, 
«hows that our assumed root is not large enough. 

To apply the rule, it will be sufficient to take six superior 
figures of the ^ven and assumed cubes. Then by the rule, 

219 520 220698 

2 2 



439040 
220698 


: 


441396 
219520 


:. 2800 




659738 


660916 ' 
659738 




659738 


t 


1178 
2800 


: : 2800 






942400 
2356 






659738)3298400(5 
3298690 










Assumed root, 
Correction, 

True root. 


2800 
5 

2805 



TTxe result of the last proportion is not exactly 5, as will be 
seen by inspecting the work ; the slight imperfection arises from 
the rule being approximate, not perfect. 

When we have cubes, however, we can always decide the unit 
figure by inspection, and, in the present example, the unit figure 
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in the cube being 6, the unit ^gare in the root must be 5, as no 
other figure when cubed will give 5 in tne place of units. 

[For several other abbreviations and expedients in extracting 
cube root in numerals, see Robinson's Arithmetic.^ 

(Art. 79.) To obtain the 4th root, we may extract the square root 
of the square root. To obtain the 6th root, we may take the 
•quare root first, and then the cube root of that quantity. 

To extract odd roots of high powers in numeral quantities is 
ttry tedious and of no practical utility ; we therefore give no ex* 
amples. 

(Art. 80.) Some radical quantities may be simplified, and oth* 
era are not susceptible of simplification. For instance, the square 
root of 75, written ^75, is equal to 5 times the square root of 
3; that is, ^75=5^3. But the square root of 71 can not be 
fully expressed except by the sign, thus, ^71, because 71 con- 
tains no square factor. 

It is obvious that «740=V^^=V^ ^JF=^2{5)i; but 
3d and 41 containing no Oibe factor ^ their cube roots can only 
be indicated by the radical sign over them. 

When simplification is possible, it can be effected by the 
following 

Rule. Separate the quantity into twofaetorSj one of which 
18 a perfect power of the required root. Extract the root of 
that factor and prefix the result as a coefficient to the other 
factor placed under the radical sign. 

We give the following examples for practice : 
1. Reduce the square root of 75 to lower terms, or reduce 
^ih. ^ns^ 5^3l 

fli^ Iteduce J^^ fti lower terms. Ans. 7a J2. 

8. Reduce ^12^ to lower terms. Ans. 2xjdyi 

4* Reduce ^^54a3* to lower terms. Ans. Sx ^J2x. 

d. Reduce 4 ^508 to lower terms. Ans. 12 '^4, 

«. Reduce Js?^^^^^cFa? to lower terms. •fl/w. x^x^-af. 
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7. Reduce *J^cF to lower terms. Arts. 2a '^4. 



8. Reduce ^28a^a:* to lower terms. Ans, %ax^la 

9. Reduce J^\ to lower terms. 

Where terms under the radical are fractional, it is expedient 
to reduce the denominator to a power conresponding to the radi* 
cal sign ; then hy extracting the root there will he no fraction 
under the radical. 

The above example may be treated thus : 



We divided 4 j into the factors /j and y ; the first factor is a 
square ; the other factor, y , we multiply both numerator and 
denominator by 3, to make the denominator a square. 

In like manner reduce the following : 

10. Reduce '^y Vi *^ i^ore simple terms. 

11. Reduce *J\^ to more simple terms. 
la. Reduce ^tVt *® ™^'® simple terms. 



Ans. 


iVio- 


Jlns. 


PV75. 


Am. 


^ve: 


ms. 
Ana, a 


?/l+^- 



13. Reduce l/c^+c^b^ to more simple terms, 



14. Reduce J^ to more simple terms. Ana. itjQa, 

(Art. 81.) Radical quantities may be put into one sum, or the 
difference of two may be determined, provided the parts essen- 
tially radical are the same. 

Thus the sum of ^8 and J72 is 8^2 and their 
difference is 4^2 

For 78— 272 

And 772=6^2 

Sum 8^2 

Difference 4^2 

When radical quantities are not and cannot be reduced to tht 
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same quantity under the sign, their sum and difference can otaly 
6e taken by the signs plus and minus. 

EXAMPLES. 



1* Find the sum and difference of Jl^x and J4c^z. 

Ans, Sum, ^a^Jx ; difference, 2a Jx. 

%• Find the sum and difference of ^128 and J12. 

Arts. Sum, 14^2"; diffierence, 2j2. 

S. Find the sum and difference of '^135 and '^40. 

Ana, Sum, 5 *^5 ; difference, '^5. 

4. Find the sum and difference of '^108 and 9*^4. 

^ An8. Sum, 12 '^T; difference, 6 '^T. 

<!• Find the sum and difference of tj\ and ^|. 

Arts. Sum, f ,^2 ; diff*erence, \J2* 
•• Find the sum and difference of '^56 and *tJlS9, 

Ans, Sum, 5 '^7 ; difference, '^7. 



7» Find the sum and difference of d^c^b and 3^l6a*6. 

Ans. Sum, (12a*+3a)^6; difference, (12a*— 3a)^iSr 

(Art. 82.) We multiply letters together by writing them one 
af\er another, as abxy. If they are numeral quantities, their 
product appears as a number ; if two or more of them are nu- 
meral, the product of these quantities will appear as a number. 

This fundamental principle of multiplication may be applied to 
the multiplication of surds. Let it be required to multiply 
5^2 by 3^7. Here suppose a=5, 6=3, x=j2^ y=^7. 
Then the product of 572' by 3/7" is abxy or 15/2X7= 

15^14. Hence, for the multiplication of quantities affected by 
the same radical sign, we draw the following 

Rule. Multiply the rational parts together for the rational 
part of the product, and the radical parts together for the 
radical part of the product. 
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EXAMPLES. 
1* Required the product of 5^5 and 3^8. 

Product reduced, ^na. 30^10^ 

9. Required the product of 4^l2 and 8^27 Jlns. 24jd> 

B. Required the product of 3^2~and2^8. ^na. 24. 

4« Required the product of ^^Jl4t and 3 ^47 

Am. 12 yrT 

«. Required the product of 2,y5~and 2^10. Am. 20 J2. 

(Art. 83.) We multiply different powers of the same quantiQr 
together by simply adding the exponents as, €f multiplied by if 
is o^, and this holds when the exponents are fractional, as af into 
a'; for the product we simply add \ and ^, which make { to 
write over a for the product of a^ into a^ which gives a«. 

When the radical quantities are different, as (a)^ and 6», and 
the exponents different, are to be multiplied together, or one to be 
divided by another, we better lay aside all rules and apply that 
powerful engine^ an equation. For illustration: 

Required the product of a^ into 6*. -^ 

The product is P, then we have 

P=aM. 
Raise both members to the 6th power, then, 

Conceiving the second member to be a single quantity, and 
taking the 6th root, will give us 

EXAMPLES. 

1 • I 

1. Requires! the product of {a+hy and {a-\-h) . 

Am. (ff-+6)'*. 

9. Required the product of Jl' and V?. Am. (7*)* 
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(Art 84.) If we divide one quantity by anothei, the product 
of the quotient and the divisor must equal the dividend. 
Divide the ^Jl2 by ^2^: the quotient is Q. 
Then, (2)i$=(72)^. 

By squaring, 2$»=(72)^. 

Cubing 8 §•=72. 

Whence, ^^^O e»=:3 $«(3)*. 

»• Required the product of 2^ and 3(4)». . 

Am. 6(432)*. 

€• Required the product of *^16 and ^10. 

Ana. « ^225000. 

EXAMPLES. 
1. Divide 4^50 by 2J^ Jins. 2,^10. 

a. Divide 6V^ by S^j6. Ana. 2^J20. 

8. Divide Jl by Vt". 

Let a=7. Then the example is, to divide the cr by a*, or 

9 9 1 

a^ by a^ ; quotient a^. As we always subtract the exponents 

•f like quantities to perform division (Art. 17) ; therefore 7^ must 
be the required quotient. • 

4. Divide 6^54 by ^J^. Ana. ejd. 

5. Divide (M*^)* by d^. Ana. (aft)*. 

6. Divide (16a8_i2a«a?)* by 2a. Ana. (4a— 3a?)*. 
(Art. 85.) In the course of algebraical investigations, we might 

fidl on the square root of a minus quantity, as ^J — a, J — 1, 
J — 6, &c., and it is important that the pupil should readily 
understand that such quantities have no real existence ; for no 
qjpantity, either plus or minus, multiplied by itself will give 
minus a, minus 6, or minus any quantity whatever ; hence there 
ip no value to J — a, &c., and such symbols are said to be im* 
possible or imaginar§. 



V 
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(A.Tt 86.) The sqnsure and cube root of any quantity, as a, 
being expressed by J a and ^Ja, and as by involving the root 
we obtain the power, h^nce the square of ^a, is* a; and the 
cabe of XJa^ is a. Hence, removing the Hgn involves to tJu 
corresponding power, 

EXAMPLES. 
1. What is the square of JSaxl Ans. 3ar. 

a. What is the cube of V%^ ^ ^^' * V- 



8. What is the square of Jc^ — Of* ? An8. cfi — a*. 

4. What is the square of a/??_ ? J3ns. -^ 

^ 6+x 6+x 

5. What is the cube of »^l+a? Jins. 1+a. 

(Art. 87.) When we have two or more quantities, and the 
radical sign not extending over the whole, involution will not 
remove the radical, but will change it from one term to another. 
Thus, Jx-\-a the square will be x-\-2aJx-{-^ \ the radical 
sign is still present, but not in the first term. 



PURE EQUATIONS. 
CHAPTER IV. 

(Art. 88.) Pure equations in general are those in which a com* 
piete power of the unknown quantity is contained, and no special 
artifice is requisite to render the power complete. 

The unknown quantity may appear in one or in several terms ; 
when it appears in several, its exponents will be regular, descend* 
ing from a higher to a lower value, or the reverse. 

In such cases we must reduce the equation by evolution^ 

Like roots of equa' quantities are equal. (Ax, 8.) 

EXAMPLES. 
1. Given 3a?* — 9=66 to find the value of x. 
Solution, 8^=r75 a^=25. Hence, ara«d=5. 
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We place the double sign before 5, as we cannot determine 
whether 25 was produced by the square of +5 or of — 5. 

In practical problems, the nature of the case will commonly 
determine, but in every abstract problem we must take the 
double sign. 

9« Given ^ — %X'\'^^=c? to find the value of x. 
By evolution, x — 3=±a. Hence, a:==3±a, •tfrw. 

8* Given a:* — a!*+|a? — ^V^^^' ^ ^^^ ^* 

Take cube root and x — J=a6; and x=^ab-)rh •^'*** 

4. Given a?* — ^23:*+ 1=16 to find the value of x, 

Ans. a:=zh^5, or dz^y— 3. 

5. Given 7^ — 4:c+4=64 to find the yalue of a?. 

Ans. a:=IO, or — 6. 

6. Given a:y+2a:y+l=4a:*y* and x=2y to find the values 
of a: and y. Am. x=±:j2, y=s±:iJ2 

7. Given a^-\-y^=l3 and a:" — y^5 to find the values of x 
and y. Ans, a?=±:3 y=db2. 

(Art. 89.) The unknown quantity of an equation is as likely 
to appear under a radical sign as to be involved to a power. In 
such cases we free the unknown quantity from radicals by involu- 
tion (Art. 86.), having previously transposed all the terms not 
under the radical to one side of the equation, the radical being 
on the other. 



9. Given ^a:+l=a — 1 to find the value of a:. 
By involution, a?+l=a* — 2a4-l. Hence, x=c^ — 2a. 



lO. Given 7l2+a:=3+^x to find the value of a?. 
Square both sides, and we have 

12+a:=94-6^a?4-a:. 
Drop 9+x and 3=6^a?; or sjx=i. a:=i, Ans. 



11. Given Jx—l6=S—Jx to find a?. Ans. x^U, 
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la. Given — -,=r=z^Ll to find x. 
wx X 

Multiply by ^x^ observing that x divided by x ^vea 1 ; and 
we have x — aa?=l, 

Or (1 — a)a:=l, 

1 



Therefore a?= 



i=a 



18. Given ^?j:??=^i!? to find the value of x. 

Var+4 Va:+6 

By clearing of fractions, we have 

x+S4jx+l6S=^x+42jx+l62. 
Reducing, 16=8^a: 

By division, 2= Jx,' or 4=a:, 

To call out attention and cultivate tact, we give another solu- 
tion. Divide each numerator by its denominator, and we have 
, . 24 32 



' Jx+4 ^Jx+6 

Drop unity from both sides, and divide by 8 ; we then have 

3 4 

Jx+4: Jx+6 

Clearing of fractions, 3 ^ a? + 1 8=4 Jx+ 1 6 
Dropping equals, 2= Jx. HencCj^ a:=4. 

2a 



14. Given Jx+Ja+x= / -~ = to find x, Ans. x^ia. 

2a» 

15. Given x+Ja^+x^= j to find a?, 

•^ns. x=asji 

Iftt Given a?+a=va*+xV6*+a^ to find x, 

6«— 4a« 
Jlns. xs=s — - — .. 
4a 
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17. Given ^4^ =~54j to find x* Jlns. a?=a 

J6X+2 4^6j?+6 



4+x 



18. Given V64+ar*— 8ar=— X£, to find ar. dns. a?=3 

V4+a? 

jg 

19. Given j5+x+^x= — :^= to find x. Jlns. a?s=4 



07. 



20. Given Jx+Jx-^-Jx^Jx^^y^—j^ to find 

Because c^ — 6*=(a+6)(a — h) 

We infer that 5a?— 9=(^5a:+3) {^5x^S) 

Therefore, _-_=^5a>— 3. The given equation then 

becomes ^5a>-3=l+^^^'^"^, 
2 
Now assume ^bx — 3=i/. (w^) 

Then y=l+^y. Consequently, y=2. Returning to equa 
tion (•^), we have ^5x — 3=2 

^^5a:=5. Therefore, a?=5, w^n«. 

M. Given l^ hl^ u. find «. ^„,. .=?^ 
Jax+b 3jax+&b « 

(Compare 22 with examples 13, and 17-) 

28. Given (l+a:V^?+T2f = l+ir tofinda?. .^m. ar=2. 

24. Given VW + V^ ^q^ ^^ g^^ ^^ ^^^^ ^^4 
V 437+ 1 — J4x 9 

* 8ee 9d solution to Equation 13» 
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a5. Given a" — 2ax+a^=b9 to find x, An». x=a — Jb 

1 1 *73 

ae. Given — V - to find a?. 

1— Vi— a;» 1+^/1-^ *^ 

Ans. x=±i 

4 

97. Given -; — - — rT=i> to find x. Jins, xs=6 

a^ — ^2a?+l 

as. Given -^fzl^=l+!5/??Ill to find x. Ans. «=3 
sjSx+ 1 2 

— _— — ^fi 
••.'•Giyen Jx+Jx—9= to find r. .5n». «==25 

80 GiTen hl^^J^f^ to find ». ^n,. *=4 

iJx+2 »Jx+40 

81. Given -^^ — ^'^ = to find the value of a?. 

An.. ^^. 
2n+l 

Multiply the first member, numerator and denominator, b] 
' J^'^iJ^ — a)» thenboth members by a, and extract square root. 



oa n- a+x+j2ax+3^ i * /• J 

S3. Given — ^ — !-5f— =6, to find ar. 

a+a? 

Assume a+x=y. Then the equation becomes 



y+Jf—<^ =K Hence, y= 



=ba 



And ^dbafli^^l 

(Art. 90.) To resolve the following examples, requires a de* 
fpe^ of tact not to be learned from rules. Quickness of percep* 
turn is requisite, as well as sound reasoning. Quickness to per 
ceive the form of binomial squares, and binomial cubes, and 
12 
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readiness to resolve quantities into simple or compound factorsv 
as the case may require. 

!• Given a?*+2a?=9-| to find the value of x 

Multiply by a?, and a^+2a^9x+lB. 
Separate into factors, thus: {x+2)3^={x+2)9. 
Divide by the common factor, x+2, and a!*=9, or a?=db3. 

2 Given < . , =24 \ ^ ^^^ *^^® values of x and y. 
Add the two equations together, and we have 

Extract square root, and af+y=dh6. {A) 

From the first equation we have (x+y)x=l2. (B) 
Divide equation (B) by (•^), and a?=zb2. 

This example required perception to recognise the binomial 
square, and also to separate into factors. 

8. Given 3^+iA= and xy= to find the values 

^ ar— y ^ a;— y 

of X and y. 

From the first equation subtract twice the second, and 

Therefore, (x — y)*=lf and x — y=l. 
Continuing the operation, we shall find a;=3, and y=2. 

4. Given «^+ay=180 and a:»+y'=189,to findthe valuci 
of X and y. Jlns, a;=5 or 4 ; ^=4 or 6. 

To resolve this problem, requires the formation of a cube, or 
to resolve quantities into factors. 

5. Given aJ*+y=(a?+y)a?y, and a?4"y=4» to find the 
values of x and y. Am. a?=2 ; y=2, 

6. Given a?+y i xiil 6, and ary+y*=126, to find the 
values of x and y* Ana. ar=d=15, y=sdb:6 



to find X and y. 
Am 
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7. Given a? — y : y :: 4 : 5, and «*4-4y*=181, to find the 
Talues of X and y. Ans. a?=±9, y=it6. 

8. Given Jx+Jy : ^a? — ^y :: 4 : 1, and x — y=:16, to 
find the values of x and y. Ans. d?==:25, y=9« 

a^ ' X 1 
H Given "q+q+7~®» *® ^^^ *• •^'** «=«74. 

10. Given *+y : ^ '.^S : I > ^^ ^^^ ^ ^^ 

And aj»— y*=56 5 

w^n«. i:=4 y3sr2 

11. Given afiy+xy^=SO 

And i+i=J 

Observe that xy{x+y)=oi^+xy*. 

Clear the 2d equation of fractions, and y+ar or a^f-yss-S. 

Now assum^ ar4-y=«» and xy=^p. Then the origmal equa- 
tions become «p=80 
I And 6a=5p 

Equations which readily give 8 and J9, and firom them we de- 
termine X and y. 

N* B. When two unknown quantities, as x and y, produce 
equations in the form of 

' ^ ar+y=» (1) 

; And xy=p (2) 

i such equation can be resolved in the following manner : 

Square (1), and a?+2ay+y*=«« 
Subtract 4 times (2) 4a^ :=4p 

I • Diff. is • x^—2xy+f=t^—4p 

j , By evolution x-^^Js^ — 4p *-•*""" (3) 

[ Add equation (1) and (3), and we have^ 

2x=^8+J^^^ (4) 
Sub, (3) from (1), and 2y^8—j'^^^ (6) 
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To verify equations (4) and (5), add them and divide by 2, 
and we have ar+y=«. Multiply (4) by (5), and divide by 4, 
and we have scy=p. 

(Art. 91.) No person can become very skilful in algebraic 
operations as long as he feels averse to substitution; for judi- 
cious substitution stands in the same relation to common algebra, 
as algebra stands to arithmetic. The last example is an illustra- 
tion of this remark. To acquire the habit of substituting, may 
require some extra attention at first, but the power and advantage 
gained will a thousand fold repay for all additional exertion. 

When two equations involve quantities in the form (^+y) and 
xy, or x^—y^ and ary, and any product of these quantities, the 
equations are easily solved. 

The following examples will illustrate : 

la. Given a,+^^+y= 19^ g^ « and y. 

And ^+ay+y -133 5 _ ^ ^ LI 

Put x+]/=8, and sjxy^p ^' ^ I / 
Then 8 +p = 19 '{Jl) 

And «^— p«=133 {B) 

Divide {B) by (w^), and we have a— p=7, Ac. 

^ns. x=9 or 4, y=4 or 9, 

IS, Given a?*4-2a^«+y=1296— 4a?y(a:«-lTay+y») and 
X — y=4, to find x and y. 

Put a:'+y«=a, and xy=p 
Then the first equation becomes «'=1296— 4/>(»-|t/>) 
Multiply and transpose, and ^-\-48p+4p^=l29Q 

Square root a+2p=zb36 

But «4-2p=a«+2ay+y*=±36 

Therefore a?+y=:d=6, or^ zhJ-^S^. 

Rejecting imaginary quantities, we find x=6 or —1, and 
y=sl or* — 6. 

14. Given ^-=6, and a:+y4-ay=ll> to find the values 

of X and y. ^na*' a;=6 or 1, y=:l or 5 
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15. Given 3i^+y^=2xy(x-\ry), and a?y=16, to find the 
values of x and y, Ans, a?=2^5+2, y=2^5 — 2. 

16. Given a:*+y=«» and a^y+xy^^^a, to find the relative 
values of x and y, Ana. x=^y 

17. Given x+y : a; :: 5 : 3, and xy=Q9 to find x and y. 

Ana. a?=db^ y— db2. 

18. Given ic+y : a: :: 7 : 6, and 0^+^=126, to find x 
and y. * w3n«. a:=zbl5, y=:zb6. 

19. Given 2;^-{-y'=a, and ary=&, to find the values of 
X and y. Ana. aft==zhi ^0+26+5 Va---26. 

y=dzl Ja+2b—i 7a— 26. 

(Art. A)* Equations in the fonn of a?^ — ^2aar*+«*==6> require 
for their complete solution, the square root of an expression in 
the form of adojb ; for by extracting the square root of tlie 
equation, we have 

a^—a=±Jh 

Hence x=A^odzJb 

The right hand member of this equation is an expression weU 
known among mathematicians as 

A BINOMIAL SURD. 

Expressions in this form may or may not be complete powers ; 
and it is very advantageoaa to extract the root of such as are 
complete, for the roots will be smaller, and more simple quantities, 
in the form of a'zh^F, or of Ja'±jF. 

Let us now investigate a method of extracting these roots ; and, 
for the sake of simplicity, let us square 3+^7. 

By the rule of squft-ing a binomial, we have 9+677+7, 
Or, I6+677I 

Conversely, then, the square root of 16+677, is 3+77. 

* That the same Articles may number the same in both the School and Coi«^ 
lege Edition, we shall designate all additional Articles, in this volume, fay 
A, B, dec 
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But when a root consists of two parts, its square consists of the 
sum of the squares of the two parts, and twice the product of 
the two parts. 

Now we readily perceive that 16 is the sum of the squares of 
the two parts expressing the root; and %^1 , the part containing 
the radicii,is twice the product of the two parts. 

To find what this root must be, let x represent one part of (he 
root, and y the other : 

Then a!*+y*=16, (1) 

And 2xy=ej7, (2) 

Add equations (1) and (2), and extract square root, and we 
^"« ^y=;y 16+6^7 (3) 

Subtract equation (2) from (1), and extract square root, and 
we have a>— ^=.^^16— 6^7^ (4) 

Multiply (3) and (4), and we have 

a<-y=^256— 252=^4^2 ; (5) 
Add (1) and (6), and we have 

2a^l8, or aF=3 ; 
Sub, (5) from (1), and 2y^l4, or y=jT 

Wbeme a?4"y» or the square root of lft+6^7 is S+V* 
fe shall now be more general. 

Take two roots, one in the form of a±Jbt 

and one in the form of tJo.±Jh ; 

Square both, and we shall have 4f±^€iijb-\'b^ 

And a±i2j'cSb+h. 

In numerals, and, in short, in all cases, the sum of the squares 

of the two parts of the root, as (0^+6), in the first square, and 

mifl+b), in the second, contains no radical sign ; and the sum of 

these rational parts may be represented by c and c', and the 

squares represented in the form of ^ m^ 
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or of c'±2^a6. 

Hence, generallf , if we represent the parts of the roots by st 
and y, we shall have a:*+y*= the sum of the rational parts, and 
22?y= the term containing the radical. 

The signs to x and y must correspond to the sign between 
the terms in the power. If that sign is minus, one of the signs 
of the root will be minus ; it is indifferent which one. 

EXAMPLES. __ _ 

1. What is the square root of 11+672? Ana. 3+72. 

2. What is the square root of 7+473"? Am. 2+^3. 

8. What is the square root of 7 — 2J101 

Ans. 75^72 or J2—Jb. 

4. What is the square root of 94+4275"? Ans. 7+375. 

5. What is the square root of 28+IO73? Am. 5+ 73" 

6. What is the square root of 



np+2w* — 2mjnp+m^ ? 
In this example put a=rnp+ni^t and x and y to represent 
the two parts of the root, 

Then ix^'{-y^=^m^+a, 

and 2xy = — %mja. 

Am. ±(^Jnp-\-m^'^m) 



v. What is the square root of bc-{-2bJbc — 6« ? 

Am. ±:(b+^bc—b^) 

8. What is the sum of a/i 6+307111+^^16—307^1! 

Am. 10. 

9. What is the sum of ^11+672 and ^7—27X0? 

Am. 3+75; 

10 Whatisthesum of^3 1 +127^ and ^—1 +47^1^ 

Am. 8+27—5 or 4. 



^ I 
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In a similar manner we may extract the cube root of a bino- 
mial surd, when the expression is a cube ; but the general solu- 
tion involves the solution of a cul)ic equation, and, of course, 
must be omitted at this place ; and, being of ifttle practical utility, 
we may omit it altogether. 

(Art. 92.) Fractional exponents are at first very troublesome 
to young algebraists ; but such exponents can always be ban- 
ished from pure equations by substitution. For the exponents 
of aU such equations must be multiples of each other; otherwise 
they would not be pure^ but complex equations. 

To make the proper substitution, place the unknown quanti- 
ties having the lowest exponents equal to other simple quantities, 
as P and Q; and let this be a general direction. 

EXAMPLES. 

1. Given a:3+y^=6, and x^ +y^=20, to find the values 
of X and y 

3 i 

By the above direction, put a?3=P, and y^sssQ, 
Squaring these auxiliaries, or assumed equations. 
And x^=I^j and y^=§*. 
Now the original equations become 
P+Q=Q (1) 
/»4.$*=20 (2) 
By squaring equation (1), -P+2P§+$*=36. 
Subtracting equation (2), wehave2P$=16. 
Subtracting this last from equation (2), and we have 

By extracting square root P — Q=dc2 
But by equation (1), P+§= 6 

Therefore, P=4 or 2, and §=2 or 4, 

2 i 

Hence, x^ =4 or 2, and y * =2 or 4. 

1 1 

Square root a:® =2 or (2)^ 



=82 or 1024 

Cubing gives x=8 or (a)' 
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2. Given a?y'+y=21, and a:?y+y*==333, to find the Takies 
of X and y. 

By comparing exponents in the two equations, we peroeiva 
that if we put xy^=sjP, and y=Qf the equations become 

P»+^=333 

Solved as the preceding, gives P=18, $=3. 
Prom which we obtain a?=2, or yjj, y=3 or 18. 



AS \ 

C3y3= 208 

p^y^=1053 J 



8. Given so^+x^y^= — i ^ , , , r j 

2 4 f to find the values of x and y . 

And f^'{'X^y^ 



2 a 



Assume a?3=P, and y3 = $. 

By squaring and cubing these assumed auxiliary equationSf 
we have 4 4 

Seek the common measure (if there be one) between 208 and 
1053. 
From the above substitution, the given equations become 
/»4,iw$= 208=13.16 (1) 
^4-^P=1053=13.81 (2) 
Separate the left hand members into factors, and 
/»(P4-$)=13.16 (3) 

Q'{Q+P):^lS.Sl (4) 

Divide equation (4) by (3), and we have 

§* 81 „ . Q 9 

^=:— . Extracting square root ^asj 

9P 
Or Qz=s—., Substitute this value of Q in equation (1), 

9/38 

And /»+-_=:l3.16 
4 

Or 4P«+9P^= 13.64 
That is, 13i»= 13.64 
Hence, /»=64 or P="4 

13 
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But a:»=/»=64. Therefore, a:=db8 

gp 
A* Q^-j- and P=4, $=9 and y=zb27. 

3 3 3 3. ^ 

4. Given x^+x^y*+y^ = l009 =a 

,3 (to find X and^. 

' And a:«4-a?2y3+y8 =582193=6 J 

Put a:^=P and y^=$ 

Then a?^=/» and y^=Q» 
And a^ =r* and \p =iQ^ 
Our equations then become 

pt I pQ JL.Qi^„ 1 Equations having no fractional exponents, 
jM4.i»^ I ^_^ I and are of the same form as in Problem 
■^ ^"'■^ J 12. (Art. 91.) 

^m. a:=81 or 1^, y=16 or 8]. 



1 I 

5. Given x+x^y^=^2 

And y4-iP^y^= 4 

6. Given x+x^y^=a 

And y+a?^y'=& 



I 



to find the values of x and y. 

v^n*. a^=9, y=l 
to find the values of x and y. 



^ns. a:=- 






a+6 
to find the values of x and y 



V* Given ar2+a?*y*=a 
And y^+a:*y*=6 , 

8. Given Jx+^y : Jx-^Jy :: 4 : 1, and a:— y=16, to 
find the values of x and y, Ans. ^=25, y=s:9. 

9 Given a?*+y^= 5 1 , ^ , ^, 1 ^ , 

' ^^ f to find the values of x and y. 

And X +y =13 J. 

Am. 05=9 or 4, y=r4 or 9 
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10. Given x+y : a? — y :: 3 : 1 ^ to find the values of 

And a:^— y=66 S « and y. 

Ans0 «=4, y=2. 

11. Given x +y =35 | 

^ r to find the values of x and y. 

And a?3-f-y^=5 J 

d^n*. 4C=27, y=8. 



CHAPTER V. 

Problems producing Pure Equations. 

(Art. 93.) We again caution the pupil, to be very careful not to 
involve factors, but keep them separate as long as possible, for 
greater simplicity and brevity. The solution of one or two of 
the following problems will illustrate. 

1* It is required to divide the number of 14 into two such parts« 
that the quotient of the greater divided by the less, may be to the 
quotient of the less divided by the greater, as 16:9. 

Ana. The parts are 8 and 6. 

Let x= the greater part. Then 14 — aF= the less. 

•*% ^ 14—0? ,^ ^ 

Per question, rr-j : : : 16 : 9. 

^ 14 — X X 

Multiply extremes and means, and = — ^ '- 

14 — X X 

Clearing of fractions, we have 9aj*=16(14 — xY ^ 

By evolution, 3a:=4(14 — ar)=4.14 — ix 

By transposition, 7ir=4.14 

By division, a:=4.2=8, the greater part. 

14 X 

Had we actually multiplied by 16, in place of indi 

X 

eating it, the exact value and form of the factors would have been 
lost to view, and t!fc solution might have run in to an ac^cc^crf qua- 
dratic equation.* 

The same remark may be applied to many other problems, 
and many are put under the head of quadratics that may be re 
duced by pure equations 
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9* Find two numbers, whose difference, multiplied by the 
difference of their squares, is 32, and whose sum, multiplied by 
the sum of their squares, gives 272. 
If we put x= the greater, and y= the less, we shall have 
{x-y){^-^')== 32 (1) 
And (x+y)(a?»+y)=272 (2) 
Multiply these factors together, as indicated, and add the eqaa- 
tions together, and divide by .2, and we shall have 
a:*+y»=152 (3) 
If we take (1) from (2), after the factors are multiplied,- we 
Ahall have 2ay+2x*y=240, or xy{x+y)=l20 (4) 

Three times equation (4) added to equation (3) will give a 
cube, &c. A better solution is as follows : 

Let x+y= the greater number, and x — y— the less. 
Then 2x= their sum, and 2y= their difference. 
Also, 4xy is equal the difference of their squares, ard 
2a^+2y*= the sum of their squares. 

By the conditions, 2yX4a?y= 32 

And 2x(2a:*+2y2)=272 

By reduction, «^y'= 4 
And 2^+xy^=6S 



By subtraction, x^ =64 or a?=4 

Hence, y=l, and the numbers are 5 and 3. 

We give these two methods of solution to show how much 
dej^ends on skill in taking first assumptions. 

8* From two towns, 396 miles asunder, two persons, ^ and B^ 
. set out at the same time, and met each other, after traveling as 
many days as are equal to the difference of miles' they traveled 
p^r day, when it appeared that w5 had traveled 216 miles. How 
many miles did each travel per day? Let a:=w^'s rate, and y= 
^'s rate. ^ 

Then x — y= the days they traveled before meeting. 
By question, {x — y)x=^lQ, and (a? — y)y=180. 

216 180 6 5. 

vonsequently, = or -=-. 

^ X y X y 
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Therefore, y=iXt which substitute in the first equatton, and 

are have {x—^x)x=2l6, or —=216=6X6X6. 

By evolution, x^B6 ; therefore y=30. 

4. Two travelers, ^ and B, set out to meet each other, A 
leaving the town C, at the same time that B left 2>. They traveled 
the direct road between C and D ; and on meeting, it appeared 
that A had traveled 18 miles more than B, and that A could have 
gone ^'s distance in 1 5| days, but B would have been 28 days 
in going «^s distance. Required the distance between C 
and D. 

Let orss the number of miles A traveled. 

Then av— 18= the number B traveled. 

3 =>^s daily progress. 

lOy 

•27 

~=^s daily progress. 
Therefore, x : x — 18 : : : -- 

And ^^iL^^ni!)!, 

28 63 

Divide the denominators by 7, and extract square root, and we 
have 

Therefore, x=72 ; and the distance between the two towns 
is 126 miles. 

5* The difference of two numbers is 4, and their sum multi- 
plied by the difference of their second powers, gives 1600. 
What are the numbers ? Ans, 12 and 8. 

6* What two numbers are those whose difference is to the 
less as 4 to 3, and their product, multiplied by the less, is 
equal to 504 ? Ans. 14 and 6. 
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Y. A man purchased a field, whose length was to its breadth 
as 8 to 5. The number of dollars paid per acre was equal 
to the number of rods in the length of the field; and the 
number of dollars given for the whole was equal to 13 times 
the number of rods round the field. Required the length and 
breadth of the field. 

w^n«. Length 104 rods, breadth 65 rods. 
Put 8a:=the length of the field. 

8. There is a stack of hay, whose length is to its breadth as 
5 to 4, and whose height is to its breadth as 7 to 8. It is worth 
as many cents per cubic foot as it is feet in breadth ; and the 
whole is worth at that rate 224 times as many cents as there are 
square feet on the bottom. Required the dimensions of the stack. 
Put 6x = the length. 

£n8. Length 20 feet, breadth 16 feet; height 14 feet. 

O. There is a number, to which if you add 7, and extract the 
square root of the sum, and to which if you add 16 and extract 
the square root of the sum, the sum of the two roots wUl be 0« 
What is the number ? ^ns. 0. 

Put aj*---7= the number. 

10» ^ and B carried 100 eggs between them to market, and 
each received the same sum. If t^ had carried as many ae 
Bf he would have received 18 pence for them; and if B had 
taken as many as Jl, he would have received 8 pence. How 
many had each ? Am. A 40, and B 60. 

II* The sum of two numbers is 6, and the sum of their cubes 
is 72. What are the numbers T Am. 4 and 2. 

19* One number is a* times as much as another, and the pro- 
duct of tlie two is 6*. What are the numbers ? 

h 
An8. — and ab. 
a 

13. The sum of two numbers is 100, the difierence of 
their square roots is 2. What are the numbers? 

Am. 86 and 64. 
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Put x= the square root of the greater number, 
And ^='the square root of the less number; or 
Put a:+y= the square root of the greater, &c, 

14. It is required to diride the number 18 into two such parts, 
that the squares of those parts may be to each other as 25 to 16 

Let a:= the greater part. Then 18 — x= the less. 
By the condition proposed, x^: (18 — a;)':: 25: 16. 
Therefore, 16a:^=25(l 8— ar)« 
By evolution, 4x=±5(18 — x) 
If we take the plus sign, as we must do by the strict enuncia- 
tion of the problem, we find a:^=10. Then 18— a?=8. 
And(10)«: (8)':: 25: 16 
If we take the minus sign, we shall find 2r=90. 

Then 18— a? =18— 90=— 72. 
And (90)*: ( — 72)':: 25: 16; a true proportion, coi respond- 
ing to the enunciation ; but 18 m this case is not the number 
divided, it is the difference between two numbers whose squares 
are in proportion of 25 to 16. 

15. It is required to divide the number a into two such 
parts lliat ^e squares of those parts may be in proportion (^ b 
to c. 

Let x= one part, then a — x= the other. 
By the condition, x^ : (a — a?)' :: 6 : c 
Therefore, C3!:^z=b(a — xY 

By evolution, tjcx=dzjb{a — x) 



Taking the plus sign, 



ajb , ajc 

x=-jT~—p and flH-<P=s ., 7 "r- 



Taking the minus sign, x== ,,^ , and a — a?= ,, ^. > 

V*— VC Jo — tje 

Prob. 14, is a particular case of this general problem, in which 
«= 18,6=25, and c=16; and substituting these values in the re- 
sult, we find a?=10, and 2r=90, as before. 

If we take 6=c, the two divisions will be equal, each equal 
to ia, when the plus sign is used ; but when the minus sign ia 
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used, T=—r ^ / '~~n ' * symbol <5f infinity, as the dcnomi- 
nator is contained in the numerator an infinite number of times. 
(Art. 58.) The other part, a — ^=-77-37-== — ttt-j also a 
symbol of infinity ; and the two parts, 

It may appear absurd, that the two parts, both infinite and 
having a ratio of equality, (which they must have, if b=c) can 
fetill have a difference of a. But this apparent absurdity will 
vanish, when we consider that the two parts being infinite in 
comparison to our standards of measure, can have a difiference 
of any finite quantity which may be great, compared with 
small standards of measure, but becomes nothing in comparison 
with infinite quantities. See (Art. 60.) 

Application of the foregoing Problem. 

(Art. 94.) It is a well established principle in physics that 
light and gravity emanating from any body, diminish lit inten' 
sity as the square of the distance increases. 

Two bodies at a distance from each other, and attracting at a 
given point, their intensities of attraction will be to each other 
as the masses of the bodies directly and the squares of their 
distances inversely. Two lights, at a distance from each other, 
illuminating at a given point, will illuminate in proportion to the 
magnitudes of the lights directly, and the squares of their dis- 
tances inversely. 

These principles being admitted — 

16. Whereabouts on the line between the earth and the moon 
will these two bodies attract equally, admitting the mass of the 
earth to be 75 times that of the moon, and their distance asunder 
80 diaifteters of the earth ? 

Represent the mass of the moon by c, 

and the mass of the earth by 6, 

their distance asunder by a. 
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The distance of the required point from the earth's centre, 
lepresent by a?. Then the remaining distance will be (a — a?). 

Now by the principle above cited, a^ : (a — xf ::b:c* 

This proportion is the same as appears in the preceding gen* 
eral problem t except that we have here actually made the ap 
plication, and must give the definite values to a, 6 and c. 

As before, a?= ,,, . and a — x=^—~ — r- 

a=30, 6=75, c=l. 

x= ,Jl , , =26.9, nearly. Hence, a^-ar=S.l, nearly, 

^75+1 

If we take the second values for the two distances, from the 
ireneral result, namely, a?== ,, ^ , and a — a:r= ,, , , and 
give the numeral values, we shall have 

X T— . ; — -=33.9, a — x= — 3.9, nearly. 
^75 — 1 

These values show that in a line beyond the moon, at a 
distance of 3.9 the diameters of the earth, a body would be 
attracted as much by the earth as by the moon, and the value 
of {a — x) being minus, shows that the distance is now counted 
the other way from the moon, not as in the first case towards 
the earth; and the real distance, 30, corresponding to a in the 
general problem, is now a difference. 

We may make very many inquiries concerning the intensity 
of attraction on this line, on the same general principle. 

For example, we may inquire, whereabouts, on the line be* 
tween the earth and moon will the attraction of the earth 6e 16 
iimea the attraction of the moon? 

Let a:= the distance from the earth. 
Then a — a:«= the distance from the moon. 

Tlie attraction of the earth will be represented by — • 

3. 
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The attraction of the moon at the same point will be 7 ^ 

« . 6 16c 

By the quesUon, ^^^jujyi 

By evolution, ^2L-_--j- 



Clearing of fractions, ajh — Jbx=4tjcx, ^ 
Using the plus sign, g=-y , ^^ . =20.5, nearly. 

Using the minus sign, x=- ,, r T ^^ S^**^' nearly, or 
25.7 diameters of the earth beyond the moon. 

Observe that the 4 which stands as a factor to ^c is the 
square root of 16, the number of times the intensity of the 
earth's attraction was to exceed that of the moon. 

If we propose any other number in the place of 16, its 
square root will appear as a factor to ^/c; we may therefore 
inquire at what distance the intensity of the earth's attraction 
will be n times that of the moon, and the answer will be from 
the earth in a line through the moon, 

ajb . ajb 

Jb+Jnc Jb — ^nc 

The same application that we have made of this general prob- 
lem to the two bodies, the earth and the moon, may be made 
to any two bodies in the solar system ; and the same application 
we have made to attraction may be made to light, whenever 
we can decide the relative intensity of any two lights at any 
assumed unity of distance. 

(Art. 95.) This problem may be varied in its application to 
meet cases wliere the distances are given, and the cmnparor 
tive intensities of light or attraction are required. 

For example, the planet Mars and the moon both transmit 
the sun's light to the earth by reflection, and we now inquire 
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Che relative intensities of their lights at given distances^ and 
in given positions. 

If the surface of Mars and that of the moon were equal, 
they would receive the same light from the 8un at equal distance 
from that luminary ; hut at different distances equal surfaces 
xrould receive light reciprocally proportional to the squares of 
their distances. 

The surfaces of glohular hodies are in proportion to the squares 
of their diameters. Now let M represent the diameter of Mars 
and m the diameter of the moon. Also, let H represent the dis- 
tance of Mars from the sun, and r the distance of the moon from 
the sun. 
Then the quantity of light received by Mars may be expressed 

by -^ ; and the relative quantity received by the moon 

by -^. But these lights, when reflected to the earth, must be 

diminished by the squares of the distances of these two bodies 
from the earth. Now if we put D to represent the distance of 
Mars from the earth, anS d the distance of the moon, we shall 

^^0 tTt^ for the relative illumination by Mars when the whole 

enlightened face of that planet is towards the earth, and -j-^ for 

the light of the full moon. 

When the whole illuminated side of Mars is turned towards 
the earth, which is the case under consideration, (if we take the 
whole diameter of the body,) it is then in opposition to the sun, 
and gives us light, we know not how much, as we have no 
standard of measure for it ; but we can make a comparative mea- 
sure of one by the other, and therefore the light of Mars in this 
position may be taken as unity, and in comparison with this let 
08 call the light of the full moon a?. 



Then 



B'JD^ • rarf« 



Therefore ^=(5^(?)(?)- 
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As the value of a fraction depends only on the relation of the 
numerator to the denominator, to find the numeral value of x^ it 
will he sufficient to seek the relation of m to A/» of i2 to r, and 
of D to d. 

Ml ASk 

ilf ss4000 miles nearly, and fii=2150 ; hence, ■tjv=^ 

J? 144 

i?=144000000, and r=95000000; or — ==-xr 

r 95 

D 4900 
/>=:144000000— 95000000=49000000 ox -j=- 



d 24 



(^=240000 



mi- r /43\V144\Y4900V „^«., 

Therefore. ^=(^_) (^_) (^_^ =27611 

That is, in round numbers, the light of the full moon is twenty- 
seven thousand six hundred times the light of Mars, wiien that 
planet is brightest, in its opposition to the sun. 

We will add one more example by the way of farther illustn^ 
tion. * 

What con'parative amount of solar light is reflected to the 
earth by Jupiter and Saturn, when those planets are in opposi- 
tion, to the sun;— the relative diameter of Jupiter being to that 
of Saturn as 111 to 83, and the relative distances of the Earth, 
Jupiter and Saturn, from the sun, being as 10, 52 and 95, re- 
spectively ? 

•dns. Taking the light reflected by Saturn for unity, that by 
Jupiter will be expressed by 24. y^^ nearly. 

The philosophical student will readily perceive a more ex- 
tended application of these principles to computing the relative 
light reflected to us by the different planets ; but we have gone to 
the utmost limit of propriety, in an elementary work like this. 

From Art. 94th to the end of this chapter can hardly be said 
to be algebra ; it is natural philosophy, in which the science of 
algebra is used ; however, we would offer no apology for thus 
giving a glimpse of the utility, the cui bonOj and the application 
of algebraic science. 
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SECTION IV. 

QUADRA'nC EQUATIONS. 
CHAPTER I. 

(Art. 96.) Quadratic equations are either simple or compound. 
A simple quadratic is that which involves the square of the un- 
known quantity only, as aa?=b ; which is one form of pure equa- 
tions, such as have been exhibited in the preceding chapter. 

Compound quadratics, or, as most authors designate them, ad* 
fected quadratics^ contain both the square and the first power 
of the unknown quantity, and of course cannot be resolved as 
simple equations. 

All compound quadratic equations, when properly reduced, 
may fall under one of the four following forms : 

(1) r^-[-2aa:=6 

(2) x^—2ax=b 

(3) 7?—^ax=^—lt 

(4) x»+2aa;=-— 6 

If we take x-\-a and square the sum, we shall have 
a*+2aa:+a* 

If we take x — a and square, we shall have 
d^ — lax-^-c^ 

If we reject the 3rd terms oC these squares, we have 
a?^+2aa:, and o^ — '%ax 

The same expressions that we find in the first members of the 
four preceding theoretical equations. 

It is therefore obvious that by adding o^ to both sides of the 
preceding equations, the first members become complete squares. 
But in numeral quantities how shall we find the quantity corres- 
ponding to a^ ? We may obtain c^ by the formal process of 
taking half the coefficient of the first power of a?, or the half of 
2a or — 2a, which is a or — a, the square of either being a*. 

Hence, when any equation appears in the form of a:*zb2aa:= 
±6 ,we may render the first member a complete square, and effect 
m solution by the following 
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Rule. Add the square of half the coefficient of the lowest 
power of the tmknown quantity to the first member to complete 
its square ; add the same to the second member to preserve the 
equality. 

Then extract the square root of both m>embers, and we sliatt 
have equations in the form of 

Transposing the known quantity a and the solution is accom- 
plished. 

In this manner we find the values of x in the four preceding 
equations, as follows : 

(1) a:=:_«±VF+? 

(2) X— a±iJb+€^ 

(3) ar= adzsj^^^ 

(4) ar=— azh^S^ 

When b is greater than c^ equations (3) and (4) require the 
square root of a negative quantity, and there being no roots to 
negative quantities, the values of x in such cases are said to be 
imaginary. 

The double sign is given to the root, as both plus and minus 
will give the same power, and this gives rise to two values 
of the unknown quantity ; either of which substituted in the 
original equation will verify it. 

After we reduce an equation to one of the preceding forms, 
the solution is only substituting particular values for a and b; 
but in many cases it is more easy to resolve the equation as an 
original one, than to refer and substitute from the formula. 

(Art. 97.) We may meet with many quadratic equations that 
would be very inconvenient to reduce to the form of x*-\'2ax^^b; 
for when reduced to that form 2a and b may both be 
troublesome fractions. 

Suck equations may be left in the form of 
aa^+bx^c 
An equation in which the known quantities, a, 6, and c, are all 
whole numbers, and at least a and b prime to each other. 
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We now desire to find some method of making the first mem- 
l>er of this equation a square, without making fractions. We 
tlierefore cannot divide by a, because b is not divisible by a, 
itke two letters being prime to each other by hypothesis. But 
the first term of a binomial square is always a square. There- 
fore, if we desire the first member of our equation to be convert^ 
ed into a binomial square, we must render the first term a 
square, and we can accomplish that by multiplying every term 
by a. 

The equation then becomes 

Put y=^ax* Then y^'\-by^^ca 
Complete the square by the preceding rule, and we have 

We are sure the first member is a square ; but one of the terms 
MR fractional, a condition we wished to avoid ; but the denomina- 
tor of the fraction is 4, a square, and a square multiplied by a 
square produces a square. 

Therefore, multiply by 4, and we have the equation 
4y+46y+2>*=4ca+&« 
An equation in which the first member is a binomial square and 
not fractional. 

If we return the values of y and y* this last equation becomes 
4a»a:2+4a6a?+6«=4ac+6« 

Compare this with the primitive equation 
a3i^-\-bx=c. 

We multiplied this equation first by a, then by 4, and in ad- 
dition to this we find 6* on both sides of the rectified equation, 6 
being the coefiicient of the first power of the unknown quantity. 
From this it is obvious that to convert the expression a3i^-\-bx 
into a binomial square, we may use the following 

RujjE 2. Multiply by four times the coefficient of x\ and 
add the square of the coefficient of x. 

To preserve equality, both sidts of an equation must be mul- 
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tiplied by the same factors, and the same additions to both sides. 
' We operate on the first member of an adfected equation to 
make it a square^ we operate on the second member to preserve 
equality. 

(Art 98.) For the following method of avoiding fractions in 
completing the square, the author is indebted to the late Professor 
T. J. Matthews, of Ohio. 

Resume the general equation aa^+bx^^e 

Assume x=~ Then 03^=— and 6a?= — 
a a a 

The general equation becomes — + — =c 

a a 

Or u^-{-bu=ac 

Now when b is even, we can complete the square by the first 
rule without making a fraction. In such cases this transforma- 
tion is very advantageous. 

When b is not even, multiply the general equation by 2, and 

the coefficient of x becomes even, and we have 

2aai^+2bx=2c (1) 

u 1/ 2bu 

Assume x^-— Then 2ao(^=—- and 26a:=-Tr— 

2a 2fl 2a 

With these terms, equation (1) becomes 

w* , 2bu ^ 
2a 2a 

Or tt"+26tt=4oc 
Complete the square by the first rule, and we have 
i^+2bu+b^=4ac+l^ 

An equation essentially the same as that obtained by completing 
the square by the rule under (Art. 97.) ; for we perceive the sec- 
ond member is the same as would result from that rule ; hence 
this method has no superior advantage except when b is even, in 
the first instance. 

(Art. ^99.) The foregoing rules are all that are usually given 
for the resolution of quadratic equations ; but there are 80tne 
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intricate cases in practice that we may meet with, whert 
neither of the preceding rules appear practical or convenient. 
To master these with skill and dexterity, we must return to a 
more general and comprehensive knowledge hi binomial squares. 
3^+2aX']r(^ is ^ simple and complete binomial square. Let 
Vi strictly examine it, and we shall perceive, 
1st. That it consists of three terms ; 
2d. Two of its terms, the first and the third, are squares} 
3d. The middle term is twice the product of the square 
roots of the first and last term. 

Now let us suppose the third term, c^y to be lost, and we hare 
only a^-^2ax. We know these two ternjs cannot make a square, 
as a binomial square must consist of three terms.* 

We know also that the last term must be a square. 
Let it be represented by /■. 
Then, by hypothesis, ar*+2aa:+^ is a complete binomial 
square. 
It being so, 2x/=2ax, by the third observation abore. 
Therefore, /=o and ^'=0* 
Thus a* is brought back. 
!• Again, Ac^-^-Aab are the first and second terms of a bi- 
nomial square; what is the 3rd term? 
Let ^ represent the third term. 
Then Ac^-^-Aab-^-f is a binomial square. 
Hence, Aat^Aab or t=b and /*=6* 
That is, ^ represented the 3d term, and b* is the identical 3d 
lerm, and 4c^'{'4ab+b^ is the actual binomial square whose root 
Ib 2a+b. 

9* 36^4~36y are the first and 2d terms of a binomial square* 
what is the 3d term ? Jlns. 0. 

3. H \-9 are the 2d and 3d terms of a square, what is the 

X 1 

first? ^ns. --T 

* In binomial surds two terms may make a sqaare, and this may condemn 
the terthiMcality here assumed ; but it is nodiing againit the spirit of this ar- 
ticle. 

14 
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4. 1 9 are the 1st and 2d terms of a binomial square» 
4 

49 

what is the 3d t Arts, — r. 

• or 

5. %y^ — Gy are the Ist and 2d terms of a binomial square, 
what is the 3d t Ans. 1. 

6. a^3^-\-hx are the 1st and 2d terms of a binomial square, 

what is the 3d '\ Ana. -r-, 

4a' 

7. 81a:* —^ are the 1st and 3d terms of a binomial square, 

ST 

what is the 2d or middle term ? Ans. d=18. 

8. y" — %x^y are the 1st and 2d terms of a binomial squarci 
what is the 3d ? Ans. 16a; 

9« — -^^36 are the 2d and 3d terms of a binomial square, 
19 • 

what is the 1st ? Ans. ;— r. 

361 

10. j^+36 are the 1st and 3d terms of a binomial square^ 
301 

what is the middle term ? . Ana. db-r^ 

!!• If a?+-- are the 2d and 3d terms of a binomial square, 
Id 

what is the 1st term ? Ana. 4a:'* 

9a:* 
19* The 1st term of a bmomial square is— the 2d term \b 

•dbl2, what is the 3d term ? Ana. -^. 

or 

(Art. 100.) l^dfected quadratic equations, after being reduced 
to the form of a:'+2cM?=6, can be resolved without any formality 
of completing the square, by the following substitution : 
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Assume x=y — a 
Then x^=y^—2ai/+c^ 

And 2ax= '\-2ay — 2a" 

By addition, a?"+2aa?=y* — a*=6 • 



Hence, y=d:zijb+c^ 

And x= — a-kiJh'\'C^^ the same result ai 
inaj he found in equation (1), (Art 96.) 

Rule for SuBSTrruxioN. Assume the value of the unknown 
qtumtity equal to another unknown, annexed to half the coeffi' 
dent of the inferior power tvith a contrary sign, 

(Art. 101.) For further illustration of the nature of quadratic 
equations, we shall work and discuss the following equation : 
Given a:'+4x=60, to find x. 
Completing the square, (Rule 1st.) x*+4ar+4=64. 
Extracting square root, a?+2=db8. 

Hence, x=6 or x= — 10. 
That is, either plus 6, or minus 10, substituted for a? in the 
given equation, wiQ verify it. 
For 6*+4X 6=60. Also, (— 10)*— 4X 10=60 
If a:=6 then x— 6=0 
Ifa:=— 10 then a?+10=0 
Multiply these equations together, and we have 
x — 6 
X +10 
a^— Qx 
10x^60 



Product, a*+4x — 60=0 

Transpose, and a:*4"4a:=60, the original equation. 

Thus we perceive, that a quadratic equation may be considered 
as the product of two simple equations, and these values of x in 
the simple equations are said to be roots of the quadratic, and this 
view of the subject gives the rationale of the unknown quantity 
having two values. 
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In equations where but one value can be found, we infer that 
the other value is the samc>, and the two roots equal, or one of 
them a cipher. 

EXAMPLF.S FOR PRACTICE* 

1. Given ^ — 6aj — ^7=33, to find x. Ans^ a:=10 or —4. 

9* Given ix^ — 202;= — 96, to find x. Ana. 12 or 8. 

». Given a^+6x+l=92, to find x. . Ana. 7 or —13. 

4. Given y«+12y =589, to find y. Am. 19 or —31. 

5. Given y* — 6y+ 10=65, to find y. Ans. 1 1 or — 5* 

6. Given a^f 12a;+ 2=110, to find x. Ans. 6 or — 18. 

7. Given 3^ — 14a?=51, to find x. Ans. 17 or — 3. 

8. Given a:*+6a;+6=9, to find x. Ans. — 3zb273. 

9. Given a:*+8a:=12,to find x. Ans. — 4zb2^7. 

10. Given a:'-f-12x=10, to find x. Ans. — 6±^46. 

The reader will observe that the preceding examples are in, 
or can be immediately reduced to the form of a^dz2ax=-bj and of 
course their solution is comparatively easy. The following are 
mostly in the form of ax^+bx=^.. 

11. Given 6aj*+4x=204, to find x. 

According to (Art 98,) put ^=^« Then 5a;«=— - and 

4m t^ 4m 

4x=-— , and the equation becomes —+-—=204. 
5 5 5 

Clearing of fractions^ tt*+4M= 1020. 

Completing the square and extracting the root, we Haye, 
w+2=zb32, or tt=30 or — 34 

t£ ^4. 

But a:=-. Therefore, x= 6 or — =-, Ans. 
5 5 

12. Given 5a^+4ar=273, to find x. Ans. 7 or — TJ 

18. Given 7a;*— 20x=32, to find x. Ans. 4 or — f . 
14. Given 25a;*— 20a:=— 3, to find x. Ans. | or i. 

19. Given 21a:'— 292a7= — 500, to find x. 

in$. llHor2 
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*16. Giveu 2a:* — 5ar=117, to find x. 

Here, as 5 or 6 •©£ the general equation is i^-'l even, we must 
multiply the whole equation by 2, to apply th^ ibove principle ; 
or we may take Rule 2. (Art 97.) 

Multiply by 8* and add 5' or 25 to both mtsmbers 

Then 16a:'^-40a:+25=961 

Square root, ^x — 5=db31. Hence, a?-- »l or — 65. 

(Art 102.) It should be observed that all qa^dratic equations 
can be reduced to the form of a:'db2aa;s=&, ^% as most authors 
give it, 7^ztpx^=q; but when the terms woul* oecome fractional 
by such reduction, we prefer the form aa^dtb^ ^dzc, for the sake 
of practical convenience, as mentioned in (Art 97.) 

(Art 103.) It is not essential that the unknown quantity 
should be involved literally to its first and second powers ; it is 
only essential that one index should be double that of the other. 
In such cases the equations can be resolved as quadratics. For 
example, a^ — 1x^=621 is an impure equation of the sixth 
degree, yet with a view to its solution, it may be called a quad- 
ratic. For we can assume y=x^; then y^^x% and the equa- 
tion becomes 1/*— 4y=621, a quadratic in relation to y, giving 
y=27, or — 23. 

Therefore, «»=27 or —23 



And x=d or V— 23. 

There are other values of x; but it would be improper to seek 

for them now; such inquiries belong to the higher order of 

equations. 

3 
For another example, take a:*— a?^ =56, to find the values 

of X. 

Here we perceive one exponent of a? is c/ot^6/« that of the other, 
it is therefore essentially a quadratic. 

Such cases can be made clear by assuming the lowest power 
of the unknown quantity equal to any simple letter. In the 

3 

present case assume y=x^; theny*=a;', and the equation is 
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yL-y=56 
By Rule 2, 4y« — 4y+l=226 
By evolution, 2y — 1 =±16 
Hence, y=8 or — 7 

3 3 

And by returning to the assumption y^=^x^ we find a;^=8, 

or a?* =2. Hence, a:=4 ; or, bjt taking the minus value of y, 
x=V49; 

(Art 104.) When ^compound quantity appears under differ- 
«nt powers or fractional exponents, one exponent being double 
that of the other, we may put the quantity equal to a single letter, 
and make its quadratic form apparent and simple. For example, 
suppose the values of x were required in the equation 



2a:*+3ar+9— 572aj»+3ar+9=6 
Assume ^2a:*+3a:+9=y 
Then by involution, 2a!«+3a?+9=y* {A) 
And the equation becomes x^ — 5^=6 (B) 

Which equation gives y=6 or — 1. These values of y, sub- 
stituted fory in the equation (^' give 2a5*-[-3a?+9=36 

Or 2a:*+3a:+9=l 
From the first of tf.-*se we find a!?=3 or — 4i 

From the las^ we find x=i( — 3^,^—55,) imaginary quan* 
titles. 

EXAMPLES. 

1. Given (a?+12)'+(a:+12)*=6 to find the values of x. 

Ana. 2?=4 or 69 

a. Given (ar+fl)*-f 26(a?+a)^=36«, to find the values of x 

Arts. x=b^ — a or 8 1 b* — a.* 



* It is proper to remark, that m many instances it would be difficult to verify 
the equation by taking the second values of x, as by squaring, the minus quan- 
tity becomes plus, and in returning the values, there is no method but trial to 
decide whether we shall take a plus at a minus root Hence, these second 
■nswers are sometimes called roots of solution. In many lufftances hereafter, 
we shall give the rational and podtiye root only. 
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8. Given 9a:+4+2^9a:+4=16, to find tie values of z. 

Ans. a?=| J. 

4. Given (10+ar)*— (10+a:)^=2, to find x 

An9, »=e, 

«. Given (a>— 5)*— 3(a>— 6)2=40, to find x. 

Ana. a?ai9. 

«. Given 2(l+a:— a:")— (l+a?— af*)*+t=0, to find x. 

Am. a?=J+i74r 

7. Given a?+16— 3(a:+16)*=10, to find x. Am. a:=0 

8. Given Sa**— 2af»=8, to find x. Am. ar="72. 

9. Given a:^+x^=756, to find x. Am. a:=243 

10. Given 7- 7^=1+7;; -a to find a?, .^n^. a;=3 or 1. 

11. Given 4a:*+a?^=39, to find a?. Am. ar=729, 

t a:. ' 
Am. a;=l 



12. Given ai*— 2a:+6(a;*— 2ar+5)*=ll, to find x. 



3^ 12x 
18. Given -^ — 70"^ — ^^^ ^ ^^^ *^® value of x. 

Am. x=152 or 76 
Kmuch difficulty is found in resolving this 13th example, the 
pupil can ol)^erve the 9th example, (Art. 99). 

14. Given 81a:*+17+-5=99, to find the values of a?. 
ar 

Arts. a?=l, or —1, or J# 

Observe that the 1st and 3d terms of the first number are 
squares, see (Art. 99.) 

1«. Given 81a:»+17+i=^+— +15, tofind x. 
ST sxr X 

Ans. x=2 or —If. 

4 955 
16. Given 25iB*+6+^=^, to find the values of x. 

Ans. «=:2, or — ^2, or — 

10 
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4x^ Sx 
17. Given -t7»+^=6|, to find the values of x. 

^ns, x—7 or — 11|. 

•'(Art. 105.) Equations of the third, fourth, and higher degrees, 

can be resolved as quadratics, provided we can find a compound 

quantity in the given equation involved to its Jirst and second 

power, with known coefficients. 

To determine in any particular case, whether such a com- 
pound quantity is involved in the equation, we must transpose 
all the terms to the first member, and if the highest power of 
the unknown quantity is not even, multiply every term of the 
equation by the unknown letter to make it eveuj and then extract 
the square root, to two or three terms, as the case may require ; 
and if we find a remainder to be any multiple or any aliquot 
part of the terms of the root, a reduction to the quadratic form 
is efifected ; otherwise it is impossible, and the equation cannot 
be resolved as a quadratic. 

For example, reduce the following equation to the quadratic 
form, if it be possible. 

1. Given x*--Saa^+S(^x^+32c^x--9a^=^0, to find the values 
of X by quadratics. 

OPERATION. 

a:*— 8aaj«+8aV+32a«a;— 9fl*=0 {a^—4ax) 



2a^ — iax — 8aa:*+8a*a:* 
— 8ax»+16a»a?* 



— 8a*a^+32a'aN-9d* 
This remainder can be put into this form : 
— Sc^{oc^ — 4aa:)— .9d* 
Now we observe the original equation can be written thus : 
(x^—4axy-'8a\3^~iax)—9a*=:0 
By putting x^ — 4ax=y we have 

y* — 8a*2/=9a* a quadratic. 
Completing the square y* — 8a^y +16a*==25a* 
By evolution y — 4a*=di5a^ 
Hence y=9a' — a* 



QUADRAllC EQnATION& 168 

Or y^ — laap=9a' or — o^ 

Completing the square 7^ — 4ar+4a*= 1 3a" or 3a^ 
By evolution x — 2a=-±LaJ\^ or ajZ 
Hence x may have the four following values {^a-^aJlZ)^ 
(2a— a^B), (2a+a73), (2fl^— 0^3). Either of which being 
substituted in the original equation will verify it. 

a. Reduce a:'+2aj:*+5«*iP+4a'=0 to a quadratic. 

As the highest power of x is not even, we must multiply by x 
to make it even. Then 

ar*+2aa:'+5a*jc*+4a'a;=0 

By extracting two terms of the square root, and observing tfaa 
remainder^ the part that wUl not come into the root, we find that 
{x'+axy+i(^{a^+ax)=0 

Divide by (a^+oa?) and a:*+aa:+4a*=0 a quadratic. 

». Given a?*+2a?'— Ta:*— 8a?+12=0, to find the values of x. 
This equation may be put in the following form : 

^ns, x=l or 2, or — 2 or — 3. 

4. Given a^ — 8a;*+19 x — 12=0, to find the values of x. 

^ns. a:=l or 3 or 4. 

5. Given a?*— 10a:»+35a:»— 50a;+24=0, to find the values 
of X. •^ns. »=!, 2, 3 or 4. 

6. Given a?*— 2a:'+a:=132, to find the values of x. 

^ns. x=4 or — ^. 

7. Given y*— 2cy«+(c*— 2)2/«+2cj/=c*, to find the values 

(Art. 106.) The object of this article is to point out a few lit- 
tle artifices in resolving quadratics, whifti apply in particular 
cases only, but which at times may save much labor. It is there- 
fore proper that they shoilld be presented, though some minds 
prefer uniformity to facility. 
15 
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For example, take equation (B) (Art. 104.) 
1, ^"—5^=6 Put 2a=5 

Then y*— 2ay=2a+l. 
Add €^ to both sides to complete the square, (Rule 1.) 
And y'—2ay+(^=(^+2a+l 

By evolution, y— a=di(a+l.) 

Hence, ys=2o+l=6 or — 1 

a. Given y" — ^7y=8, to find y. ^ns. y=8 or — 1 

8* Given ar'+lla:=26, to find the values of x. 

Assume 2a=ll ; then 4a-|-4=26. 
Now put these values in place of the numerals, and complete 
the square, and a?*+2aa?+a'=a*4-4a+4- 

By evolution, a:+a=db(a+2) Hence, a?=3 or — 13. 

4* Given a^ — 17x=60, to find the values of x. 

Assume 2a=17; then 6a+9=60 
And a^—2ax+(^=(^+6a+9. 
By evolution, x — a=rb(a+3.) Hence, a?=20 or — 3. 

5. Given a^+19ar=92, to find the values of x. 
Assume 2a=19 ; then 8a+16=92 
Putting these values and completing the square we have 

a?4-a=d=(a+4) or a?=4or— 23. 

Observe that in the preceding equations we invariably put the 
coefficient of the first power of the unknown quantity equal 2a. 
Then if we find the absolute term in the second member of the 
equation equal to 2a+ 1 

or 4a-f- 4 
or 6a+ 9 
<br 8a+16 

Or, in general, m2a+m*. That is, any multiplier of 2a plue 
the square of the same multiplier equal to the second memberf 
Ihen the equation can be resolved in this manner ; for in fact one 
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of the roots of the equation is this multiplier of 2a, and the other 
root is db(2a+wi), m being tlie multiplier, and it may represent 
any number, integral or fractional ; but there is no utility in ope- 
rating by this method unless m is an integer, and not very large 
To present a case where m is fractional, we give tie folio win| 
equaft>n : a^ — 9a!r=Y, to find the value of x. 

Put 2a=0; then sX2<z4-f=V' ^^^ ^^ equation becomes 

Therefore, x — a=dz(a+5). Hence, x= — i or 2a+J=9J, 

(Art. 107.) When the roots of the equation are irrational or 
surd, of course this method of operation will not apply ; but we 
can readily determine whether the roots will be surd or not. For 
example, take the equation a:*+13a?=40. 
Put 2a=13; then 4a+4=30 And 6a+9=48 
From this, we observe that one of the roots of the equation 
lies between 2 and 3. 

(Art 108.) When the roots of an equation are irrational or 
surd, no artifice will avail us, and we must conform to set rules ; 
but when the roots are small integers, we can frequently find 
some method to avoid high numeral quantities ; but special artifi« 
ces can only be taught by examples, not by precept. The follow* 
ing are given as examples : 

1. Given a:'+9984ar=l 60000, to find the values of x. 

Observe that 9984=10000—16 

Put 2a=10000; then 32a= 160000 

These substitutions transform the equation to 

a^+{2a^i6)x=:32a 

Completing the square by (Rule 1) and 

;r»+(2fl^l6)a;+(a— 8)2=a'+ 16a+64 
By evolution, x+{a — 8)=db(a+8) 
Hence, a:=16 or —20=*— 10000. 

9* Given a;'+45a;=9000, to find the values of x. 

If we put 2a=45, the multiplier and its square, requisite to 



1 
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produce 9000, is so large that it is not obvious, and of course 
there will be no advantage in adopting this method ; at the same 
time, we wish to avoid the high numerals we must encounter by 
any set rule of solution. 

We observe that 45 X 200=9000. Put a=46 ^ 

Then a^+ax=2Q0a 
Complete the square by (Rule 2,) and 
4aj«+ 4ax+ a^=€^ +800a 



By evolution, 2a:+a=7a(a+800)=746X845 

Multiply one of the factors, under the radical, by 5, and divide 
the other by 5, and the equivalent factors will be 225 X 169, both 
squares. Taking their root, resuming the value of a, and the 
equation becomes 

2a?+3.15=13.15 
Drop 3.15 from both sides 
And 2x=10.15 or a?=75, Jins. 

8. Given 16a:* — ^225a:=225, to find the values of x. 

This equation is found in many of the popular works on 
algebra, and in several of them the common method of resolving • 
it may be seen. 

Observe that 225=15X 15. 

Put a=15; then a-|-l = 16, and the equation becomes 

Completing the square by (Rule 2j, and 
4(a+l)V— 4(a+l)fl^a: +(X*=«<+4a«+4a^ 
By evolution, 2(a+l)^ — c^^c^-\'2a 
Transpose a* and divide by 2, and we have 
(a+l)a:=a2+a=a(a+l) 
Divide by (a+1) and a?=ra=15, Ans 

We give one more example of the utility of representing nume- 
rals, or numeral factors, by letters^ in reducing the following 
equation : 
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^ ^. 18 , 81--<r» 3*— 65 ^ ^ ^ 
#. Given -j+-^_=__ to find x. 

By examining the numerals, we find 9, and several multiples 
of 9. Therefore, let a=9, and using a in the place of 9 the 
aquation becomes 

2a fl^--^ _ g^— 65 

1? ax 8a 

Clearing of fractions, we have 

16a«+8fl'a>— 8a:«=a?^— 66-c« 

Tran6pq^ing all to one side, and arranging the terms aceordkf 
to the powers of or, we have 

a^+8a:»— 65x*— 8a*ar— 16rf=0 {a^+4x) 

^ 

23fi+ix ar»— 65a:» 
8a»+16a;» 



— 81x«— 8a*a>— 16aF 
Or — a*(a;»+8a?+16) 
Therefore, by (Art. 105,) the equation becmnes 

(a^+4ar)«— a«(x«+8x+ 16)=0 
Or (a?+4)V=a«{ar+4)« 
By division, x^=(f 

And a?=±a=db9, Jlns: 

The preceding examples may be of service in reducmg 
of the following 

EXAMPLES. 
!• Given :e*4' 11^—80, to find x, Ans. jrs5,er— 16 

t. Given 5a?— --=2a?H — -— , to find x. 

Jins. «=4, or —1 

X ic+l 13 
•• Given — r-r-l — -^=-s-, to find a?. Jina. 4?=a» 
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4. Given ^x+ ' =50, to find x. Jins. x=2, or -^ 

«• Given (-+y) +('+}n==^^* ^ ^^ ^e values of y 

jins, y=3 or 2, or — d-hjS 

6. Given a?';4- 7x^=44, to find the values of x. 

Am. a?=db8 or ±(— ll)i 



7. Given y"+114- Vy*+ll+2=44, to find the values ofy. 

w^n«. y==±5 or ±738. 

/pj_7 9+4:r 

§. Given 144-2a? -^=xH — ^, to find the values of a?. 

' a: — 7 3 

j^fw. a?=28 or 9. 

9. Given Sa:^ — 9x — 4=80, to find the values of x. 

Ana. x=7 or —4. 

10. Given hl^^tlJ^, to find x. Ana. ««=4. 

4+^x Jx 



ix—n) 

a?— 3 
of X. A^' ^=^ or i 



11. Given 51±_Lii+a>— 2=24— 3a?, to find the values 
X — 3 



la. Given 12_li_^— ??, ^o find the values of x. 
X or 9 

Ana. a?=3 or \\. 

18. Given ~^^ ."t^ =a>-3> to find the values of «• 
a;^— 6a;+9 

d^n«. a?=l or —28. 

14* GRven msf — 2mxjn=na? — mn, to find x. 

Jmn 
Ana. a:= , . — r-. 
Jm±Jn 

1«. Given «*H — |--=34ar+16, to find the values of x. 
2 

(See Exms. Art. 99.) Ana «=2, or —2, or —8, or —J. 



QUADRATIC BQUATIONa 175 

16. Given ^^^^V ^ ==>^, to find the values of a?. 
N.B. Put ^jJ— ^=ry«. jlns. a?=8 or — «. 

17. Given y*— 4y«=y«+8y4-ia, to ^nd the values of y. 
(See Art 99.) Ans. y=3 or —2. 

2 

18. Given a>— 1=2+-!,, to find the values of x. 

Jins. 2?=4or 1,« 

19. Given ( ^, :^ ) =x—2, to find the values of x 

\a>— Va^— 9/ 

^ns. x=6 or Z. 

CHAPTER n. 

Quadratic Equations^ containing two or more unknown 
quantities. 

(Art 108.) We have thus far, in quadratics, considered equa- 
tions involving only one unknown quantity; but we are now 
fully prepared to carry our investigations farther. 

Two equations, essentially quadratic, involving two unknown 
quantities, depend for dieir solution on a resulting equation of the 
fourth degree. 

This principle may be shown in the following manner : 

Two equations, essentially quadratic, and in the most general 
form, involving two unknown quantities, may be represented 



a*+ary+6y2+ca?+<fy+« =0, 
ic'+a'ay +6'y*+ c'a?+(f'y+c'=0. 

We do not represent the first terms with a coefiicient, ai any 
coefiicient may be reduced to unity by division ; and a, 6, c, ^c., 
and a% b\ &c. may represent the result of such division ; and, 
of course, may be of any value, whole or fractional, positive or 
negative. 
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Arranging the terms, in the above equations, in reference to x, 

we bare 

:^+{ay+c)x+by'+dj,+e =0, (1) 

i»+{a-y+t)x+by+d'y+e'=0. (2) 

By subtracting (2) from (1), we hare 

[(o— o'Jy+e— c']a;+(6— 6'y+('^--<^')y+e— «'=« » 

Therefore ,=(^3^K^:^Jf^. 

(a — a')y+c — c' 

This expression for x, substituted in either equation (1) or (2) 
will give a Jinal equation, involving only one unknown quan 
tity, y. 

But to effect this substitution would lead to a very complicated 
result; and as our object is only to show the degree to which 
tlie resulting equation will rise, we may observe that the ex- 
pression for tho value of x is in the form of -^—-^ — ?. Thii 

put in either of the equations (1) or (2), its square, or the ex- 
pression for a^, will be of the fourth degree ; and no term can 
contain y of a higher degree than the fourth. • 

Therefore, in general, the resolution of two equations of the 
second degree, involving two unknown quantities depends upon 
that of an equation of the fourth degree involving one unknown 
quantity. 

(Art. 109.) Two or more equations, involving two or more 
unknown quantities, can be resolved by quadratics, when they ^ 
fall under one of the following cases : 

1st. One of the equations only may be quadratic; the other 
must be simple, or capable of being reduced to a simple form. ^ 

2d. The equations must be similar in form, or the unknown 
quantities similarly involved or combined in a similar mannert 
as they combine in regular powers ; or, 

3d. The equations must be homogeneous ; that is, the expo- 
nents of the unknown quantities must make the same sum in 
every term. 

In the first and second cases, we eliminate one quantity in 
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one equation and substitute its value in the other, or perform an 
equiv^ent operation, by rules already explained. 

In the third case, we throw in a factor to one unknown quan- 
tity, to make it equal to the other, or assume it to be so ; but 
these principles can only be explained by 

EXAMPLES. 

These are homogeneous equations, for the exponents of the 
unknown quantities make the same sum 2, in every term. In 
such cases, assume x=vy\ then the equations become 

««y+6»y»+cy«=e; or y«=^^j-^l-j- 
Hence, ^ 



An equation involving the 1st and 2d powers of v, and of 
course, a quadratic. 

The solution of this equation will give i;. Having v^ we 
have y^ and y, and from vy we obtain a?. 

For a particular example, we give the following : 

1. Given 5 ^^""^ay ^ 2 ^ ^^^ ^^ values of x and y. 

Put x=vy ; then the equations become 

4„y_2t?y«=:12, or y«= ^^ 



(2t;* — v)2 

And 2y«+3i;y«= 8, or lf=^Yv 

et Q 

Whence, ;r-Q = ^ . ^ . Dividing by 2, then clearing A* 

2tr — V 2+3i; '' ° 

fractions, we have 

6+9«=8v2 — iv or Su*— 13i;=6: 

19 
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This last equation gives r=2 or ^^^ 

8 8 
Omitting the negative value y"=-— — =-=1. 

2-poU D 

Therefore, y=d=:l, and a?=vy=±2. 

». Given 2a? — 3y=l, and 2a:"+ay— 5y*=20, to find the 
values of x and y. 

These equations correspond to the first observation, one of 
them only being quadratic, the othei: simple ; and the solution 
is effected by finding the value of x in the first equation. Sub- 
stituting that value -^ — in the 2d, and reducing, we have 
2 

2y'+'7y=39, which gives y=3. Hence, a?=5. 

3. Given a^+y^ — x — ^y=78, and xy-\-x+y=39f to find 
the values of x and y. 

In these equations x and y are similarly involved, not equally 
involved ; nor are the equations homogeneous. In cases of this 
kind, as we have before remarked, a solution by a quadratic can 
be effected, but no general or definite rule of operation can be 
laid down; the hitherto acquired skill of the learner, and his 
power of comparison to discern the similarity, will do more than 
any formal rules. 

To resolve this example, we multiply the 2d equation by 2, 
and add the product to the first ; we then have 

x'+Zxy+y^+x+y^lbQ, or (x+y)*+(a:+y)=166. 
Put x-\-y=s; then «*+«=156, a quadratic, which gives if 
or aF+y=12* This value of a:+y, taken in the second equa- 
tion, gives ay =27. From this sum and product of x and y, 
we find a?=9 or 3, and y=3 or 9. 

Again, after we multiply the second equation by 2, if we sub* 
tract it from the first, we shall have 

a^ — 2a:y+y* — 3a? — 3y=0 
or (a?— y)«— 3(a:+y)=0 
or (a:— y)»=3xl2=36 
or X — y=zb6 
But x+y=l2 

Hence, 2a?=18 or 6, and a?=9 or 3, as before. 
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(Art. 110.) There are some equations to which the foregoing 
observatioiis do not immediately apply, or not until after reduc- 
tions and changes take place. The following is one of them. 



4. Given 



[ar«y+y=18j 



' to find the values of x and y. 



Here neither of the equations is simple* nor are both letters 
nmilarly involved, nor are the equations homogeneous ; yet we 
ca&> find a solution by a quadratic, because the two equations 
have a common compound factor, which taken away, will bring 
the equations far within the limits or condition laid down ; and 
this remark will apply to all problems that can be resolved by 
quadratics not seemingly within the limits of the three conr 
ditiona. 

12 

From the first of these equations, we have yg= - 

From the second, • ■ ■ ■ 



12 18 

Hence, -=-; — = , , , . Divide the denominators by (a^^-l) 
ar-x-x ar-t-l ^ ' 

ind the numerators by 69 and we have 

2 3 

—=-5 p— a quadratic equation. 

X ar — x-x-l 

Clearing of fractions,- and 2a?"— 2a:+2=3a: 
or 2a^ — 6x= — 2. 
(Rule 2.) 16a:«— w5+25=25— 16=9. 

We write ^ to represent the second term. It is immaterial 
what its numeral value may be, as it always disappears in taking 
the root. 

By evolution, 4x — 5 =±3 
Hence, x=2 or i- 

« . 12 12 ^ 12 12X4 ,^ ^ 

The following is«of a similar character : 



1 
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C (»-y)*(«+y)=88$ «ndy. 

g 

Divide the first equation by (x+y) *nd aB— y— l=--j-- (^« 

32 
Divide the second by (a?+y) and («^— yy=-x- (^). 

Put x+y=8f and transpose mtnttf 1, in equation (^), and 

«— y=-+l. By squaring, (aN-y)*=y+y+l. 

32 

Equation (B) gives (a? — y)*= — 

»- . 64 , 16 , , 32 
Therefore, --H 1- 1 = — . 

Clearing of fractions, and transposing 82«, we have 
64— 16«+s"=0 
. By evolution, 8 — «=0 or «=8. That is, a?+y=8, which 
value, put in equation (^j, gives x — y=2. 
Whence, x=6 and y=3. 

. MISCELLANEOUS EXAMPLES. 
1* Given xs=2y' and i{x — y)=5, to find the values of x 
and y. ^na^ a;=:18 or 12i. 

y= 3 or — 2i. 

9. Given 22;4-y=22, and ^+2y'=120, to find the values 
of X and y. jins. x=Sf y=6. 

8. Given x+y : a?— y : : 13 ; 5, and a:+y"=26, to fimd 
the values of x and y. ^n«. a?=9, and y=4* 

4. Given 5^"^^*"^^^^^ ^ *^ ^"^ *^® values of a: and y. 
c a? +y =12 5 •^»i«. a?=8 or 4, y=4 or 8 

d. Given z"+2ary+y'=120 — 2x — ^2y, and a^y— y'=8, to 
find the values of x and y. 

ar=6 or 9, or — 9±75 
^na. i — ^ _ , ^ — 3db^5. 



C ar=6 or 9, 
•• I y==4 or 1, 
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C 7^ +W =66 J 
6. Given j a^4-2w«=ft0 S *^ ^^^ ^® values of a; and y. 



•tfn..5^==tV2or.i:14. 
ly=±L3j2 or =fclO. 



i 6a:"+2y*=5a:y+12? to find the values of x 
■'• ^^^^^ I 2xy+Sa^=3f -35 and y. 

^ns. x=^±i2, y=db3 

<3a:*+rn/ = 68? 
8. Given < 4^j_3t^— i go \ ^ ^"^ *^® values of a: and y. 

•/2n«. a?=d=4, y=d=6. 

. In the first four examples, one of the equations is simple ; in 
the 5th and 6th, x and y are similarly involved ; and the eth, 
7th and 8th are homogeneous. 

(Art. 111.) When we have fractional exponents, we can re- 
move them, as explained in (Art. 92.) ; but in some cases it may 
not be important to do so. 

EXAMPLES. 

1. Given a?^+y^=3a: and a:^+y^=ar, to find the values 
of X and y. 

Put x^=P; then x=I^ and a:^=P« 

Andy'=Q; then y=^ and y^=Q* 
Now the primitive equations^ become 

i»+««=3/», and F+Q=:F* 
Prom the 1st, * Q^{S—F)P2 

Prom the 2d, Q ={P—l)P 
By squaring, Q'={P—iyi^ 

Put the two values of Q^ equal to each other, ^^i^ ^ 
Qviding by the common factor /", and w« havt 



IgS ELEMENTtS OF ALGEBRA. 

(/»-.l)t=3— P 
or- /»— 2P+1=3— P 
or /»_/»=2 
Hence, P =2 or 1, and a;s=4 or 1, and y=8. 

». Given a:^+y^+2a:*+2y*=23, and a:^y^=36, to find 
the values of x and y, Ans, a;=27 or 8, y=8 or 27* 

8. Given ar*+y*=8, and a?^+y^+a?^y^=259, to find tlie 
values of x and y. 

C a:=125 or 27, 
•^'«- ^ y= 27 or 125. 

4. Given a?^+y*+a?5+y^=26, and a:3y^=8, to find the 
values of x and y. d^»M. x=8, y=82» 

jT 4j? 33 

5. Given — | — r=-7- and a? — v=5» to find the values of x 

y yi ^ 

and y. ^ Ans. a?=9, y=4 



W^*»=«4to. 

.ly— 2a:V= 4 J 



6. Given -{ ^ j^, f *® ^"^^ *^® values of x ana y 

w^n«. a?=2i, y=16 

7. Given ar(y*+l)+y(a:*+l)+2ar*y*=55, and ay*+ 

yx^=30, to find the values of x and y* /, ^ a:=4 or 9 

•^«*- ^y=9or4 

9 3 T ^ 

§• Given a?3y^=2y* and 8a?— y=14, to find the valuer 
of X and y. ^ S ^=^744 or 8 

•^^- >v=9604 or 4 



(Art. 112.) No additional principles, to those already given, 
are requisite for the solution of problems containing tliree or 
more unknown quantities in quadratics. As in simple equations, 
we roust have as many independent equations as unknown 
quantities. 

As auxiliary to the solution of certain problems, particularly in. 
geometrical progression, we give the following problem : 
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Given x+y=s, and xy==p, to find the values of x*+y*f 
x'+y*, x*+y*, and x'+y^ expressed in terms of s and p. 

Squaring the first, a:«+2ay-|"y'=** 
Subtract twice the second, 2xy ^2p 

1st result, a^+y* =«*— 2p (^ 

Again, 
{x+y){a^+y*)=a^+a*y+xf+^=:i^—2ps 
Subtract ^(^+y) = p9 

2d result, a:^+y»=«»— 3p« (j9) 

Square (^), and a?*+2a;^*+i/*=:«^— 45^+4j»» 
Subtract . 2jr*y2 = 2j»» 

3d result, a^+y* =«^— 4»^+2p« {€) 

Multiply (^) by (^) and 

Subtract ^*(^+y) = «p* 

4th result, a*+y« =«*— Sf'/j+Sap* (27) 

CHAPTER in. 

Questions producing Quadratic Equations, 

(Art 113.) The method of proceeding to reduce the question 
into equations, is the same as in simple equations ; and, in fact, 
many problems which result in a quadratic may be brought out 
by simple equations, by foresight and skill in notation. Others 
again are so essentially quadratic, that no expedient can change 
their form. 

EXAMPLES. 

1. A person bought a number of sheep for $240, If there 
had been 8 more, they would have coSt him $1 a-piece less. 
What was the cost of a sheep, and how many did he purchase ? 

, . , , 240 , ^ 

Let a:= the number of sheep } then — =cost of one. 



184 ELEMENTS OP ALGEBRA, 

Ifhehadx+SBheep. ^^st of o»e. 

T> 1^ .240 240 , , 

By the question, — = _i q +* 

Clearing of fractions, 240x-|-1920=240a;+«*+8a? 
Or ic*+8a:=1920 

Resolving gives a?-40 or — 48 ; but a minus number will not 
apply to sheep ; the other value only will apply to the problem 
as enunciated. 

This question can be' brought into a simple equation thus : Let 
X — i= the number of sheep, then 8 more would be expressed 
by x+4, and the equation would be 

240 240 , , -, ^ _^ ,^ 

-=- , , + 1. Put 0=240. 

X — 4 x+4 

Then ~=4^+l 
X — 4 x+4 

Clearing of fractions, ax+4a=ax — ia+a^ — 16, 

Transposing, ar'=8a+16=8(a+2)=16X 121 
Extracting square root, x=4 X 1 1=44. Hence, x 1=1 0, the 
number of sheep. Divide 240 by 40, and we have $6 for the 
price of one sheep. 

(Art. 114.) In i:esolving problems, if the second member is 
negative after completing the square, it indicates some impossi- 
bility in the conditions from which the equation is derived, or an 
error in forming the equation, and in such cases the values of the 
unknown quantity are both imaginary, 

3* For example, let it be required to divide 20 into two such 
parts that their product shall be 140. 

Let 3"= one part, then 20 — x= the other. 
By conditions, 20x — ^a^l40 

' Or, ar«— 20a?=— 140 
Completing the square, x^ — 20a?+100=— 40 

By evolution, x — 1 0=±2 ^ — 10 

Or, X =10 ±2^^^;^ 
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This result shows an impossibility ;, there are no such parts 
of 20 as here expressed. It is impossible to divide 20 into two 
such parts that their product shall be over 100, the product of 
10 by 10, and so on with any other number. The product of 
two parts is the greatest possible, when the parts are equal. 

S. Find two numbers, such that the sum of their squares being 
subtracted from three times their product, 1 1 will remain ; and 
the difference of their squares being subtracted from twice their 
product, the remainder will be 14. 

Let x= the greater number, and ^r=the less. 
By the conditions, Sxy — x* — y*=ll 
And 2xy — a^-^-y^^li 

These are homogeneous equations ; therefore, put x:=vy ; 
Then 3vy^—vy—f=n (w5) 

And 21;^*— t)y+3/«=14 (B) 

Conceive (•^) divided by {B) and the fraction reduced, we have 

at;, ^»_i _^ii 

2t;_l,2+l~l4 

Clearing of fractions and reducing, we find 
3t,2_20»=— 25. 

5 

A solution gives one value of v, - 

Pat this value in equation (.^), and we have 
25y» 

Multiply by 9, and 45y*— 25y*— 9y*=:ll X9, 
Or, lly«=llX9, 

y*= 9 or y=3. Hence, a?=5. 

4. A company dining at a house of entertainment, had to pay 
•3.50 5 but before the bill was presented two of them went away ; 
in consequence of which, those who remained had to pay each 
20 cents more than if all had been present. How many persons 
dined? Jlns. 7. 

16 
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«!• There is a certain number, which being subtracted from 
22, and the remainder multiplied by the number, the product will 
be 117. What is the number? Ans. 13 or 9. 

6« In a certain number of hours a roan traveled 36 miles, but 
if he had traveled one mile more par hour, he would have taken 
3 hours less than he did to perform liis journey. How many 
miles did he travel per hour? An8. 3 miles. 

V« A person dies, leaving children aifd a fortune of $46,800, 
which, by the will, is to be divided equally among them ; but it 
happens that immediately after the death of the father, two of the 
children also die ; and if, in consequence of this, each remaining 
child receive $1950 more than he or she was entitled to by the 
will, how many children were there ? Ans. 8 children. 

§• A gentleman bought a number of pieces of cloth for 675 
dollars, which he sold again at 48 dollars by the piece, and gain- 
ed by the bargain as much as one piece cost him. What was 
the number of pieces ? Ana. 15. 

This problem produces one of the equations in (Art. 10.) 

9. A merchant sends for a piece of goods and pays a certain 
sum for it, besides 4 per cent, for carriage ; he sells it for $390, 
and thus gains as much per cent, on the cost and carriage as the 
12th part of the purchase money amounted to. For how much 
did he buy it? Arts. $300. 

10. Divide the number 60 into two such parts that their pro^ 
duce shall be 704. Ana. 44 and 16. 

11* A merchant sold a piece of cloth for $39, and gained 
afl much per cent, as it cost him. What did he pay for it ? 

Ana. $30. 

19« A and B distributed 1200 dollars each, among a certain 
number of persons. A relieved 40 persons more than B^ and 
B gave to each individual 5 dollars more than A. How many 
were relieved by ./^ and B? Ana. 120 by A, and 80 by B. 

This problem can be brought into a pure equation, in like man* 
ner as (Problem 1.) 
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13. A vintner sold 7 dozen of sherry' and 12 dozen of claret 
for £60j and finds that he has sold 3 dozen more of sherry for 
JSIO than he has of claret for £6. Required the price of each? 

Jlna, Sherry, £2 per dozen; claret, J&3. 

14. jS set out from C towards i>, and traveled 7 miles a 
day. After he had gone 32 miles, B set out from I) towards 
C, and went every day -fj of the whole journey ; and after 
he had traveled as many days as he went miles in a day, he met 
Ji. Required the distance from C\o D. 

Ana, 76 or 152 miles ; both numbers will answer the con* 
dition. 

1S« A farmer received $24 for a certain quantity of wheat, 
and an equal sum at a price 25 cents less by the bushel for a 
quantity of barley, which exceeded the quantity of wheat by 16 
bushels. How many bushels were there of each ? 

Ati8, 32 bushels of wheat, and 48 of barley. 

16. A and B hired a pasture, into which A put 4 horses, and 
B as many as cost him 18 shillings a week ; afterwards B put 
in two additional horses, and found that he must pay 20 shillings 
a week. At what rate was the pasture hired? 

Ana. B had six horses in the pasture at first, and the price 
of the whole pasture was 30 shillings per week. 

17. Find those two numbers whose sum, product, and dif- 
ference of their squares, are all equal to each other. 

Ana. i(Sdbj5), and i(l^j5). 

!§• If a certain number be divided by the product of its 
two digits, the quotient will be 2, and if 27' be added to the num- 
ber, tJuB digits wiU be inverted. What is the number? 

Ana. 36. 

19. It is required to find three numbers, whose sum is 33, 
such that the difference of the first and second shall exceed the 
difference of the second and third by 6, and the sum of wliose 
squares is 441. Ana. 4, 13, and 16> 
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^O. Find those two numeral quantities whose sum, product, 
and sum of their squares, are all equal to each other. 

Ana, No such numeral quantities exist. In a strictly algebraic 
sense, the quantities are 

|rb|V^,and|iT=W=3. 
91« What twS numbers are those whose product is 24, and 
whose sum added to the sum of their squares is 62? 

Ana, 4 and 6. 

93« It is required to find two nmnbers, such that if their pro- 
duct be added to their sum it shall make 47, and if their sum be 
taken from the sum of their squares, the remainder shall be 62? 

Ans. 7 and 5. 

93. The sum of two numbers is 27, and the sum of their 
cubes 5103. What are their numbers? Ans. 12 and 15 

94. The sum of two numbers is 9, and the sum of their fourth 
powers 2417. What are, the numbers? Ans. 7 and 2, 

35« The product of two numbers multiplied by the sum of 
their squares, is 1248, and the difference of their squares is 20 
What are the numbers? Ans. 6 and 4. 

Let a:+y=the greater* and x — y=the less. 

36. Two men are employed to do a piece of work, which 
they can finish in 12 days. In how many days could each do 
the work alone, provided it would take one 10 days longer than 
the other? Ana. 20 and 30 da3r8. 

27. The joint stoqk of two partners, A and By was $1000. 
^s money was in trade 9 months, and J9's 6 months ; when 
ihey shared stock and gain, A received $1,140 and B $640, 
What was each man's stock? # 

Ana. w^'s stock was $600; ^'s $400. 

2S« A speculator from market, going out to buy cattle, met 
with four droves. In the second were 4 more than 4 times the 
square root of one half the number in the first. The third con 
tained three times as many as the first and second. The fourth 
was one half the number in the third and 10 more, and the whole 



AfilTHMETICAL PROGRBS^ON. 189 

number in the four droves was 1121. How many weie in each 
drove? Ans. 1st, 162 ; 2d, 40 ; 3d, 606 ; 4th, 313 

29. Divide the number 20 into two such parts, that the pro- 
duct of their squares shall be 9216. Ana. 12 and 8. 

SO* Divide the number a into two such parts that the product 
of their squares shall be 6. 

Ans. Greater part |+l^fl^— 4^6V. 



Less part t^\(^^-ijhy. 



31« Find two numbers, such that their product shall be equal 
to the difference of their squares, and the sum of their squares 
shall be equal to the difference of their cubes. 

Ans. ±i VST and 4(5d-V5) 



SECTION V. 

ARITHMETICAL PROGRESSION. 
CHAPTER I. 

A sertes of numbers or quantities, increasing or decreasing by 
the same difference, from term to term, is called arithmetical pro- 
gression. * 

Thus, 2, 4, 6, 8, 10, 12, &c., is an increasing or ascendmg 
arithmetical series, having a common difference of 2 ; and 20, 
17, 14, 11, 8, &c., is a decreasing series, having a common dif- 
ference of 3. 

(Art. 15.) We can more readily investigate the properties of 
an arithmetical series from literal than from numeral terms. Thus 
let a represent the first term of a series, and d the common dif* 
ference. Then 
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aj{a+d),{a+2d)f{a+3d),{a+4:d), &c.> represent an ascend 
ing series ; and 

a, (a — d),{a — 2 J), (a — 3(f), (a— 4(/), &c., represent a descend^ 
ing series* 

Observe that the coefficient of d, in any term is equal to the 
number of the preceding terms. 

The first term exists without the common difference. All 
other terms consist of the first term and the common difference 
multiplied by one less than the number of terms from the JirsL 

Wherever the series is supposed to terminate, is the last term, 
and if such term be designated by Z, and the number of terms 
by n, the last term must be a+{n — l)d, or a — (n — l)<f, accord- 
ing as the series may be ascending or descending, which we draw 
from inspection. 

Hence, Z=adz(n— l)(f {^) 

(Art. 116.) It is manifest that the sum of the terms will be the 
same, in whatever order they are written. 

Take, for instance, the series 3, 5, 7, 9, 11, 

And the same inverted, * 11, 9, 7, 5, 3. 

The sums of the terms will be 14, 14, 14, 14, 14. 

Take the series a, a^ J, a+2rf, a+3rf, o+4rf, 

Inverted, a+id, a+3rf, a+2rf, a+ rf, a 

Sums will be 2a+4rf, 2a+4d, 2a+4rf, 2a+4(/, 2a+4d. 

Here we discover the important property, that, in an arithmeti- 
cal progression, the sum of the extremes is equal to the sum of 
any other two terms equally distant from the extremes. Also^ 
that twice the sum of any series is equal to the extremes^ or 
first and last term repeated as many times as the series contains 
terms. 

Hence, if S represents the sum of a series, and n the num- 
ber of terms, a the first term, and L the last term, we shall 
have 2S=n{a+L) 

^Or S^l{a+L) {£) 

The two equations (.^) and (B) contain five quantities, a, d^ 
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L, n, and S^ any three of them being given, the other two can 
be determined. 

Two independent equations are sufficient to determine two un- 
known quantities, (Art. 45,) and it is immaterial which two ai# 
unknown if the other three are given. ^ 

By examining the two equations ^ 
Z=a-Hn--l)rf {A) 

We perceive that the value of any letter, L for example, can b^ 
drawn from equation (B) as well as from (A). 

It can also be drawn from either of the equations afler n or <r 
is eliminated from them. Hence, the value of L may take fow 
different forms. The same may be said of the other letters, 
and there being five quantities or letters and four different 
forms to each, the subject of arithmetical progression may tn- 
dudt twenty different equations. But we prefer to make no 
display with these equations, believing they would add dark- 
ness rather than light, as they are all essentially included in the 
two equations, (A) and (B), and these can be remembered literal* 
ly and philosophically, and the entire subject more surely under- 
stood. 

These two equations are sufficient for problems relating to 
arithmetical series, and we may use them without modification 
by putting in the given values just as they stand, and afterwards 
reducing thejn as numeral equations. ^ 

EXAMPLES. 

I The sum of an arithmetical series is 1455, the first term 
5, and the number of terms 30. What is the common difference! 

Am. 8. 

Here aS'=1455, a=5, n=30. L and d are sought. 
Equation (^) 1455=(5+Z)15. Reduced Z=92 
Equation {A) 92=5+296^. Reduced d=3, Am. 
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2. The sum of an arithmetical series is 567, the first term 7. 
and tlie common difference a. What is the number of terms? 

Ana, 21 
Here «=567, a=7, c/=2. L and n are sought. 

Equation (^)^ L=^+2n — 2=5+2n • 

• n 

Equation {B) 567=(7+5+2n)-=6n+n« 

• * 

Or n«+6n+9=576 

n+3=24, or n=21,.^n«. 

8* Find seven arithmetical means between 1 and 49. 
Observe that the series must consist of 9 terms. 
Hence, a=I, Z=49, n=9. 

Ans. 7, 13, 19, 25, 31, 37, 43. 

4* The first term of an arithmetical series is 1, the sum of the 
terms 280, the number of terms 32. What is jtbe common dif- 
ference, and the last term? .dns. d=ij Z=16i. 

5* Insert three arithmetical means between i and s* 

Arts. The means are |, y*j, ^J 

6* Find nine arithmetical means between 9 and 109. 

Ans. <f=10. 
7. What debt can be discharged in a year by paying 1 cent 
the first day, 3 cents the second, 5 cents the third, and so on, in- 
creasing the payment each day by 2 cents? 

Jins. 1332 dollars 25 cents. 
8* A footman travels the first day 20 miles, 23 the second, 26 
the third, and so on,' increasing the distance each day 3 miles. 
How many days must he travel at this rate to go 438 miles? 

Ans. 12. 

9* What is the sum of n terms of the progression of 1,2, 3, 

^^^'^■^ Ans. S=l{\+n). 

2 

10. The sum of the terms of an arithmetical series is 950, 
the common difierence is 3, and the number of terms 25. What 
is the first term ? Ana. ^. 



ARITHMETICAL PROGRBflSION. 196 

11* A man bought a certain number of acres of land, paying 
for the first, $i ; for the second, $| ; and so on. When he came 
to settle he had to pay i3T75. How many acres did he pui^ 
chase, and what did it average per acre ? 

^ns. 150 acres at $25^ per acre 

Problems in Arithmetical Progression to which the preceding 
formulas^ (A) and (B)^ do not immediately apply, 

(Art. 117.) When three quantities are in arithmetical progress 
sion, it is evident that the middle one must be the exact mean 
of the three, otherwise it would not be arithmetical progression ; 
therefore the sum of the extremes must be double of the mean. 

Take, for example, any three consecutive terms of a series, as 
a+2d, a+8(f, a+4(f; 
snd we perceive by inspection that the sum of the extremes is 
double the mean. 

When there are four terms, the sum of the extremes is equal 
to the sum of the means, by (Art. 116.) 

To facilitate the solution of problems, when three terms are 
in question, let them be represented by {x — y\ x, {x+y)f y being 
the common difference. 

When four numbers are in question, let them be represented 
by {x — 3y), (a?— y), («J+y), (a?4-3y); 2y being the common dif- 
ference. 

So in general for any other number, assume such terms thai 
the common difference will disappear by addition. 

1* There are five numbers in arithmetical progression, the 
sum of these numbers is 65, and the sum of their squares li 
1005. What are the numbers ? 

Let x= the middle term, and y the common difference. Then 
a?— 2t/, X — y, ar, x+y, x+2y, will represent the numbers, 
and their sum will be 6a;=65, or x^ld. Also, the sum of 
their squares will be 

5a:"4-10i/'=1005 or a:«+2y«=201. 
But a?*=169; therefore, 23/2=32, y'=16 or y=4. 

Hence, the numbers are 13—8=5, 0, 18, 17 and 81 
17 
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9. There are three numbers in arithmetical progresflion, their 
sum is 18, and the sum of their squares 158. What are those 
numbers? ^tia. 1, 6 and 11 

S« It is required to find four numbers in arithmetical progres- 
sion, the common difference of which shall be 4, and their coqf 
tinned product 176085. ^na. 16, 19, 23 and 97 

4« There are four numbers in arithmetical progression, the 
sum of the extremes is 8, and the product of the means 15 
What are the numbers? wfn». 1, 3, 5, 7. 

9» A person travels from a certain place, goes 1 mile the firs! 
day, 2 the second, 3 the third, and so on ; and in six days after, 
another sets out from the same place to overtake him, and travels 
vniformly 15 miles a day. How many days must elapse after 
the second starts before they come together? 

^na. 3 days and 14 days 
Reconcile these two answers. 

6* A man borrowed $60 ; what sum shall he pay daily to can- 
oel the debt, principal and interest, in 60 days ; interest at 10 per 
cent, for 12 months, of 30 days each? 

^s. il and f ^ of a cent 

7« There are four numbers in arithmetical progression, the 
•urn of the squares of the extremes is 50, the sum of the square? 
of means is 34 ; what are tlie numbers? w^n«. 1, 3, 5, 7 

9* The sum of four numbers imwthmetical progression is 
. 24, their continued product is 945. What are the numbers ? 

Jlns. 3 6, 7, 9. 

9* A certain number consists of three digits, which are in 
arithmetical progression, and the number divided by the sum of 
its digits is equal to 26 ; but if 198 be added to the number its 
digits will be inverted What is the number ? ^ns. 234 
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CHAPTER IL 

GEOMETRICAL PROGRESSION. 

(Art. 118.) When numbers or quantities differ from each 
other by a constant multiplier in regular succession, they consti 
tute a geometrical series, and if the multiplier be greater than 
unity, the series is ascending ; if it be less than unity, the series 
is descending. 

Thus, 2 : 6 : 18 : 54 : 162 : 486, is an ascending series, the 
multiplier, called the ratio, being three ; and 81 : 27 : 9 : 3 : 1 : 
^ : ^, &Cm is a descending series, the multiplier or ratio being |. 

Hence, a: ar : ar^ : ar^ : at^ : at^ : ar^ i &c., may represent 
any geometrical series, and if r be greater than 1, the series is 
ascending, if less than 1, it is descending. 

(Art. Il9.) Observe that the Jirat power of r stands in the 
2d term, the 2d power in the 3d term, the third power in the 
4th term, and thus universally the power of the ratio in any 
term is one less than the number* of the term, 

7%c Jirst term is a factor in every term. Hence the 10th 
term of this general series is ar®. The 17th term would be ar^K 
The nth term would be af^K 

Therefore, if n represent the number of terms in any series^ 
and L the last term, then L=af^^ (1) 

(Art. 120.) If we represent the sum of any geometrical series 
by 9, we have 

8^=a'\'ar'\'ai*'\'ai^'\' &c. . . af'^'\'af^^. 
Multiply this equation by r, and we have 

Subtract the upper from the lower, and observe that 
Lr=ar^; then (r — l)5=Zr — a. 

Thereiore, 8= (2) 

r — 1. ^ ' 

As these two equations are fundamental, and cover the whole 

rabject of geometrical progression, let them be brought together 

for eritical inspection. 
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Z=«r- (1), S=^ (2). 

These two equations furnish the rules given for the operationfl 
in common arithmetic. 

Here we perceive five quantities, a, r, n, L and S^ and any 
three of them being given in any problem, the other two can be 
determined from the equations. 

To these equations we may apply the same remarks as were 
made to the two equations in arithmetical progression (Art. 116.) 

Equation (2), put in words, gives the following rule for the 
•am of a geometrical series ; 

' Rule. Multiply the last term by the ratio ^ and from the 
vroduct subtract the first term, and divide the remainder by the 
ratio less one. 

EXAMPLES FOR THE APPLICATION OP EQUATIONS 
(1) AND (2). 

1* Required the sum of 94erms of the series, 1, 2, 4, 8, 16, 
&c. Ans. 511. 

9* Required the 8th term of the progression, 2, 6, 18, 54, 
&Q. Ans, 4374. 

8. What is the sum of ten terms of the series L, |, |, &c. T 

^m. VVAV 

4* Required two geometrical means between 24 and 192. 
N. B. When the two means are found, the series will consisi 
ci four terms { the first term 24 and the last term 192. 
By equation (1) L^af*^^. 
Here a=24, Z=192, n=4, and the equation becomes 
192=247^ or r=2. 
Hence, 48 and 96 are the means required. 

(J* Required 7 geometrical means between 3 and 768. 

Ans. 6, 12, 24, 48, 96, 192. 

6. The first term of a geometrical series is 5, the last term 
1815, and the number of terms 6. What is tlie ratio % Jin$. 8. 
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7* A man purchased a house, giving $1 for the fiiat door, $2 
for the second, $4 for the third, and so on, there being 10 doors. 
What did the house cost him ? ^ns. $1023. 

(Art 121.) By Equation (2), and the Rule subsequently giyen, 
we perceive that the sum of a series depends on the first and last 
terms and the ratio, and not on the number of terme ; and 
whether the terms be many or few, there is no variation in the 
rule. Hence, we may require the sum of any descending series, 
as 1, i, |f 79 ^M to infinity, provided we determine the last 
term. Now we perceive the magnitude of the terms decrease 
as the series advances ; the hundredth term would be extremely 
small, the thousandth term very much less, and the infinite term 
nothing ; not too small to be noted, as some tell us, but absolutely 
nothing. 

Hence, in any decreasing series, when the number of termf 
is conceived to be infinite, the last term, Z, becomei^ 

Of and Equation (2) becomes s= 



»^1 

By change of signs s=r • 

This gives the following rule for the sum of a decreasing inil* 
nite series : 

RuLB. Divide the first term by the difference between uniijf 
and the ratio. 

EXAMPLES. 

1* Find the value of 1, |, j^, ^., to infinity. 

0=1, f=|. Jlns. 4 

%• Find the exact value of the decimal .3333, &c., to infinity. 

^ns. i. 

This may be expressed thus : tV+tt t' ^^ Hence, 

S. Find the value of .323232, Slc., to infinity. 

«=7tV «»'=T7mrTF» therefore r==yi,. ^na. |J 

4U Find the value of .777, &c., to infinity. Au. }• 
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9. Find the value of | : 1 : | : /j, &c. to Infinity, 

6, Find the value of 6 : f : f , Ac. io inanity. ^ns. 7i 
T. Find the value of the series ^, ^-g^ <fcc*, to infinily T Jins. f . 
8* What is the value of the decimal ,7133S} &c.t to infinity f 

O* What is the value of the decimal .212121, &c„ to infinity? 

(Art. 122.) If we observe the general series, (Art. \\%,)aiari 
at* : ar8 : ar^t &c., we shall find, by taking three consecutive 
terms anywhere along in the series, that ihe product of the ex- 
tremes will equal the square of the mean^ Hence, to find a 
geometrical mean between two numbers, we must multiply them 
together, and take the square root. Jf we take four consecutive 
terms, the product of the extremes wilt be equal to the product 
of the means, 

(Art. 123.) This last property belongs equally to geometrical 
proportion, as well as to a geometrical series, and the learner must 
be careful not to confound proportion with a series. 

a : ar :: 6 : 6r, is a geometrical propottion^ not a. continued 
series. The ratio is the same in the two couplets, but the ma^ 
mtudes a and 6, to which the ratio is applied^ may be very dif- 
ferent 

We may suppose a : ar two consecutive terms of one series^ 
and 6*: br any two consecutive terms of another series having 
the same ratio as the first series, and being brought together they 
form a geometrical proportion. Hence ^ the equality of the ro" 
tio constitutes proportion. 

To facilitate the solution of some diflacult problems in geomet- 
rical progression, it is desirable, if possible, to express several 
terms by two letters only, and have them it f and symmetrhvdly^ 

Three terms maybe expressed by x : Jxy : y, or by x* ; ay ; 
y*, as the product of the extremes is here evidently equal to the 
square of the mean. 

To express four terms with x and y symmetrically, we at fiiflt 
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write P: X : ly: Q. The first three being in geometrical prograi- 

x^ v" 

sion, gives Py=a;^orP= — . In the same manner, we find Q '^^ 

And taking these values of P and Q we have— ::e::y:^to rep- 
resent four numbers symmetrically:, with two letters. 

Taking three numbers as above* and placing them between P 
ta^Qf tiius, P : a^ ixy: ^: Qjwe have five numbers ; and 

by reducing P and Q into functions of x and y, we have—: a^ : 
ly : y* : ^, for five terms symmetrically expressed. 

X 

Six numbers thus, -s:— :a?::y:^:^ 
y* y ^ X a^ 

Sometimes we may more advantageously express uidmown 
numbers in geometrical proportion by Xf xy^ xj^f iic. ; x being 
Ae first term, and y the ratio. 

HARMONICAL PROPORTION. 

(Art. 124.) When three magnitudes, a^, 6, c, have the relation 
of a: c : : c^— 6 : b — c ; that is, the first is to the third as the dif* 
ference between the first and second is to the difference between 
the second and third, the quantities a, 6, c, are said to be in har- 
monical proportion. 

(Art. 125.) Four magnitudes are in harmonical proportion 
when the first is to the fourth as the difiference between the first 
and second Is to the difiference between the third and fourth. 
Thus, a, bt «, (/, are in harmonical proportion when a : d : z 
m — b : c— (f, or when a : d: : 6— a : rf — c 

An harmonical mean between two numbers is equal to twice 
their product divided by their sum. For a : x : b representing 
three numbers in harmonical proportion, we have by the definiticHi, 
(Art 124.) a: b : : Or-^x : x — 6. 

Therefore, ax — db^ab-~bx or a?==-^^- 
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1. Find the hannonical mean between 6 and 12, w^n«. 8« 

9* Find the third harmonical number to 234 and 144. 

Jins. 104. 

S. Find the fourth harmonical proportion to the numbers 24 : 
16 : 4. , ^ns. 3. 

4* There are four numbers in harmonical proportion, th^rs* 
is 16, the third 3, the fourth 2. The second is lost ; find nT 

Jlna. 8 

PROBLEMS IN GEOMETRICAL PROGRESSION, AND 
HARMONICAL PROPORTION. 

1* The sum of three numbers in geometrical progressioi^ is 
26, and the sum of their squares 364. What are the numbers ? 
Let the numbers be represented by x : ijxy : y. 
Then a?+V^+y= 26=a (1) 

And a?*+ xy+y^=364—b (2) 

Transpose, ^J^cy in Equation (1) and square, we have 

si^+2xy+f==(^—2ajxy+xy (3) 
Or a^+ xy+y^=€fi—2a^xy (4) 

The left hand members of Equations (2) and (4) are equal; 

hence, ^ .—- , 

<^ — 2ajocy^=o. 

Therefore, J^:==,^^a=z% (5) 

This giyes the second term of the progression, and bow from 
equations (1) and (5) we find a;=2, y=18, and the numbers 
are 2, 6, 18. 

9. The sum of four numbers in geometrical progression is 15, 
(a), and the sum of their squares 85 {b). What are the 
numbers? • 

Let the numbers be represented as in (Art 123.) 
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Assume x-hy»« 

Then ^+x +y +f =a (1) 1 «y=P 

* V Then by (Art. 118.) 

-And ^+^+»«+g=M2)J a^+y'^^^ 

And a:*4-y'=»* — 3jp 
Transposing (ar+y) in Equation (1), and (aj*+y*) in Equation 
(3^, we have 

■ ^=«-» (3) and p^t^b-^+ip (4) 

Square (3) and transpose 2xy or 2p and 

|'+g=(fl_)«-2p (6) 

The left haiid members of equations (4) and (5) are equal, there- 
fore, (a— «)'— 2/>=6 — 8^+2p 

Or a»— 2a«+2««— 4p=6 (6) 

Clear equation (3) of fractions, and a^-i-t^^ap-^s^ 

That is, «• — 38p=(qh^s or />= (7) 

Put this value of /» in equation (6) and reduce, we have, 
a* — 2a»*==a5+ 25* 

Or a^^8^^{(^—b) 

Taking the given values of a and b we have 
15««4-85«=70X16 
Or 3«*+175=210, an equation which gives «=6 
Put the values of a and 8 in equation'(7), and/>=8 
That is, a:+y=6, and a:y=8, from which we find a:=2, and 
y=4 ; therefore the required numbers are 

1, 2, 4 and 8, Ans 

3* The aritlunetical mean of two numbers exceeds the geo 
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metrical mean hj 13, and the geometrical mean exceeda the haiw 
monical mean by 12. What are the numbers ? 
Let X and y represent the numbers* 
Then i(x+y)=s the arithmetical mean, Jxy^=i the geom»' 

Irical mean, (Art 112.) and -x^= the harmooical mean. 

Let iE==12; 

Then, by the question, 4(ar+y)=V^+^+ ^ (^) 

And V^=|g+« (2) 

By our customary substitution, these equations become 
is=^Jp+a+l (3) 

And V/'=T+« (4) 

Take the ralue of 8 from equation (3) and put it into equation 
(4)» dividing the numerator and the denominator by 2, and we 

Clearing of fractions, we shall have 

Drop equals, and ^/>=(a+l)a (6) 

Put this value of Jp in equation (3) and we have 

i*=(a+l)a+(a+l)=(a+l)(a+l) 
Or »=:2(a+l)* (7) 

For the sake of brevity, put (a+l)=6; squaring equation 
(6) and restoring the values of 8 and p in equations (6) and (7), 
and we have xi/^=M* (.^) 

a:+y=26* (B) 
Square {B) and 

aj*+2rry+y»=46* 
Subtract 4? , , .^. 

times (^)S ^^ =^"^ 

And a^'^2xy+y^^4b%b'—(^=mb+a){b—a) {€) 
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As a=12 and 5=sl3, b+ass25j and Ih^a^U 
Therefore, (C) becomes (2?— y)'s46'X26Xl. 
By evolution, a?— y =26 X 6 
Equation (B) x+y^W 
By addition 2x=26«+106 

Or x= 6*+ 5&=(&+6)&=sl8Xl3=:234 

Bj subtraction, 2^=26* — 106 

y=: 6«_ 56==(6— 5)6= 8X13=104, 
A more brief solution is the following : 
Let X — y and x+y represent the numbers. 
Then x= the arithmetical mean, Ja^^-^ss the geometri- 

ai mean, (Ar 
the question. 



eai mean, (Art 112), and —^ss the harmonical mean. By 



^=3!!u.,,= 



a>— 13=^a:^— y* (1), and ^ +I2«=7a^-y (2) 

The right hand members of equations (1) and (2) being the 
same, therefore, — ^+12=a: — 13. 

X 

By reduction, ^=25a?. 
Put this value of ^ in equation (1), and by squaring 

a:'— 26a:+(13)»=a:"— 25x, or a:=(13)"=169. 
Hence, iy=65, and the numbers are 104 and 234. 

4. Divide the number 210 into three parts, so that the last 
shall exceed die first by 90*, and the parts be in geometrical pro- 
gression. Ans. 30, 60, and 120« 

5. The sum of four numbers in geometrical progression m 
30 ; and the last term divided by the sum of the mean terms ia 
1|. What are the numbers ? ^ns. 2, 4, 8, and ICL 

«. The sum of the first and third of four numbers in* geo- 
metrical progression is 148, and the sum of the second and . 
fourth is 888. What are the numbers 1 

Jinn. 4, 24, 144, and 864, 
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7« It 18 required to find three numbers in geometrical progress 
•ion, such that their sum shall be 14, and the sum of their square* 
84. Am. 2, 4, and 8. 

8. There are four numbers in gepmetrieal progression, the 
second of which is less than the fourth by 24 ; and the sum of 
the extremes is to the sum of the means, as 7 to 3. What are 
the numbers ! Ans. 1, 3, 9 and 27« 

0« The sum of four numbers in geometrical progression is 
equal to the common ratio +1, and the first term is y'^. What 
mre the numbers ? Ana. y^, y\, y'^, f}. 

10. The sum of three numbers in harmonical proportion is 
86, and the product of the first and third is 72. What are the 
wmibers ? Ana. 12, 8, and 6 

11* The continued product of three numbers in geometrical 
progression is 216, and the sum of the squares of the extremes 
is 328. What are the numbers ? Ana. 2, 6, 18. 

IS. The sum of three numbers in geometrical progression is 
13, and the sum of the extremes being multiplied by the mean, 
the product is 30, What are the numbers ? 

Ana. 1, 3, and 9 

18. There are three numbers in harmonical proportion, the 
sum of the first and third is 18, and the product of the three is 
676. What are the numbers T Ans. 6, 8, 12. 

14. There are three numbers in geometrical progression, the 
difiference of whose difference is 6^ and their sum 42. What 
are the numbers ? Ana. 6, 12, 24. 

19* There are three numbers in harmonical proportion, the 
difference of whose difiference is 2, and three times the product 
of the first and third is 216. What are the numbers ? 

Ana. 6, 8, an4 12. 

16. Divide 120 dollars between four persons, in such « 
way, that their shares may be in arithmetical progression ; and 
if the second and third each receive 12 dollars less, and th9 
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foarth 24 dollars more, the shares would then be in geometri- 
cal progression. Required each share. 

Ans. Their shares were 3, 21, 39, and 57f respectively. 
% 
17. There are three numbers in geometrical progression* 

whose sum is 31, and the sum of the first and last is 26. What 
are the numbers ? An8, I, 5, and 25. 

IS The sum of six numbers in geometrical progression is 
189 and the sum of the second and fifth is 54. What are the 
numbers T Ans. 3, 6, 12, 24, 48 and 96. 

19* The sum of six numbers in geometrical progression is 
189, and the sum of the two means is 36. What are the num- 
bers! Arts. 8, 6, 12, 24, 48 and 96. 
CHAPTER Ifl. 
PROPORTION. 

(Art. 176.) We have given the definition of geometrical pro- 
portion in (Art. 41.) and demonstrated the most essential prop- 
erty, the equality of the products between extremes and means. 
We now propose to extend our investigations a litde farther. 

Proportion can only exist between magnitudes of the same 
kind, and the number of times and parts of a time, that one 
measures another, is called the r(Uio, Ratio is always a nam« 
ber, and not a qwmtity. 

(Theorem !•) ^ ^^^ magnitudes have the same ratia as 
two others, the first two as numerator and denominator may 
form one member of an equation ; and the other two magnitudes 
as numerator and denominator unllform the other member. 

Let A and B represent the first two magnitudes and r Uieir ratio. 

Also C and D the other two magnitudes, and r their ratio. 

Theh,!^=r and ^^r Therefore, (Ax. 7) ^=^ 
B B ^ ' B B 

(Theorem 2.) Magnitudes which are proportional to the 
same proportionals^ are proportional to each other. 

Suppose a: b : : P: Q \ Then we are to prove that 
and e:d.::P:Q> a:b::e:d 

and x:y :: P : Q ) and a: b:: x: y, ^. 
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b Q 

From the first proportion, -*=^ 

d Q 

From the second, "~fp 

Hence, (Ax. 7)— =— or aibiicid 
^ 'a t 

In the same manner we prore aib i i x ly 
And cid^ I X ly 

(Theorem 3.) If four magmtudes constitute a proportion^ 
the first wiU be to the sum of the first and second^ cis the 
third is to the sum of the third and fourth. 

By hypothesis, a:b : : e : d\ then we are to prove that 
a : a+b : : c : c+d. 

By the given proportion,- =-• Add unity to both memberst 

then reducinfif to the form of a fraction we have = • 

^ a c 

Throwing this equation into its equivalent proportional form, we 
***^®' aia+b::eic+d. 

N. B. In place of adding unity, subtract it, and we shall find 

that •, . 

a : a— 6 : : c : o-^^ 

or a : b — a : : c : rf— c. 

(Theorem 4.) If four magnitudes be proportumaH^ the sum 
of the first and second is to their difference^ as the sum €f 
the third and fourth is to (heir difference. 

Admitting that a : 6 : : e : (f, we are to prove that 

a+b : a — b : : e+d : c — d 
From the same hypothesis, (Theorem 3.) gives 
a : a+b i : e: c+d 
And a : a — b : : c : c — d 

Changing the means, (which will not affect the product of the 
extremes and means, and of course will not destroy proportion- 
ality,) and we have. 



f 
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a : c : : a+b : c+rf 

a : c : : a— 6 : e~^ 
Now by (Theorem 2.) a+6 : c+rf : : (»— 6 : c — d 
Changing the means, a+b z a — b : : e+d : e— <l 

(Theorem 5.) ^ four magnitudes be proportumal^ like 
powers or roots of the same, will be proportional. 

Admitting a : 6 : : c : </, we are to show that 



rf* : 6* ^ : c" : rf*, and a : b : : c id 

a c 
Bj the hypothesis, -t-^-t* Raising both members of this 



equation to the nth power, and 






Changing this to the proportion a* i b* :: c* : d^ 

a c 
Resuming again the equation '7=-v« and taking the nth roof 



a c 
of each member, we have — j- =— p* Converting this equation 

Into its equivalent proportion, we have 

JL _L J_ JL 

f» « It It .n 

a lb : : c : a . 

Now by the first part of this theorem, we have 



a* : 6 * : : c" : rf" , m representing any 
power whatever, and n representing any root. 

(Theorem 6.) If four magnitudes be proportional, also 
four others, their compound, or product of term by term, tvill 
form a proportion. 
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Admitting that 
And 


a : 

X : 


biie 
yiim 


.d 
:n 


We are to show that, 


ax : 


by : ime 


7nd 


From the first proportion 


a 


c 
"d' 




From the second, -= — 
y n 

Multiply these equations, member by member, and 


ax^^mc 
by^nd 
.Or ax : by : 


: mt 


; : nd. 





The same would be true in any number of proportions. 
(Theorem 7.) Taking the same hypothesis as in (Theorem 
6.) we propose to show^ that a proportion may be formed by di- 
viding one proportion by the other, term by term. 
By hypothesis, a ib i i c id 
And X ly I imin 
Multiply extremes and means, ad=^bc (1) 
And nx^my (2) 

Divide (1) by (2), and -X-=-X- 
^ ' "^ ^ ' x n m y 

Convert these four terms, which make two equal products, into 
a proportion, and we shall have 

^ ,^ , , c d 
x'y " m^n 

By comparing this with the given proportions, we find it com* 
posed of the quotients of the several terms of the first propor- 
tion divided by the corresponding term of the second. 

(Theorem 8.) If four magnitudes be proportional, we may 
mtdiiply the first couplet or the second couplet, the antecedents 
or the consequents, or divide them by the same factor, and the 
results will be proportional in every case. 
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^Suppose a : b i: e I d 

Multiply ex. aiid means, and . • • • ad^^be (1) 

Multiply this eq. by m, and • • • • mad-s^mbc 

Now, in this last equation, ma may be considered as a single 
tenn or factor, or md may be so considered. So« in the second 
member, we may take mb as one factor, or me. Hence we may 
eonvert this equation into a proportion in four different ways. 

Thus, as ma:mb :i e : d 

or as a : b ::me : md 

or as ma : b :: me : d 

or as a : mb :: c : md 

If we resume the original equation (1), and divide it by any 
number, m, in place of multiplying it, we can have, by the same 
course of reasoning, 

a b . 

— : — :: e : d 
m m 

- c rf 

a I b : : — : — 

m m 

— ! :: — : a 
m m 

b d 

a : — :: c : — 

m m 

The following examples are intended to illustrate the practi- 
cal utility of the foregoing theorems : 

EXAMPLES. 

1* Find two numbers, the greater of which shall be to the 
less, as their sum to 42 ; and as their difference is to 0. 

Let a?ss:the greater, ysthe less. 
18 



(1) 

(2) 



SIO f:LEMEP9TS OF ALGEBRA. 

TheD, per question,!^. J.. ^. ^ 

(Theorem 2.) x-\-y : 42 : : a; — y : 6 

Changing the means ar+y : x — y : : 42 : 6 
(Theorem 4.) 2x : 2y : : 48 : 36 

(Art. 42.) a? : y : : 4: 3 

(Theorem 2.) 4:3:: x— y : 6 

And 4:3:: x+y : 42 

From these last proportions, x — y= 8 

And x+y=56. Hence, ar=32, y=24. 

9* Divide the number 14 into two such parts, that the 
quotient of the greater divided by the less shall be to the qua 
iient of the less divided by the greater, as 16 to 9. . 

Let 0?= the greater part, and 14— a7=the less. 
X 14 — X 



By the conditions, , ^ . 
•^ 14 — X X 

Multiplying terms, a^ : (14 — x)* : 

Extracting root, x : (14 — x) : 

Adding terms, x i 14 : 

Dividing terms, x : 2 : 



16:0 



16: 

4: 
4: 
4: 



(Theor. 5.; 



Therefore, a?=8. 



8. There are three numbers in geometrical progression whose 
mun is 52, and the sum of the extremes is to the mean as 10 to, 
8. What are the numbers ? win«. 4, 12, and 36 > 

Let a?, xy^ xy^ represent the numbers. 
Then, by the conditions, a?4-a?y-|-a?y*=52 (1) 
And xy^-^-x : ary : : 10 : 3 
(Art. 42.) y«4-l : y : : 10 : 3 

Double 2d and 4th, y*+l : 2y : : 10 : 6 

Adding and sub. terms, y*-|-2y4-l : y' — ^2y4-l : : 16 : 4 
y+1 : y— 1 : : 4 : 2 
y : 1 : : 3 : 1 Hence, y=3. 
52 52 52 



Extracting square root. 
Adding and sub. terms. 



From equation (1), a?= 



i+y+y» 1+3+9 13 



=T^=4. 
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4. Tlic product of two numbers is 35, the difference of their 
cubes, is to the cube of their difference as 109 to 4. What- are 
the numbers ? Ans. 7 and 5 

Let X and y represent the numbers. 
ThoD, by the conditions, xy=S5^ and x^ — ^ : (a? — y)' : : 100:4 
Divide by (a;— y) (Art. 42.) and a^+xy+r/* : (a^-y)* : : 109:4 
Expanding, and a^+ay+y* : a^ — ^2ay+y* : : 109:4 

(Theorem 3.) Sxy : {x—y)* : : 105:4 

But Sxy, we know from the first equation, is equal to 105. 
Therefore, (a? — y)*=4, or x — y=2. 

We can obtain a very good solution of this problem by putting 
x+y=: the greater, and a?^— y= the less of the two numbers. 

5* What two numbers are those, whose difference is to their 
sum as 2 to 9, and whose sum is to their product as 18 to T7 ? 

An8. 11 and 7 

6* Two numbers have such a relation to each other, that if 4 
be added to each, they will be in proportion as 3 to 4 ; and if 4 
be subtracted from each, they will be to each other as 1 to 4 
What are the numbers ? Ans, 5 and 8 

Y* Divide the number 16 into two such parts that their pro- 
duct shall be to the sum of their squares as 15 to 34. 

Ans. 10, and 6. 

5. In a mixture of rum and brandy, the difference between 
the quantities of each, is to the quantity of brandy, as 100 is to 
the number of gallons of rum ; and the same difference is to the 
quantity of rum, as 4 to the number of gallons of brandy. 
How many gallons are there of each ? 

Arts. 25 of rum, and 5 of brandy. 

9. There are two numbers whose product is 320 ; and the 
difference of their cubes, is to the cube of their difference, as 61 
to 1. What are the numbers? Ans. 20 and 16. 

10. Divide 60 into two such parts, that their product shall be 
to the sum of their squares as 2 to 6. Ans. 40 and 20 
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11* Tlicre are two numbers which are to each othei as 3 to 
2. If 6 be added to the greater and subtracted from tie less, 
ihe sum and the remainder will be to each other, as 3 to 1. 
What are the numbers ?; Ans. 24 and 16. 

19* There are two numbers, which are to each other, as 1 6 
to 9, and 24 is a mean proportional between them. What are 
the numbers ? Jlna* 32 and 18. 

18* The sum of two numbers is to their difference as 4 to 1» 
and the sum of their squares is to the greater as 102 to 5. 
What are the numbers ? Ana. 15 and 9. 

14. If the number 20 be divided into two parts, which are to 
each other in the duplicate ratio of 3 to 1, what number is a 
mean proportional between those parts ? 

Ana. 18 and 2 are the parts, and 6 is the mean proportion 
between them. 

15. There are two numbers in proportion of 3 to 2 ; and if 
6 be added to the greater, and subtracted from the less, the results 
will be as 3 to 1. What are the numbers ? Ana, 24 and 16. 

16. There are three numbers in geometrical progression, the 
product of the first and second, is to the product of the second 
and third, as the first is to twice the second ; and the sum of 
the first and third is 300. What are the numbers ? 

Ana. 60, 120, and 240. 

lY* The sum of the cubes of two numbers, is to the differ- 
ence of their cubes, as 559 to 127 ; and the square of the first, 
multiplied by the second, is equal to 294. What are the num- 
bers ? Ana. 7 and 6. 

IS. There are two 'numbers, the cube of the first is to the 
square of the second, as 3 to 1 ; and the cube of the second is 
to the square of the first as 96 to 1. What are the numbers t 

Ana. 12 and 24« 
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SECTION VI. 

CHAPTER L 

INVESTIGATION AND GENERAL APPLICATION OF 
THE BINOMIAL THEOREM. 

(Art. 127.) It may seem natural to continue right on to the 
higher order of equations, but in the resolution of some cases in 
cubics, we require the aid of the binomial theorem ; it is there- 
fore requisite to investigate that subject now. 

The just celebrity of this theorem, and its great utility in the 
higher branches of analysis, induce the author to give a general 
demonstration : and the pupil cannot be urged too strongly to 
give it special attention. 

In (Art. 67.) we have expanded a binomial to several powers 
by actual multiplication, and in that case, derived a law for form- 
uig exponents aqd coefficients when the p<)wer was a whole - 
positive number ; but the great value and importance of the 
theorem arises from the fact that the general law drawn from that 
case is equally true, when the exponent is fractional or negative, 
and therefore it enables us to extract roots^ as well as to ex- 
pand powers. 

(Art. 128.) Preparatory to our investigation, we must prove 
the truth of the following theorem : 

Jf there be two series arising from different modes of ex* 
pariding the 8ame,^r equal quantities, with a varying quan^ 
tity having regular powers in each series; then the coefficients 
of the same powers of the varying quantity in the two series 
are equal. 

For example, suppose 
w!?+jBa:+Cir*4-7}a?», &c. =fl-f6a:+ca^+rfa:», &c. 
Tliis equation is true by hypothesis, through all values of x. 
It is true then, when x=Q. Make this supposition, and A=a 
Now let these equal values be taken away, and the remainder 
divided by x. Then again, suppose rr=0, and we shall find 
B=b. In the same manner we find C^^, D=^dy Esse, ^. 
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(Art 120.) A binomial in the form of a+x may be put in 
the form of axfl^ — j; for we .have only to perform 
the multiplication here indicated to obtain a+x. H^nce 

(«+«)-=a«(n-?)'. 

• N6W if we can expand M-| — j 9 it will be sufficient to mul- 
tiply every term of the expanded series by a* for ihe expansion 
of (a-h^)*f but as every power or root of 1 is I, the first term 

of the expansion of(l-i~— ) ^ h and this multiplied by a" 

must give a* for the first term of the expansion of {a-^x)% what- 
ever m may be, positive or negative^ whole or fractional. 

As we may put x in place of -, we perceive that any bino- 
mial may be i^uced to the form of (1+^)9* w'hich, for greater 
facility, we shall operate upon. 

(Art. 130.) Let it be required to expand (1+^)"** when m is 
a positive whole number.' By actual multiplication, it can be 
shown, as in (Art 67.) that the first term will be 1, and the 
second term mx* For if m=2, then 

(l+a;)'»=(l+a:)*=l+2ar, &c. 
If m=3,. (l+a?)"'=l+3ar, &c 
And in general, {i+x)'*=l+mx+^a^^+Ba:^9 Sec. 

The exponent of x increasing by unity every term, and j9, 
Bj C, Sic.f unknown coefficients, which have some law of de* 
pendence on the exponent ffi,whichitis the object of this investi- 
gation to discover. 

(Art. 131.) Now if m is supposed to be a fraction, or if m=', 

the expansion of (1+^)* will be a root in place of a power, and 

1 

we must expand (l+a:)*". 1 

For example, let us suppose ra=3, then (l+a?)''«=(l+ip) f 
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and to examine the form the series would take, let us actually 
undertake to extract the square root of (1+^) hy the common 

mle. 

OPERATION. 

1 . 



l+ar(l+ia 



1 • 1 

2+a? — ia5« 

Thus we perceive that in case of square root, the first term of 
the series must be unity, and the coefficient of the second term 
is the index of the binomial, and the powers of x increase by 
unity from term to term. 

We should find the same laws to govern the ybrm of the series, 

if we attempted to extract cube, or any other root ; but, to be 

genera! and scientific, we must return to the literal expression 
1 

Now as any root of 1 is 1, the first term of this root must be 
1,'and the second term will have some coefficient to x» Let 
that coefficient be represented by p ; and as the powers of r will 
increase by unity every term, we shall have 

{i+xy=-i+px+ji3^. &c. 

Take the r power of both members, and we shall have 
1 +ar=(l +px+^a^y SLc.y 

A.S r is a whole number, we can expand this second mem«. 
ber by multiplication ; that is, by (Art. 130.), the second mem- 
ber must take the following form 

l-{'X=\-\-rpx-\-^^a^, &c. 
Drop 1, and divide by a?, and we have 
l=rp+-^'iP+» <fec. 

By (Art. 128.) l=iy o- ;?=-; 
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That is, the coefficient represented by p must be equal to the 
index of tlie binomial. 

1 

Therefore (l+a;)''=l + ^a:+^aj*+-ea:»+. <fec. ; the same 
general form as when the exponent was considered a whole 
number. 

(Art. 132,) If we take m=" we have to expand the root of 
a power. The first term must be 1, and the second term will 
contain a*, with some coefficient, and the coefficients of x will 
rise higher and higher every term. 

n 

That is, (l+a:)r = l+/>a?+.^a:^, &c. Take the r power of 
both members, and (l+a:)»=(l+/>«f Ac.)*"* 
Expanding both members, as in (Art. 130), 

l+naj+ooj*, ^.=l+rpx+^ai^, &c. 

Now, by (Art. 128), n=rp or ]»=-. 

n 

Therefore, (1 +x) '=1+ -x+^a^+Ba^, &c. ; the first two 

terms following the same law, relative to the exponents, as in the 
former cases. Now let us suppose m negative. Then 

(1+0?)" wiU become (l+g)-^== (Art. 18.) 

By actual division, i+mx+^a^, &c.) 1 (J— fiM?+«^'«*, &c. 

"■^mx — Aa^ 
— mx — m^a^ 

That is, (l+x)~*»=l — mx-\'A's]^y which shows that the same 
general law governs the coefficient of the aeoond temty as in the 
former cases. 

Hence it appears that whether the exponept tn of a binomial 
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be positive or negative^ whole or fractional^ the same general 
form of expression must be preserved. 

That is, in all cases (l+a?)*=l4-WM?+*fa^+jBa:», &c. 

(Art 133.) For clearness of conception, let the pupil bear in 
mind that the coefficients of an expanded binomial quantity 
depend not at aU on the magnitudes of the quantities themselvest 
bat on the exponent. Thus, (a+6) to the 5th, or to any other 
power, the coefficients will be the same, whether a and h are 
great or small quantities, or whatever be their relation to each 
other. 

(Art. 134.) The equation (l+a:)*=l+ma?+^a;'+^a', &c., 
is supposed to be true, therefore it must be true, if we square 
both members. But we have only a portion of one member. 
We have, however, as much as we please to assume, and suffi- 
cient to determine the leading terms of its square, which is all 
that we desire. Square bofli members, and (l+2a?+a^*=s 
{l+mx+A^+Bi^-^' Cx\ &c.)». 

By expanding the second member, and arranging the terme 
tocording to the powers of ar, we shall have 



n^ 



(l+2x+a»)«=l +2»w+^'^ 



^+2mw^ 



*'+2m.B 



&c. 



(1) 



Now if we assume y=2a:+^» the first member of this equa^ 
tion becomes (1+2/)™* If we expand this binomial into a series* 
it must have the same coefficients as the expansion of (1+a?)*, 
because the coefficients depend entirely on the exponent m, 
(Art. 133.) 

Therefore, (l+y)«=l+wy+./^t/«+J?y«+Cy, &c. 

Put the values of y^ ^, y^, &c., in this equation, and arrange 
fbe terms according to the powers of Xy and we have 



(l+2;p+^«=l+2ww:+;'*^ 






^+12J9 
16C 



a^, Ac. (2) 



The left hand members of equations (1) and (2), are identietl^ 
19 
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and the coefficients of like powers in the second member must 
be equal. (Art. 128.) 

Therefore, 4^+m^m*+2M, or ^=^-5 — =w»— 5- 

And S B+4^^2mJl+2B 

Therefore ^^=—-3 — —^^—2 3~ ^^^ 

By putting the coefficients of the fourth powers of x equal, 

we have 

UC+l2B+Ji^2mB+J^ 

To obtain the value of C from this equation, in the requisite 
form, is somewhat difficult. ' 

We must make free use of the preceding values of .^ and Bf 
which are alone sufficient; but, to facilitate the operation, wo 
shall make use of the following auxiliary. 

Assume P=m — ^2, then -P+l=ii^— 1, 

and — =m.~^=.^ (a) 

Also, by inspecting equation (3), we perceive that 

ZB^AF and ^mB^^H^ (ft) 

By putting the values of \2B and %'niB in the primitive eqoar 
tion, and dividing every term by A^ and in the second member 
taking the value of A from equation (a), a^d we shall have 

Multiply by 6, and substitute the value of 

84P-f 6=24m — 42, because P=iii— 2, and we have 

84 O 

_-4.24m— 42=4m/'+3mP+3m. 

Collecting terms, and dividing by 7, gives 
12 c 
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But Sm — 6=3P, which substitute and transpose, and 
^2^ =mP— 3/>=/>(m--3)- 



A 



AP(m—S)_^m — 1 m — 2 m — 3 



Or C^^^^'''-V^m 

12 2 3 4 

Therefore the development of (l-f-ar)"* must be " 

^f^ ^ni-2 mr-3^, . ^^ 
2 3 4^ 

whatever be the value of m, positive or negative, whole or 
fractional, and thus far the law of development has been demon" 
strated, and we infer, and can only infer, that this law will 
continue true, whatever be the number of terms. -^ Hence, the 
demonstration is complete, only so far as we extend it. 

This series will terminate when (m) is a whole positive 
number, but in all other cases it will be infinite. 

Few pupils, who pay attention, find difl&culty in compre- 
hending the preceding method of demonstration, and for that 
reason we preferred it ; but to the following demonstration, no 
objection as to completeness or perfection can be found. 

SECOND DEMONSTRATION. 
Assume (\+xy=^\+Ax+Bx'+Cx^+Dx*+ ttc. (1) 
Then (\+yy=\^Ay+£y^ + Cy^+Dy'+ dc. (2) 
By subtracting (2) from (1) and dividing the result by 
(x — y) we obtain 

(l+x)'-(l+ y)'_ ^,B(x»^'),C (x'^') _^ D(z'-y*) 
X — y X — y X — y x — y 

+ <te. (3) 
Place (1+«)=P, and(l+y)=e. (o) 

Then x — y=P — Q. Whence (3) becomes 

If we divide (x^ — y^ ) by (x — y) the quotient will term- 
inate with the second term, and (x^ — y^ ) divided by (a? — y) the 
quotient will terminate with its third term^ and so on. 
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Then if » is a whole number, -th© division of the first member 
as indicated will terminate with the n^ term of the quotient. 

Now, divide An the last equation as indicated, and after- 
ward suppose x=t/. It then follows that P= Q, and we have 
/>^i_|-i>°-2^-4-P"-' Q'-\- <tc. to n terms. And if P=© the 
whole quotient mmst be nP^ * for the first member. 

Whence, nP^^=^A+ZBx^Gx^-\-^Dx^'\'bEx^ ttc. 

But P =1-H- 

Multiply these two equations, member by member, and 
we shall have, 



nI^=A+StB 



But we perceive, by inspecting equation ( 1 ), that 

nP'=n+nAx+nBx'^+nCx^+fnDx^+ Jtc. 
By equating the right hand members of these two equa- 
tions, and observing that the coefficients of the like powers of 
r, must be equal, we shall have 

^B+A^nA or B^^aQi^ 
SC+^B^nB or C^bQ:^ 

4i>+3C7=n(7 or D=c(^^ 

(tc, , <tc. 

Whence -4=» 

2 
^ n — 1 n — 2 

2 3 
rv n — 1 n — 2 n — 3 
2 3. 4 

and so on, the law oif continuation being obvious from the 
equations, to whatever teem it m»y be extended. 

Thus the demonstration is complete when n is a whole posi- 
tive number. 

Now let n be an irreducible fraction, as -, 



UNOJIIAL THBOKBM. Stl 

(«) 



Then (!+«)' =l+J*+J*»+G»»+2>*« 



W 



And (l+y)'=l+^y+i>y»+(y+i)y« 

Hot assume (1+«)*=P and (l+y)^=C 
i ■ 

Then, (!+«)* =-?' " (1+y) *=C 

And 1+«=P* i+y=C* 

Whence * af--y=P»— C* (e) 

Kow if we subtract {b) from (a), and diyide the remainder 

by « — y, we shall have 

Kow divide numerator and denominator of the first member 
by (P — Q), and it will become 

^—Q ^ p^i+p^Q+, Ac. 
P>— €^ P«-f-P«-aC+, Ac 

Now, because « and t are whole numbers, the division in both 
numerator and denominator will be complete, and if we sup- 
pose nr=y, it follows that P=Q, and the results of the several 
divisions will be 



^^ = *. P =^+25a!-|-3C8t«-H2>««4., &o. (•) 



But F^ =!+«, 



Multiplying these equations, member bj member, vill 
prodnoe 

But by inspecting equation («), and observing that (l-|-«)t 



1 
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t P =l+l^a;+i^««4-- Gx^+, &o. {g) 

Equating (/) and {g), and operating as before, we find 

z t % z 

<fec. &c. 

The same law of development as before, and this completes tho 
demonstration for all positive fractional exponents. 

Now, let the exponent be a negative fraction. 
Then, (l-f«)-T=l4.JLr+^a?»+Cfc»+, &o. {a') 
( l+y)-T=l+Jy+^y«+Ci^»+, Ac. {h') 

■ HI i . 

Now assume, (14^)-t= P Then, (l+x)"^ = P^ 

Or, Pt=l+« 

In like manner, g*=>+y 

By subtraction, P^ — Q^ =ar — y 
Subtracting (6') from (a') and dividing by («— y), as in the 
other cases, we shall obtain 

The first member of this equation is 
1 1 
pT— o7 €■—/>' (p._^.) 



\ P-Q J -, P ' 



I p 



P'Q'/P'-Q*\ p.O'fiP*-') *^- 



'•«'(^') P^Q^iiP 
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But -'^^-i^ • 

tP^ t 

When the diyision is perfonned, and P supposed equal to Q. 
Whence, — i P"*^ =-4+2 Aj-j-S Gp« +, &o. 

But, P»=l+a?. 



Therefore, —Ip'^ ^A+^^x+^x" +, ito. 
But, —1 P"* =— l--i^ — i^a?« — , Ao. 



Whence, -4= — ^~ J?= — -._i , d^c. 

t * 2 ' 

and thus the dempnstration is shown to be complete, under 
all possible circumstances. 

We may use either of the three following forms :* 

(l-H:)-=l-H~:-l-«.?^V+«2^» '^*'+' *«• (») 
V «/ ^ a 2 a*^ 2 3 a» ^ ^ ' 

\ a/ \ a ' 2«* 23a/ 

&c. (3) 

z 2 3 

APPLICATION. 
I* Required the square root of (l-f-^)* 
Apply formula (1), making fn^=^\; then the development 
will be (i4^)i=,^^_il+ 3^_ 3.6^^ 



2.4 * 2.4.6 2.4.6.8 
The law of the series, in almost every case, will become 
apparent, after expanding three or four terms, provided we 
keep.the factors separate. 

* Id practical examples we may be required to expand (1 — x) as well as 
(1-f-x), and the exponent may be negative as well as positive. But in all 
cases the products in the second member must conform to the rules of mul- 
tiplication. 
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The above will be the coefficients for any. binomial square 
root (Art. 133 ) ; hence the square root of 2 is actually expre&sed 
in the preceding series, if we make a;=l. 

Then (l+l)'=¥l+i — — , &c. The square root of i »* 
expressed by the same series, when we make x=^2y &o. 

•• Required the cube root of (a+b) or its equal, afl-i — j 

I Formula (2) gives 

" V-^a) =" V^ Ba 3.6a» + 3.6.9«' ' 3.6.9.iaa" ^) 

This*expresses the cube root of any binomial quantity, or any 
quantity that we can put into a binomial form, by giving the 
proper values to a and 6. For example, required the cube root 

of 10, or its equaU 8+2. Here a=8, 6=2. Then a^s=2, 

and ^=i. 
a 

Therefore, a(i+ J^^.+g^^ Ac) is the cube root 
«f 10, and so for any other number. 

% Expand - — j- into a series, or its equal, (a—b)~\ 

A. Ebqpand {df+V) into a series, or its equal, «( l+;a) • 

•• Expand d(«*+«*) into a series. 

' /»«. '^fi «• 3a!« 8.6a- . \ 
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6. Expand (a' — x')* into a seiies. 

T. Expand (a+y) 

An.. 1-^+1^-?^+?^ 4o. 

8. Find the cube root of — ^ — 

ullW. 1 — + — , &C 

9. Find the cnbe root of 31. 
31=27+4=27^1+i.Y Ans. sA+iLV Place -i=a 

V ^3 27 3 6 (27)«^3 6 9 (27)'^, / 

10. Find the seventh root of 2245, or any other number, by 
the binomial theorem. 

N. B. Find by trial the greatest seventh power, less than tha 
given number, (2245), and divide the given number by it. 

Thus, 3' =2187 ??1^=1+JL.(2245)*=3(1+-^V 
2187 ^2187 ^ ^ ^ ^2187/ 

Ans. 3A+I. J? 1 YJLY+&C. \=:3.0U3574. 

V 7 2187 7.14 V2187/ ^ / 

11. Find the cube root of 9, by the binomial series. 

9=8(l-f4). Cube root, 2(1+})* 
♦ Ans. 2.080084. 

19. Find the cube root of 7, by the binomial series. 

7=(8— 1)=8(1— 4). Cube root, 2(1—^)* 

Ans. 1.912933. 

IS. Expand (a?— y)'*> into a series. 

n — 1 
Ans. «?■ — «a;*'*y+«.""2~a:"'*y^ — , &o 
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When n = — 1, thia series becomes 

14. Find an approidmate cube root of 100, by the binomial 
series. 

N. B. The nearest cube number to 100, is 126. 

/ 25\ 
Therefore, we place 100=126—26=126^^1—125/. 

Or, 100=126(1— J). Whence (100)*=6(1— J)*. 

Am. 4.641 69i nearly. 
Thus, by a little artifice, this series can be used to extract 
the cube (or any other root), of any number. 

15. Expand into a series. 

a-^-cx 

N. B. It is much easier to expand all such expressions as 
this, by actual division, than by the binomial theorem, and 
we take the example, merely to show that it can be expanded 
by the binomial theorem. 

The above expression is the same as 1 — j7^ • 

Place 5-|-c=m, then we are required to expand 



mx(a'^y or, —^l-^-i^J 



because n= — 1. 

But. (l-h^) =!+«-+»_.-,-+»— ..^ -^+'*«- 
Because «= — 1, this series becomes ^ 

a^ a' a' ^ a* a> 

this mnltiplied by —, and the product subtracted from 1, pro- 
a 

duces i_»!??+^_^+^_^. Ac. the result 

sought, when (ft+c) is written in place of m. 
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ie» Expand fxi, or its equal 1+ * , or its equal 

X — 1 X — 1 

1— « 

Ans. — 1— 2a?— .««•— 2a?»— 2ar«— , 4c,, dko. 

17. Expand dr(l — o?)-^ into a series. 

18. Expand (64+1 )* or its equal, 8( 14tV)*, into a seriM. 
N* B. This is the same as demanding the cube root of 66. 



CHAPTER n. 

. OF INFINITE SERIES. 

(Art 136.) An infinite series is a continued rank, or progrea- 
•ion of quantities in regular order, in respect both to magnitudes 
\ad signs, and they usually arise from the division of one quanti^ 
by another. 

The roots of imperfect powers, as shown by the examples in 
the last article, produce one class of infinite series. Some of 
the examples under (Art. 121.) show the geometrical infinite 
series. 

Examples in common division may produce infinite series for 
quotients ; or^ in other words, we may say the division is con- 
tinuous. Thus, 10 divided by 3^ and carried out in decimals, 
gives 3.3333, &c., without end, and the sum of such a series is 
8|. (Art 121.) 

(Art. 137l) Two series may appear very different, which arise 
from the same source ; thus 1, divided by 1+a, gives, as we may 
see, by actual division, as follows: 

l+a)> (1— a+a»— a»+fl^f &c. without end. 
l+a 



a^ 
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4]ao, a+l)l CL_^+^-_ij, Ac. without end. 



_1 

a 
Theie two quotients sq;>pear very different, and in respect to 
4ngle terms are so ; but in these divisions there is always a re- 
mainder, and either quotient is incomplete without the remam- 
der for a numerator and the divisor for a denominator, "^nd when 
these are taken into consideration the two quotients will be 
•quaL 

We may clearly illustrate this by ihe following example >~ 
Divide 3 by 1+2, the quotient is manifestly 1 ; but suppose them 
literal quantities, and the division would appear thus : 
1+2)3 (3— 6+12,&c. 
3+6 

--6 
—6—12 



12 
12+24 

«-24 

Agam, divide the same, having the 2 stand first 
2+1)3 (1— |+|,&c, 
3+1 




3 J_3 



Now let us take either quotient, with the real value of its re- 
mainder, and we shall have the same result. 
Thus, 8+12=15; and —6, and the remainder —24 divid 
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k>7 3» gives — 8, which make — 14 ; hence, the whole quotient 

I8l 

Again, l+f =V» and— I— V=f 
Hence, y — J=|=l, the proper quotient. 

If we more closely examine the terms of these quotients, we 
shall discover that one is diverging^ the other eonvergingy and 
by the same ratio 2, and in general this is all a series can show, 
the degree of convergency. 

(Art. 138.) We convert quantities into series by extracting 
the roots of imperfect powers, as by the binomial, and by actual 
division, thus : 

1. Convert — ; — into an infinite series. 

a+x 

Thus, a+x)a (l_?+^^+, &c. 
a or cr 

a+x 



a 



a 

%• Convert — into an infinite series. 
a — X 

X 35^ 35* 

An,. l+_+_+_&c 

Observe that these two examples are the same, except the 
signs of X : when that sign is plus the signs in the series will be 
alternately plus and minus ; when minus, all will be plus. 

8. What series will arise from ? 

1 — X 

An8. l+2x+2a*+2aj' &c 
Observe that in this case the series commences with 2a?. The 

unit is a proper quotient, and the series arises alone from 

ihe remainder after the quotient 1 is obtained* 
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4. What series will arise from -rr-:i t 



/\ ^ ^ ^ 



7^ a?* 



Observe, in this example, the teroi x^ in the numerator does 
not find a place in the operation ; it will be always in the re- 

mainder ; therefore, ^ will give the same series. 

5* What series will arise from dividing 1 by 1 — a+fl^, or 
from Tj nrr^ '^'^* ^+^ — ^ — rt*+a^+a' — ^ — a*^ &'C» 

In this example, observe that the signs are not alternately plus 
and minus, but two terms in succession plus, then two minus ; 
this arises from there being two terms in place of one after the 
minus sign in the divisor. 

6. What series will arise from ? 

Observe that this is the regular geometrical series, as appears 
in (Art. 118.) 

7. What series will arise from - — -r ! 

Am. 1+1+1+1, Ac 
That is 5 is 1 repeated an infinite number of times, or infinity, 
a result corresponding to obseivations under (Art. 60.) 
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©• What series will arise from the fraction j- ? 

a — 6 

If a=6, this series will be -, repeated an infinite number of 

limes. 

This series can also be expanded by the binomial theoreniy 

for -— -=A(a — b) . This observation is applicable to seve- 
ral other examples. 

(Art. 13dr) A fraction of a complex nature, or having com- 

1—27 

pound terms, such as - — — -,, may give rise to an infinite 

series, but tliere will be no obvious ratio between the terms% 
Some general relation, however, will exist between any one term 
and several preceding terms, which is called the scale of relet* 
^ton^ and such a series is called a recurring series. Thus 
the preceding fraction, by actual division, gives 14-a:+5a?*+ 
13a;*+41a:^4"^21a;^, &c., a recurring series, which, when carried 
to infinity, will be equal to the fraction from which ,it is derived. 

■ Expand j^ into a serie. 

CHAPTER in. 

SUMMATION OF SERIES. 

(Art, 140.) We have partially treated of this subject in geo- 
metrical progression, in (Art. 121) ; the investigation is now 
more general and comprehensive, and the object in some respects 
different. There we required the actual sum of a given number 
of terms, or the sum of a converging infinite series. Here the 
series may not be in the strictest sense geometrical, and we may 
not require the sum of the series, but what terms or fractional 
quantities will produce a series of a given convergency., 
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The object then, is the oonveise of the last chapter ; and for 
every geometrical series, our rule will be drawn from the sixth 

example in that chapter ; that is, •; , a being the first term 

of any series, and r the ratio. We find the ratio by dividing 
any term by its preceding term. 

Hence, to find what fraction may have produced any geomet- 
rical series, we have the following rule: 

Rule. Divide the first term of the series by the (dge* 
braic difference between unity and the ratio. 

EXAMPLES. 

1. What fraction will produce the series 2, 4, 8, 16, ^? 

o 

Here a=s2, and r=2 ; therefore, ^ — - Jim 

1^—3 

9« What fraction will produce the series 3 — 94*27 — 81, ^.f 
Here a=St and r = — 3 ; then — r=3. 

Hence, ^rrv •^'»«« 

8« What fraction will produce the series y'^, j^^^ &e t 
Here a=j^, and r=jV5 therefore, 

1 y*u 10 10 1 9 3 

4« What fraction will produce the series, 
1 1-^ — ^, &C, ? [See example 1, (Art. 138.)] 



Here a=l, and r = ; then =— j — , jSlns 

a .X a-f-a? 

a 

5. What fraction will produce the series. l+2j?+2a^+2ar*, 
&c. ? [See example 3, (Art. 138.) and the observation in con' 
nection.] 
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Here a=2xy r=x ; then r , will give all afler tlie first 

term: therefore. l+j?^=J±?. ^n,. 

1— <C 1 — X 

6. What fraction will produce the series 3'+"j'~'~« » 

!• What fraction will produce the series t+-ts — I — n— > &c. 



b — QX 
8« What fraction will produce the series 

9* What fraction will produce the series 

l+a—(^—ti*+d'+a'—(^—4i^ &c.t 
See example 6, (Art. 138.) 

Put l+a=6; then c^-^-c^^^c^b^ and c^-^-cP^^cfb^ and the 
series becomes b — <fb+M — j &c. 

XT 1. ^ ' . J . ^ l+« 1 
Hence, the fraction required is ,. = .. =- -7^. 

Itf! What fraction will produce the series x+af+aff Ac T 

X 

1 — X 
If «»1, this expression becomes - — r'^/;* ^ symbol of in* 
finity 
11. What fraction will produce the series 1+ J+^ji &c. ? 

1 6 



wfn^. 



1— J 6—3 



Hence, the sum of this series, carried to infinity, is 2i, 
20 



I 
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In the same manner, we may resolye eyejry question in (Art 
121.) 

19* What is the sum of the series, or what fraction will pro- 
duce the series 1 — a+o*— ^r^+a* — o'+fl^— » ^« ^ 

I^ What is the value of the infinite series 

o o A 

RECURRING SERIES. 

^Art 141.) We have explained recurring series in (Art 139.) 

and it is evident that we cannot find their equivalent fractions 

by the operation which belongs to the geometrical order, as no 

common relation exists between the single terms. The fraction 

l+2x 
-T ~^» ^y actual division, gives the series l+3a?+4a:*+7x* 

4-11^+182)', dec, without termination ; or, in other words, the 
division would continue to infinity. 

Now, having a few of these terms, it is desirable to find a 
method of d^ucing the fraction. 

There is no such thing as deducing the fraction, or in fact no 
firaction could exist corresponding to the given series, unless 
order or a law of dependence exists among the terms ; therefore 
some order must exist, but that order is not apparent 

Let the given series be represented by * 

A'}rB+C+D+E'\^F, &c. 

Two or three of these terms must be given, and then each sue 
eeeding term may depend on two or three or more of its pre« 
ceding terms. 

In cases where the terms depend on two preceding terms we 
may have 

I)=mCx'\-nB3C^ /j\ 

E=mI)x+nCa^ ^ ^ ' 



w 
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In cases where the terms, or law of progression depend on 
three preceding terms we may have 

I)=m Cx+nBa^+rJix* 
E=mDx+n Ca^+rBji* 
F=^m Ex+nDa^+r Cir» 
&c.=^. 

The reason of the regular powers of x coming in as factors^ 
will be perfectly obvious, by inspecting any series. 

The values of m, n and r express the unknown relation, or law 
tiiat governs the progression, and are called the scale of relation 
We shall show how to obtain the values of these quantities in a 
subsequent article. 

(Art. 142.) Let us suppose the series of equations (1), to be 
extended indefinitely, or, as we may express it, to infinity, and* 
add them together, representing the entire sum of wf+-^+ 
C+D^ iic.^ to infinity, by S ; then the first member of the 
resulting equation must be (S — Jl-^B)^ and the other member 
18 equally obvious, giving 

S'--A~B:^fnx(S—A)'\'n3fS 

In the same manner, from equations (2), we may find 
^_A+B'\-C--{Ji-\-B)mx—An7* ,,. 
^ n^a:-n:c«-;? ^^^ 

(Art. 143.) The form of a series does not depend on the 
value of X, and any series is true for all values of x. Equations 
(1) then, will be true, if we make x=\. 

Making this supposition, and taking the first two equations of 
(he series (1), we have 

0=mB+nJi ) (c) 

And J)=mC+nB ) 

in these equations, J?, B, C\ D, are known, and m and n on- 
known ; but two unknown quantities can be determined from two 
6qualu>n8 ; hence m and n can be determined 
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When the scale of relation depends upon three terms, we 
take three of the equations (2), making :r=l, and we determine 
m, n, and r, as in simple equations. 

EXAMPLES. 
1* What fraction will produce the series 

To determine the scale of relation, we have JSl^l^ BsssB^ 
0=4, and D=:7. Then from equations (c), we have 
n+3m==4 
3n+4m=7 
These equations give m=lt and n=l. 
Now to apply the general equation (a), we have A=if B^^dx* 

Then s^-f+g-m.gx^l+3^^ 1+2. ^^^ 
1 — mx — na^ 1 — x — ar 1 — x — ar 

9. What fractional quantity will produce the series 
l+6a?+12a*+48aj*-f 120a;*, &c., to infinity ! 
Here ^=1, jB=da?, m=l, n=6. 

Hence, by applying equation (a), we find - — ^ ^ for lfa« 
expression required. 

%• What quantity will produce the series 

l+Bx+ba^+73^+9A to infinity ! l+« 

4U What quantity will produce the infinite series 
l+4r+6a!»+lla*+28a?*+63«», &c. ! in which m=2, n=»— 1, 

[Apply equaUon (6).] ^rw. l._^,--J^. 

ft* What fraction will produce the series • 

l+a?+6a*+13«»+41a?«+121«", &c.? 



REVERSION OF A SERIES. 
6. What fraction will produce the series 

l+Sx+2oi^~a^'^a^—2j^+a^, &c.? 



887 



l+2x 
1 — x+x^' 



REYERSION OF A SERIES. 

(Art. B.) To revert a series is to express the value of the un- 
known quantity in it, (which appears in the several terms ^der 
regular powers,) hy means of another series involving the powers 
of some other quantity. 

Thus, let X and y represent two indeterminate quantities, and 
the value of y be expressed by a series involving the regular 
powers of x. That is 

y=ax+bx^+ca^-\'dx!* 4tc. 

To revert this, is |o obtain the simple value of x, by means 
of another series containing only the known quantities, a, 6, Cv 
df ^. and the powers of y* 
To accomplish this, assume 

x=J2y+Bf+Cy^, &c.» 

Substitute the assumed value of x for x, ot^, a^^ ^., in the pro* 
posed series, and transposing y, we shall have 



0= 



(a^ ly+a^ ly'+aC 
— 1| +M*| +2b^B 



y^+aD 
+2b^C 
+bB' 
+3 c^B 
+dJP 



* By examining previous authors, we have found none that explain the 
rationale of such assumptions : but these are points on which the learner 
lequires the greatest profusion of light. We explain thus : the term x must 
ha^e some reilue, positive, nee^clmle, or zero, and the series Ay-\'By^^Cy*^ 
Sec, can be positive and of any magnitude. It can be negative, and of any 
magnitude, by giving the coefficients A, B and C, negative values. It can be 
«ero by making y=0. Therefore it can express the value of a;, whatever that 
may be ; and because tiie powers of y are regular, the- substitution of thii 
talue of X for the sereral powers of a!, in the primitive series, will convmt 
that serifls into regular powers of y, which was the object to be accomplished. 
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Ab every term contains y^ we can reduce the equation by 
dividing^ by y ; and afterwards, in consideration that the equation 
must be true for all values of y : making y=0, we shall have 



0^—1=0 



or 



a 



Continuing the same operation and mode of reasoning as in (Art 
128.)» and we shall find, in succession, tliat 



{F) 



a 



J5=. 



C= 



Z>=- 



W—at 



^. = ilQ, 



Substituting these values of w^, B^ C, &c., in the assurAed 
equation and we have the value of x in terms of a, 6, c, ^1:^ 
and the powers of y as required, or a complete reversion of the 
series. 

EXAMPLES. 

1. Revert the series y=a?-|-a:"+j:*, &c. 
Here a=l 6=1 c=l, &c. 
Assume a?=wfy+JBy+Cy+&c. 

Result, a?=y— ^+y*— y+y*— Ac. 



9. Revert the series 



2 ■ 3 

Here a=l 6= — J c=} rfs= — J &c. 

Assume y=w^x+^aj*+C'a:*+/>a^+ &c., and find 



the values of A^ B, C, &c., firom the formulas {I), 
Result, y=a:+ 



1.2 * 1.2.3 ' 1.2.3.4 



itc 
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S. Revert the seiies y=a:+3a:'+5a^-|-7a?*+9a?^, Ac. 

Result ar=y— 3y*+13y«— 67y*. 

Li case the given series is of the form of x^=ay-\-b^-\-cj^^ 
&c., the powers of y varying by 2, the equations {F) will not 
apply, and we must assume y=./ia:+'!5x*+C'aj*, 4tc., and sub- 
ftitute as before, and we shall find 

^= i 

a 



(G) 






/7= ^^—^^ 



j^_ {l2b^+(^dSabc) 



In common cases, after the coefficients, as far as /), are deter* 
mined, the law of continuation will become apparent, especially 
if the factors are kept separate. 

CHAPTER IV 
EXPONENTIAL EQUATIONS AND LOGARITHMS, 

(Art. 144.) We have thus far used exponents only as known 
quantities ; but an exponent, as well as any other quantity, may 
be variable and unknown, and we may have an equatioi in the 
form of c^=^b. 

This is called an exponential equation, and the value ot r can 
only be determined by successive approximations, or by making 
use of a table of logarithms already determined. 

(Art. 145.) Logarithms are eocponents. A given constant 
number may be conceived to be raised to all possible powers, and 
thus produce all possible numbers ; the exponents of such pow- 
ers are logarithms, each corresponding to the number produced. 

Thus, in the equation a'=b9 x is the logarithm of the number 
b ; and to every variation of a?, there will be a corresponding 
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▼ariation to b; a is constant, and is called the base of the sys 
tern, and differs only in different systems. 

The constant a cannot be 1, for every power of 1 is 1, and the 
variation of a? in that case would give no variation to b ; hence, 
the base of a system c»nnot be unity ; in the common system it 
is 10. 

In the equation 10? =2, x is, in value, a small fraction* and 
is the logarithm of the abstract number 2. 

In the equation a^^=6, if we suppose x=l, the equation becomes 
a^=a; that is, the logarithm of the base of any system is unity. 

If we suppose x=0, the equation becomes aP=l ; hence, the 
logarithm of 1 is 0, in every system of logarithms. 

(Arti 146.) The logarithms of two or more numbers added 
together give the logarithm of the product of those numbers^ 
and conversely the difference of two logarithms gives the Uh 
garithm of the quotient of one number divided by the other. 
For we may have the equations a*=6, a^^b\ and (f==b"» 
Multiply these equations together, and as we multiply powers 
by adding the exponents the product will be 

Hence, by the definition of logarithms, a:4-y+^ is the loga* 
rithm for the number represented by the product bb'b". Again* 

divide the first equation by the second, and we have ^3t*^=r-,f 

and from these results we find that by means of a table of loga- 
rithms multiplication may be practically performed by addition^ 
and division by subtraction, and in this consists the great utility 
of logarithms. 

(Art. 147.) In the equation a*=6, take a=10, and x succes- 
sively equal to 0, 1, 2, 3, 4, &c. 

Then 10^=1, 10^=10, 10*=100, 10«=1000, &c. 
Therefore, for the numbers 
1, 10, 100, 1000, 10000, 100000, &c., we have for corres- 
ponding logarithms 

0, 1, 2, 3, 4, 5, &0. 
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Here it may be observed that the numbers increase in geometri- 
cal progression, and their logarithms in arithmetical progression. 

Hence the number which is the geometrical mean between two 
given numbers must have the arithmetical mean of their lo- 
garithms, for its logarithm. 

On this principle we may approximate to the logarithm of any 
proposed number. For example^, we propose to fiand the kh 
garithm of 2. 

This number is between 1 and 10, and the geometrical mean 
between these two numbers, (Art. 122.), is 3.16227766. The 
arithmetical mean between and 1 is 0.5 ; therefore, the number 
3.16227766 has 0.5 for its logarithm. 

Now the proposed number 2 is between 1 and 3.162, ^.,and 
the geometrical mean between these two numbers is 1.778279, 
and the arithmetical mean between 0. and 0.5 is 0.25 ; therefore* 
the logarithm of 1.778279 is 0.25. 

Now the proposed number 2 lies between 1.778279, and 
3.16227766, and the geometrical mean between them will fall 
near 2, a little over, and its logarithm will be 0.375. Continuing 
the approximations, we shall at length find the logarithm of 2 to 
be 0.301030, and 'in the same manner we may approximate to 
the logarithm of any other number, but the operation would be 
very tedious. 

(Art. 148.) We may take a reverse operation, and propose a 
logarithm to find its corresponding number; thus, in the general 
equation €^=n; x may be assumed, and the corresponding value 
of n computed. 

3 

Thus suppose a:=y\ ; then (10) "^^=n, or 10'*=n". 



Hence, n=w7 1000=1 .9952623 15. 

That is, the number 1.9952, &c., (nearly 2) has 0.3 for its 
logarithm. In the same way we may compute the numbers cor- 
responding to the logarithms 0.4, 0.5, 0.6, 0.7, &c. 

(Art 149.) We may take another method of operation to find 
the logarithm of a number. 
21 
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Let the logarithm of 3 be requhred. 
The equation is 10^=3, the object is to find x. 
It is obvious that x must be a fraction, for 10^=10 ; there 
fore, 

1 h 

Let ap=— . Then 10 =3, or 10=3"'. Here, we perceive, 

OB* 

thai 9^ must be a little more than 2. MajLe x'=2-| — - Then 

Hi'* ^ \0 

3«X3 =10; or 3 =—. 

•7* • 



Or 



©■■=« 



Here we find by trial that x" \A between'lOand 11 ; take it 10, 
and a?'=2+Tir 5 lience, a:=|^=0.476, for a rough approxima- 
tion for the logarithm of 3. A more exact computation gives 
0.4771213; but all these operations are exceedingly tedious, and 
to avoid them, mathematicians have devised a more expeditious 
method by means of a coh verging series ; which we shall inves* 
tigate in a subsequent article. 

(Art. 150.) It is only necessary to calculate directly the lo» 
garithms of prime numbers, as the logarithms of all others may 
be derived from these. Thus, if we would find the logarithm 
of 4, we have only to double that of 2 ; for, taking the equation 
(10)*=2, and squaring both members we have, (10)**=4 ; or 
taking the same equation, and cubing both members, we have 
(10)^=8 ; which shows that twice the logarithm of 2 is the 
logarithm of 4, and three times the logarithm of 2 is the loga- 
rithm of 8 ; and, in short, the sum of two or more logarithms 
corresponds to the logarithm of the product of their numberst 
(Art. 142.), and the difierence of two logarithms corresponds to 
tiie logarithm of the quotient, which is produced from dividing 
one number by the other. 

Thus, the logarithm of ^ = log. a — log. 6. Tae abbrevi^ 
tion, (log. a), is the symbol for the logarithm of a. 
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(Art 151.) As the logarithm of 1 is 0, 10 is U 100 is 2, &c., 
we may observe that the whole number in the logarithm is one 
less than the number of places in the number. 

The whole number in a logarithm is trailed its characteriatiCf 
and is not given in the tables, as it is easily supplied. For ex- 
ample, the integral part of the logarithm of the number 67430 
must be 4, as the number has 5 places. The same figures will 
have the same decimal part for the logarithm when a portion of 
them become decimal. 

Thus, 67430 logarithm 4.82885 



6743.0 


3.82885 


674.30 


2.82885 


67.430 


1.82885 


6.7430 


0.82885 


.67430 


—1.82885 



For every division by 10 of the number, we must diminish 
the characteristic of the logarithm by unity. 

The decimal part of a logarithm is always positive ; the index 
or characteristic becomes negative^ when the number becomes 
less than unity. 

By reference to (Art, 18.), we find that —=10""', 17^=^175=* 

10"', &c. That is : fractions may be considered as numbers 
with negative exponents, and logarithms are exponents ; there- 
fore the logarithm of — , or .1, is — 1 ; of -— , or .01, is — ^2, 

&c. If any addition is made to .01 the logarithm must be more 
than — 2 ; but, for convenience, w^ still let the index remain 
—2, and make the decimal part plus. Hence the index alone 
must he considered as minus. 

Negative numbers have no logarithms; for^ in fact, as we 
haj)e before observed, there are no such numbers. 

(Art. C.) We now design to show a practiced method of com* 
puting logarithms. The methods hitherto touched upon were 
only designed tcf be explanatory of the nature of logarithms ; but, 
to calculate a table', by either of those methods, would exhaust the 
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patience of the most indefatigable. To arrive at easy practical 
results requires the clearest theoretical knowledge, and we must 
therefore frequently call the attention of students to first prin- 
ciples. 

The fundamental equation is .0^=6, in which a is the con 
stant base and x is the logarithm of the number b ; and b may 
be of any magnitude or in any form, if it be essentially positive. 

Now we may take a=l+c and 6=1 H — 

Then the fundamental equation becomes (l4-c)*=(l-^ — j (1) 

Here a:=log. (l+^)=log.(^)=log.(;>+l)~log.p(2) 

Raise both members of equation (1) to the nth power, then 
we shall have 



(i+c)-=(i+iy 



Expand both members into a series by the Binomial Theorem^ 

Then 1 +nxc+nx . — ~ — cF+nx . — - — . — - — c*+ 
2 2 3 

nx — 1 nx — 2 nx — 3 - , . , • 1 • n — 1 1 , 

n — 1 n — 2 1 , n — 1 n — 2 n — 3 1 , . 
«-2— 3-.^+n-2-.^--^.^+, &c. 

Drop unity, from both members, and divide by n, then we have 

(, nx — 1 ^ , nx — 1 nx — 2 . , nx — 1 nx — 2 nx — 3 . 
c+^-c«+-— . -^-c'+-2- . -3- . - j-c« 

,. \ __ l^ n— 1 1 ^ n—l ri—2 I ^ n— -1 n— 2 n — 3 1 

-T&^'j - --i- 2 >«'^~r'*~T~y"*""2~-~r-~ir-^ 

+, &c. 
This equation is true for all values of n. It is, therefore, true 
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whe^ n=sO. Making this supposition and the above equation 
reduces to 

/ i^,(» C*,C».\1 1,11 1.1 J,, ZA 

V 2 '3 4^6 J p 2p^'^Sji^ 4p*^&f^ ^ ' 

As c remains a constant quantity for all variations of x and/>» 
ihe series in the vinculum may be represented by the symbol Af 

Then xJlf= 7r-»+ »* — ^ 4 +^Li—f *«• (3) 

Take the ralue of x from equation (2), and substitute it in 
equation (3), 

Thenpog.(p+l)-log.rfM=i-^+3ir-l+,&c (4) 

Again, we may *haye the fundamental equation (l+ey^^ 
( 1 \ in which y is the logarithm of ( I \ the same as m 

w«.af(l+l). 

Or y=log.(?=i)=log.(p-l)-log. p. (B) 

Operatingr on the equation (l+c)'=l , the same as m 

did on equation (1), we shall find 

[log.(;^l)-4og.rf^=^-lp-3^-lr-.&c (6) 

Subtract equation (6) from equation (4), and we obtain 

Qog.(/»+l)-Iog.(;^l)]M=8(l+±+li+^^&c.) (7) 

Dividing by M^ and considering that log.f^ — - )=*log.(p+l)- • 
log.(/i— 1), the equation can take this form 
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As p may be any positive number, greater than 1, make 
P — =-=1-1 — . Then /i==2z+l, and equation (8) bc^mes 

lag.(^)=log.(;r+i)-4og.^= 



^2z+l ^3(2z+l)» ' 6{2z+lf 

By this lasi equation we perceive that the logarithm of (^r+l) 
will become known when the log. of z is kndwn, and some 
value assigned for the constant M, Baron Napier, the first dis- 
coverer of logarithms, gave M the arbitrary value of unity, for 
the sake of convenience. 

Then, as in every system of logarithms, the logarithm of 1 ii 
0» make z=lf in equation (9), and we shall have 

lcg.2=aQ+3^+^+. &c.)=.0.09314718. 

This is called the Napierian logarithm of 2, because its magni- 
tude depends on Napier's base, or on the particular value of M 
being unity. 

Having now the Napierian logarithm of 2, equation (9) will 
give us tiiat of 3. Double the log. of 2 will give the logarithm 
of 4. Then, with the log. of 4, equation (9) will give the loga- 
rithm of 5, and the log, of 5 added to the log. of 2, will give the 
logarithm of 10. 

Thus the Napierian logarithm of 10 has been found to great 
exactness, and is 2.302585093. 

The Napierian logarithms are not convenient for arithmetical 
computation, and Mr. Briggs converted them into the common 
logarithms, of which the base is made equal to 10. 

To convert logarithms from one system into another^ we 
may proceed as follows : 

Let e represent the Napierian base, and a the base of the 
oommon system, and iVahy number. 
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Also, let X represent the lo^rithm of JV, corresponding to 
the base a, and y the logarithm of iV, corresponding to the 
base e* 

Then a"=JV. 
and «»=iV: 

Now, by inspecting these equations, it is apparent that if the 
base a is greater than the base e, the log. x will be less than the 

These equations give ii^=(?. _ 

Taking the logarithms of both members, observing that x and 
y are logarithms already, we have 

xlog.a=ylog,e. 

This equation is true, whether we consider the logarithms 
taken on the one base or on the other. Conceive them taken on 
the*common base, then 

log.a=l, and x=y\og^ (10) 

or log.c=--. 

In this equation x and y must be logarithms of the same num- 
ber, and therefore if we take x=lj which is the logarithm of 
10, in the common system, y must be 2.302585093, as pre- 
viously determined. 

Hence log.o=2—L._=o.434294482.... (U) 

This last decimal is called the modulus of the common sys- 
tem ; for by equation (10) we perceive that it is the constant 
multiplier to convert Napierian or hyperbolic logarithms into 
common logarithms. 

But equation (9) gives Napierian logarithms when M=l; 
Uicrefore the same equation will give the common logarithms by 
causing M to disappear, and putting in this decimal as a factor. 

Equation (9) becomes the following formula for computing 
common logarithms : 
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]og.{z+l)—log.z^ 



0.86858896(-L_+_i_,+-^-±_^-+. &c.) (/^ 

To apply this formula, assume jzrslO. Then 
log. z=l, and 22r+l=r21. • 



21 

21*:=441 

441 



0.86858896 

0.041361379-M = 0.041361379 

93792-7-3 = 31264 

212-^5 = 42 



.041392685=sum of senoB. 
Iog.l0= 1.0 

log.{z+l)= 1.041392685=log.ll. 

If we make ar— 99, then (z+l)=100, ai\jl log.(z+l)=sa, 
and 22:+l=:199. 



. 199 
39601 



0.86858896 

436477-1-1 =0.00436477 
11-1-3= 4 



0.00436481 =sum of series. 



* Hence 2.00000— log.99=0.004d6481 
By transposition log.99= 1.995635 19 

Subtract log.l l=1.04139269=log.ll 

log. 9=0.95424234 
ilog.9=log. 3=0.477121 17=log.3. * 

Thus we may compute logarithms with great accuracy and 
rapidity, using the formula for tlie prime numbers only. 

By equation (11) we perceive that the logarithm cf the Na- 
pierian base is 0.434294482 ; and this logarithm corresponds to 
the number 2.7182818, which must be the base itself. 

We may also determine this base directly : 

In tlie fundamental equation (1), the base is represented by 
(1+c). In equation (A), c must be taken of such a value as 
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e* c* ^ 
shall make the series e — ^r-+r — j+9 ^c, equal to 1. Bat to 
« 3 4 

determme what that value shall be, in the first place, put 
& & ^ 

Now by reverting the series (Art. R), we find that 



.^^^ 



1.2 * 1.2.3 ' 1.2.3.4 



, k^. 



But, by hypothesis, the series involving c equals unity that iS| 
y=l. Therefore 



c=l- 



I 



1.2 ' 1.2.3 * 1.2.3.4 



, ^. 



By taking 12 terms of this series, we find (l-|-c)=2.7182818, 
the same, as before. 

TABLE I.— LOGABITHMB FROM 1 TO 100. 



N. 


Lof. 


N. 


Log. 


N. 


w. 


N. 


Log. 


1 


000000 


26 


1 414973 


51 


1 707670 


76 


1 880814 


3 


301030 


27 


1 431364 


52 


1 716003 


77 


1 886491 


3 


477121 


28 


1 447158 


63 


1 724276 


78 


1 892095 


4 


602060 


29 


1 462398 


54 


1 732394 


79 


1 897627 


6 


698970 


30 


1 477121 


66 


1 740363 


80 


1 903090 


6 


778151 


31 


1 491362 


66 


1 748188 


81 


1 908485 


7 


845098 


32 


1 606160 


57 


1 766875 


82 


1 913814 


8 


903090 


83 


1 618614 


58 


1 763428 


83 


1 919078 


9 


954243 


34 


1 531479 


59 


1 770862 


84 


1 924279- 


10 


1 000000 


35 


1 544068 


60 


1 778151 


86 


1 929419 


11 


1 041393 


1 36 


1 556303 


61 


1 785330 


86 


1 934498 


12 


1 079181 


' 37 


1 668202 


62 


1 792392 


87 


1 939519 


13 


1 113943 


1 38 


1 679784 


63 


1 799341 


88 


1 944483 


14 


1 146128 


< 39 


1 691065 


64 


1 806180 


89 


1 949390 


16 


1 176091 


40 


1 602060 


66 


1 812913 


90 


1 964243 


16 


1 204120 


1 41 


1 612784 


66 


1 819544 


91 


1 969041 


17 


1 230449 


' 42 


1 623249 


67 


^ 1 826076 


92 


1 963788 


18 


1 266273 


43 


1 633468 


68 


1 832609 


93 


1 968483 


19 


1 278764 


i 44 


1 «43463 


69 


1 838849 


94 


1 973128 


30 


1 301030 


; 45 


1 653213 


70 


1 846098 


96 


1 977724 


21 


1 322219 


46 


1 662578 


71 


1 851258 


96 


1 982271 


• 22 


1 342423 


1 47 


1 672098 


72 


1 857333 


97 


1 986772 


23 


1 361728 


' 48 


1 681241 


73 


1 863323 


98 


1 991226 


24 


1 380211 


49 


1 690196 


74 


1 869232 


99 


1 996636 


26 


1 397940 


60 


1 698970 


75 


1 876061 


100 


2 000000 



S50 
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TABLE II. — LooABiTHHS OF Leadinq Numbers without Indices. 



N.ioo. 



OOOUOO 
000434 
000667 
001301 
001784 
002166 



003029 
003461 
003891 



2f. 101. 



004321 
004760 
005881 
006609 
006038 
006466 
006894 
007321 
007748 



N.J(W 
008600 
009026 
009461 



N. 103. 
012837 
013269 
013680 



0098761014100 
0103001014621 
010724014940 
0111471016360 
011570:016779 
011993 016197 
008174 012416 1016616 



N.10 4. 
017033 
017461 

017868 



N. 105.1 N. 106. 



0211891026306 
021603 026716 



022016 



018284:022428 



018700 
019116 
019532 



022841 



N. 107. 



026126 
026653 
026942 



023262 027350 



023664 



019947,024075 
020361 024486 
020775 1024896 



027767 
028164 
028671 
028978 



029384 
029789 
030196 
030600 
031004 
031408 
031812 
032216 
032619 
033021 



033424 



N.10& 



034227 
034628 
036029 
036430 



N.109 



037426 
037826 
038223 



039017 
039414 



035830039611 
036230,040207 
036629 040602 
0370281040998 



(Art. 161a.) The preceding tables are sufficient to give us 
the logarithms of any number whateyer, proyided we under- 
stand the theory of logarithms, and are able to use a few prac- 
tical artifices. 

If to this Khowledge, and these artifices, we add the formula, 
we can with ease find the log. of any number, howeyer large, 
or howeyer small, to any required degree of accuracy.* 

We can, in fact, find the logarithm of any number, very 
nearly, by Table I. 

ILLUSTRATIONS.- 
1. We require the logarithm of 520; but 520 is not in the 
table, 52 and 10 are. 

Log. of 52 is 1.716003. 
Log. of 10 is 1.000000. 



Log. of 520, therefore, is 

2 The logarithm of 5.2 is. 
And of .52 is 



2.716003. 

0.716003, 
—1.716003, Ac, Ac. 



3. WhcU is the logarithm q/* 146 ? 

146=73X2. Whence log. 73, 1.863323 
log. 2, 301030 

Log of 146 is 2.164363 

*It is very bad policy to give a learner the lise of voluminoas tables j 
such tables are made to supply the place of theory, and of thought, dm.' 
tract ed tables, like these, ai*e the best educators. 
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4. What is the logarithm of 3244 ? 

3240=60-54. 3250=65-60. 

Log. 60, 1.778151 Log. 65, 1.812913 

Log. 54, 1.732394 Log. 50, 1.698970 

Log. 3240, is 3.510545. Log. 3250, is 3.511883. 

(Art. 1515.) Here we have the logarithm of 3240, and of 
3250 ; and the number 3244 is intermediate, therefore its loga- 
rithm must be intermediate between 3.510545 and 3.511883. 
The diffei:ence between the two extreme numbers is 10, and 
the difference of their logarithms is .001338. 

Therefore, by proportion, 10 : .001338 : : 4. 

That is ^\ths of the difference of the known logarithms is 
the correction to add to the less logarithm to obtain the loga- 
rithm sought. 

Whence to log. 3240 3.510646 

Add .0001338X4 536 

Log. of 3244 is 3.511080 
This example shows that Table I., and the true theory of 

logarithms, are sufficient to find the logarithm of any number 

whatever. 

ANOTHER METHOD. 
(Art. 161c.) When the number is large, as in the present 

example, the first term of the series will be the increase of the 

logarithm corresponding to one ; four times this would be the 

increase corresponding to four, and so on. 

The logarithm of 3240 is 3.510546, as before found, and 

here 15=3240, and 22r+l=6481, 

. .86858896 

Whence, — wj-q~i =0.000134 

6481 • • 

Whence to log. 3.640645 

Add 0.000134X4 536 

Log. 3244 3.511081 

And the two methods agree — the first may be clearest to a 
learner, but the second is more brief and scientific. 



I 
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(Art. IBld.) Table II. requires some explanation. Tlie 

numbers are at the top and side, and only the decimal part of 

the logarithm is contained in the table. The operator, in each 

particular case, will supply the index, according to the theory 

of logarithms. 

EXAMPLES. 

1. Find the loffarithTfi of 10\S. Ana. 3.006609. 

We find 101 at the top, and 3 at the side. Under the former, 
and opposite the latter, we find the decimal .005609, and this 
is the decimal part of the logarithms of all numbers expressed 
by the figures 1013, as they here stand. 

Thus, it is the decimal logarithm of 1013, 101.3, 10.13, 1.013, 
or of the decimals .1013, .01013, &c. 

It is also the decimal logarithm of 10130, 101300, <&c., but 
this was sufficiently illustrated in (Art. 151). 

9. Find the logarithm of 1.075. Am. 0.031408. 

8. Find the logarithm of lOMO. Ans. 4.039017. 

H^e, under 109, at the top, and opposite 4, at the side, we 
find the decimal, and we take 4 for the index, because there 
are five places of figures, in whole numbers. 

4. Mnd the logarithm of 107.5. Ana. 2.031408. 

5. Find the logarithm of .001043. . Ana. 3.018284. 

(Art. 161e.) Table II. will be very useful in solving prob- 
lems in compound interest, and annuities; but its greatest 
utility is in solving the following problems : 

6. Find the logarithm of 567521. Ana. 6.753977. 
Divide by the two auperior figurea (in this example it is ^)^ 

and the quotient is 10134|J. 

The divisor, consisting of two figures, its logarithm can 
always be^found in Table I. 

And the four auperior figurea of the quotient (any quotient) 
will be found in Table II. 

The quotient in this example may be written thus, 
10130+4^1. 

The logarithm of 10130 (the decimal part of it), can be 
taken directly out of Table II. It is .005609 ; and the next 
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greater (the number- below) is .006038 ; the difference between 
the two is .000429, and the correction for 4JJ must be 4|J 
times one tenth of .000429, which is .000180. 
Whence log. 10130 - - — 4.005609 Table II. 

Correction for 4H> - - .000180 
Log. of quotient, 10134^1, - . 4.005789 

LDg. or56,- - - . - 1.74B188 Table I. 

Log. of 567521, ' ' 5.753977. 

• Thii9 we may find the logarithm of any number hy the use of 
these two tables. We give one more example. 

7. Find the logarithm of 365.25638 — the days and parts of 
a day in a siderial year. 

(N. B. As three figurjp Are whole numbers, the index must 
be two. . Divide by 36, and taking five figures in the quotient 
as wliole numbers, we shall have 10146.01 for a quotient.) 
This quotient may be written in the following form : 

10140+6.01. ^ 

The Log. of 36, Table I., - ' - 0.556303 
Log. of 10140, Table II., - 0.006038 
6.01 



Correction for -r^ of diff.* 



.000257 



Sum +2.=log. of 365.25638, . 2.562598 

(Art. 151/.) To find the number corresponding to a given 
logarithm we take the converse operation. 

For example, we take the logarithm just found, and demand 
its corresponding number. 

Log. (omit index), - - 0.562598 

Next less in Table I. 36, " - .556303 



Next less in Table II. 10140, 



.006295 
.006038 

.000257 



•The difference in the table is the difference "between .006038 and the 
next greater .006466, which is .000428, one-tenth of this .000042.8, multi- 
ply by (6.01) and the product is .000257. 
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Divide this difference by the tabular difference, which is 
.000428, and we obtain 6, and a very small remainder. 

Whence, to 10140, add 6, and we have 10146, which being 
multiplied by 36, produces 365.256, for the number sought. 

We take three of the figures for whole numbers, because 
the index of the given logarithm is 2. Had it been 3, we 
should have taken four figures for whole numbers. 

1. What number corresporids to the logarithm 0.317879 ? 

Ana. 2.079118. 
From the given log. 0.317879 

Sub. next less. Table I., 2, 0.301030 

ooieiisT 

Next less. Table II., 1039, 0.016616 



0.000233 
Divide 233 by 417 (tab. diff.), and we obtain 559, nearly, 
which we annex to 1039, making 1039559, which, multiplied 
by Ipproduces 2.079118, the answer. 

9. What number corresponds to the logarithm 4.031718? 

Ans. 10757.673. 
As the first figure in the decimal is 0, we had better use 
Table II. at once. . 

The number next less in the table is the log. of 1075. As 
the index is 4, we must have another figure for whole numbers. 
Hence, from the giVen log., 4.031718 

Subtract log. of 10750 (Table II.), which is 4.031408 

.000310 
This difference is less than any other logarithm in Table II. 
Therefore, we can obtain no other jGactor, but we can correct 
10750. 

The next greater logarithm in the table is that of 10760, 
•which is .031812; the tablular diff. is .000404. 

Therefore, .000404 : 000310 : : 10 : correction. 

Or, 404 : 310 : : 10 : correction = 7.673. 
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8. The logarithm of the British gallon is 2.442909 ; a ctMe 
inch being the unit. How many cubic inches does it contain P 

Ans, 277.27+ 

(Art. 151^.) Logarithms are exponents; and as powers and 
roots may be expressed by exponents, therefore, logarithms 
may be used for finding powers and roots. ^ 

To extract the square root of any number, a, we divide its 

exponent (one understood), by 2, and the result is a^ . To 
extract the third root, fourth root, <i^c., we divide the exponent 
by 3, 4, <&c., as the case may be. 

The exponent of a number is the logarithm of that number. 
Hence, to extract roots by logarithms, we have the following 
rule : 

Bulb. Take the logarithm of the number and divide it by 9, for 
the square root, by Z for the third root ^ by 4 for the fourth root, 
and so on. 

The quotient will be the logarithm of the root sought, and the 
number corresponding to this logarithm will be the root itself.* 

(Art. 161 A.) If x=:a^ Then log. x=S log. a. 

By hypothesis, x=a.a.a. 

By taking the logarithm of each member, we have 

log. «= log. a + log. a +• log. a = 3 log. a. (1) 

Therefore, in general terms. 

If ajfe=a» log. x=n log. a. (2) 

Now, let n be a fraction, then x=a^. 

• Cube both members ; then x^=a. That is, x.x.x=a. ' 
By the property of logarithms we have 

log. x -|- log. X -|- log. X = log. a. 
Or, 3 log. X = log. a. 

. Or, log. x = i log. a. ^ (3) 

All these equations conform to the rule just given. 

* Examples can be taken out of any Arithmetic. 
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USE AND APPLICATION OP LOGARITHMS. 

(Art. 152.) The sciences of trigonometry, mensuration, and 
astronomy alone, can develop tlie entire practical utility of lo- 
garithms. The science of algebra can only point out their 
Bature, and the first principles on which they are founded. To 
explain their utility, we must suppose a table of logarithms formed, 
corresponding to all possible numbers, and by them we may re- 
solve such equations as the following : 

!• Given 2'= 10 to find the value of x. 

If the two members of the equation are equal, the logarithms 
of the two members will be equal, therefore take the logarithm 
of each member ; but as a? is a logarithm already, we shall have 
V log. 2=log. 10. 

Or ^=;^'J = -1- =3.3219+ 
log. 2 .30103 ~ 

9. Given (729) ' =3, to find the value of x. 
Raise both members to the x power, and 3*=729:=9', 
Or3*=3«. Hence, a:=6. 

8. Given a*+6»'=c, and a* — 6»'=(f, to find the values of x 
and y. 

By addition, 2a*=c+/f. Put c+rf=2m ; 

Then a^=m» Take the logarithm of each mem- 
ber, and X log. ci=log. m, or x^j^ — . 

By subtracting the second equation firom the first and 
making c — d=2n, we shall find y= -^^1^. 

3 

4. Given (21 6)* =12, to find the value of x. 

Ans. x=i^; 
. log. 12 

^ 5. Given — ^ — =c, to find the value of x. 

Am, gag ^* ^' ~ m being equal to (rfc+c) 
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.6. Given 4^ =16, to find the value of x, Ans. arsstt. 

V. Given 6*= — i, ' to find the value of a?. 
71 

Ans. ^^18log.24+log.n~31og.71^ 
3 log. 6 

8. Required the result of 23.46 multiplied by 7.218, and the 
product divided by 11.17. 

• OPERATION. 

23.46 log. 1.37033 

7-218 log. 0.85842 



Sum 2.22875 

11.17 Subtr log. 1.04805 



Result,. . . . 15.16 . . . .log. 1.18070. 

N. B. The log. of a vnlgar fraction is found by subtracting 
fhe log. of its denominator from the log, of its numerator. 

For instance^ fV is simply 9 divided by 11, and division in 
logarithms is performed by subtraction. 

Thus, from the log. of 9, ... . 0.964343 

Subtract log. of 11, . . . 1.0 4 1393 

Log. of Vt therefore is ... . — 1.912860 

The decimal part of a logarithm is never minus, but the 
index is always minus when the number is less than unity. 
Hence, the logarithm of a very small fraction has a large nega- 
tive index, and the logarithm of is mirms infinity » The loga- 
rithm of 10 is 1, of"l is 0, of .1 is —1, of .01 it is —2, of .001 
it is — 3, and so on. As the decimal number goes down .to 
zero, the index of the logarithm goes up to minus infinity. 

The previous example was nothing more than obtaining the 
logarithm of a common fraction, where the numerator con- 
sisted of two factors. That example might have been statedf 
thus: 

Find the log. of the fraction, (^^-^6) (7-218) 
^ . 11.17 

22 Ana, 1.18070. 
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CHAPTER V. 

COMPOUND INTEREST. 

(Art 153.) Logarithms are of great utility in resolving some 
questions in relation to compound interest and annuities ; but for 
a full understaYiding of the subject, the pupil must pass through 
tlie following investigation: 

Let p represent any principal, and r the interest of a unit of 
this principal for one year. Then 1 -|-r would be the amount 
of $l,or jei. Putw2=l+r. 

Now as two dollars will amount to twice as much as one dol 
lar, three dollars to three times as much as one dollar, &c. 
Therefore, i : A :: ^ : .^sthe amount in 2 years. 
And 1 : .^ : : .^ : w^^the amount in 3 years, 
&c, &c, 
Therefore, •w^ is the amount of one dollar or one unit of the 
principal in n years, and p times this sum will be the amount for 
p dollars. Let a represent this amount ; then we have this gen« 
eral equation, 

pJt'^a, 

In questions * where n, the number of years, is an unknown 
term, or very large, the aid of logarithms is very essential to a 
quick and easy solution. 

For example, what time is required for any sum of money 

to double itself at three per cent, compound interest? 

Here a=2/i,and •^=(1.03), and the general equation becomes 

;,(1.03)''=2p 

Or (1.03)"=2. Takmg the logarithics 

/, ^«x 1 « log. 2 .30103 ^^ ^, 

«log. (1.03)=log. 2. or „=._L.=__=23.46 

years nearly. 

9. A bottle of wine that originally cost 20 cents was put away 
for two hundred years : what would it be worth at the end of 
that time, allowing 6 percent compound interest? 
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This question makes the general equation stand thus : 
(20 cts. being i of a dollar) V(1.06)2«>= a 
Therefore (1.05)«»=6a 

Taking the logarithms . 200 log. (1.05)=:log.5+log. a 
Hence log. a=200 log. (1.05) — ^log. 6. ^m, #3458.10 

«!• A capital of $5000 stands at 4 per cent, compound interest; 
what will it amount to in 40 years ? Ana. $24005.10- 

4. In what time will $5 amount to $9, at 5 per cent, com- 
pound interest ? Ans. 12.04 years. 

5. A capital of $1000 in 6 years, at compound interest, 
amounted to $1800; what was the rate per cent? 

Ans, log. (l+r)= ^^' ' or lOyV nearly 

o • 

6. A certain sum of money at compound interest, at 4 per 
cent for four years, amounted to $350.95| ; what was the sumt 

Ans. $300. 

Y* How long must $3000 remain, at 5 per cent, compound in* 
terest to amount to as much as $5000, at 4 per cent, for 12 years ? 

An8, 16 years, nearly. 

ANNUITIES. 

(Art, 154.) An annuity is a sum of money payable peri 
odically, for some specified time, or during the life of the re 
oeiver. If the payments are not made, the annuity is said to b 
in arreafj and the receiver is entitled to interest on the several 
payments in arrsar. 

The worth of an annuity in arrear, is the sum of the several 
payments, together with compound interest on every payment 
after it became due. 

On this definition we proceed to investigate a formula to be 
applied to calculations respecting annuities. 

Let p represent the annual principal or annuity to be 
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paid, and l'\-r—^, the amdtiiit of annuity of principal for one 
year, at the given rate r. 

Let n represent the number, of years, and put w^' to represent 
the entire amount of the annuity in arrear. 

It is evident, that on the last payment due, no interest could 
accrue, and therefore the sum will be p. The preceding pay- 
ment will have one year's interest ; it will therefore be pJi ; the 
payment preceding that will have two years' compound interest ; 
and, of course, will be represented hy p^, (Art. 153.) Hence 
the whole amount of •^' will be 

^'z=p+pji+p^+p^, &C., to p.^t^\ 

This is a geometrical series, and its sum (Art. 120.) is 

/>^«-p _ pE(i+'-)"-i] 

This general equation contains four quantities, w^',. p, r, and n « 
Any three of them being given in any question, the others can be 
found, except r, 

EXAMPLES. 

1« An annuity of $50 has remained unpaid for 6 years, at 
epmpound interest on the sums due, at 6 per cent., what sum is 
now due ? 

By the general equation, 

50[(1.06)«-1] 
.06 

Faking the log. of both members, we have 

log. ^'= log. 50+log. [(1.06)«— 1]— log. .06. 

The value of (1.06)', as found by logarithms, is 1.41852, from 
which subtract 1, as indicated, and take the log. of the decimal 
number .41852, we then have ^ , 

log. ^'=1.69897+(— 1.62172)— (—2.778151)=2.54218, 

From which we find, w^'=$348.56 Jlns. 

9* In what time will an annuity of $20 amount to $1000, at 
4 per cent., compound interest T 
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The equation applied, we have 

iooo=?lll:21)!=13; 

.04 

Dividing by 20, and multiplying by .04, we have 
2=(1.04)«— 1 or (1.04)«=3. 

a^. ^og-3 -.477121 ^^ 

•^'*'- '*=b^T04=:017033='^^y""'^- 

S. What will an annuity of $50 amount to, if suffered to 
remain unpaid for twenty years, at Bjt per cent, compound in- 
terest? ^ ^ns. $1413.98. 

4. What is the present value of an annuity or rental of $50 
a year, to continue 20 years, discounting at the rate of Si per 
cent., compound interest ? 

N. B. By question 3d, we find that if the annuity be not paid 
until the end of 20 years, the amount then due would be $1413.98. 
If paid now, such a sum must be paid as, put out at compound 
interest for the given rate and time, will amount to $1413.98. 

Now if we had the amount of $1 at compound interest for 20 
years, at 3| per cent., that sum would be to $1 as $1413.98 is 
to the required 9tim, $710.62. 

(Art. 155.) To be more general, let us represent the present 
worth of an annuity by F. By (Art. 153.) the amount of one 
dollar for any given rate and time, is w^ ; .^ being l-f~r and n 
the number of years. By (Art. 154.) the value of any annuity 
p remaining unpaid for any given time, n years, at any rate of 

compound interest r, is ^ or A'. 

Now by the preceding explanation we may have this propor- 
tion: 

^:l::^':P, or F=~ (1) 

Hence, to find the present worth of an annuity, we have this 
Rule. Divide the amount of the annuity supposed unpaid 

for the given number ofyeara^ by the amount of one dbUarfor 

the same number of years. 
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If in equation (1) we put the value of A^ we shall have 
PA*ss^ £-, Divide both members by .^, and we have 




(2) 



This last equation wiil apply to the following problems : 

5* The annual rent of a freehold estate is p pounds or dollars, 
Co continue forever. What is the present value of the estate, 
money being worth 5 per cent., compound interest ? 

Here, as n is fhfinite, the term, ~ becomes 0, and equation 

(2) becomes P=^=.^-=20p ; that is, the present value of the 
T .05 

estate is worth 30 years' rent. 

6. The rent of an estate is $3000 a year ; what sum could 
purchase such an estate, money being worth .3 per cent., com- 
pound interest ? ^ Ans. $100000. 

Y. What is the present value of an annuity of $350, assigned 
for 8 years, at 4 per cent. ? Jlns, $2356.46. 

8. A debt due at this time, amounting to $1200, is to be dis- 
charged in seven annual and equal payments ; what is the 
amount of these payments, if interest be computed at 4 per cent. ? 

Ana, $200, nearly. 

9. The rent of a farm is $250 per year, with a perpetual lease. 
How much ready money will purchase said farm, money being 
worth 7 per cent, per annum ? Ans. $357 If 

10. An annuity of $50 was suffered to remain unpaid for 
SO years, and then amounted to $1413.98 ; what was the rate 
per cent., at compound interest ? 

N. B. This question is the converse of problem 3, and, of 
course, the answer must be 3^ per cent. But the general equa- 
tion gives us 
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Or 28.2796=^i±^i"— ; 

r • 

an equation from which it is practically impossible tc obtain r, 
except by successive approximations. 



SECTION VII. 

CHAPTER I. 
GENERAL THEORY OP EQUATIONS. 

(Art. 156.) In (Art 101.) we have shown that a quadratic 
equation, or an equation of the second degree, may be conceived 
to have arisen from the product of two equations of the first de- 
gree. Thus, if 2:=a, in one equation, and x=b in another 
equation, we then have 

/ X — a=0, 

and X — 6=0 ; 



By multiplication, a^ — (a+6)a:+a6=0. 

This product presents a quadratic equation, and its two root! 
are a and 6. 

If one of the roots be negative, as x=^ — a, and d?=6, the 
resulting quadratic is 

aA^(^ar^)x—c^=0. 
If both roots be negative, then we shall have 
a^+{a+b)x+ab=^0. 

Now let tlie pupil observe that the exponent of the highest 
power of the unknown quantity is 2 ; and there are two roots. 
The coefficient of the first power of the unknown quantity is 
the algebraic sum of the two roots, with their signs changed; 
arid the absolute term, independent of the unknown quantity^ 
is the product of the roots {the sign Conforming to the rules of 
multiplication]. 
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When the coefficients and absolute term of a quadratic are not 
Jarge, and not fractional, we may determine its roots by inspec- 
tion, by a careful application of these principles 

EXAMPLES. 

Given a:*— 20a:+96=0, to find x. 

The roots must be 12 and 8, for no other numbers will make 
— 20, signs changed»and product 96. 

Given y* — 6y — 55=0 to findy. RooU 11 and — 5. 

Given ar* — 6a? — 40=0 to find x. Boots 10 and — 4« 

Given a:«+6a:— 91=0 to find x. Boots 7 and — 13. 

Given y* — 5y — 6=0 to find y. Boots d and < — 1. 

Given y*+12y— 589=0 to find y. 

Here it is not to be supposed that we can decide the values of 
tlie roots by inspection; the absolute term is too large; but, 
nevertheless, the equation has two roots. 

Let the roots be represented by F and Q, 

From the preceding investigation 

p+e=— 12 (1) 

And P§=— 589 (2) 

By squaring eq. (1) I^+2PQ+Q^= 144 
4 times eq. • • • (2) 4PQ =—2356 

By subtraction, pi^2PQ+Q^= 2500 

By evolution, F—Q=dz^O 
But p-{.Q=— 12 

Hence P=19 or -i-31, and §= — 31 or,-|-19, the true 
roots of the primitive equation; cmd thus we have anothet 
method of resolving ^adratics, 

(Art. 157.) In the same manner we can show that the product 
of three simple equations produce a cubic equation, or an equa- 
tion of the third degree. Conversely, then, an equation of the 
third degree has three roots. 

The three simple equations, x=a, x—b, x=c,* may be put 

* Of course, x canpot equal different quantities at one and the same tiine 
and these equations must not be thus understood. * 
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in the fojrm of x — a=0, a?— 6=0, and x — c=0, and the pro- 
duct of these three give 

(a?— a)(a?— 6)(a?— c)=0 ; 
and by actual multiplication, we have 

aj* — {a+b+c)3i^+{izb+ac+bc)x-HMbc=0. 

If one of the roots be negative, as 07= — c, or a?+c^=0, the 
product or resulting cubic will be * 

as* — {a+b — c)a^+{ab — ac — bc)x+abc=^0. 

If two of them be negative, as a?= — b and a?=— c, the 
resulting cubic will be • 

2^+{b+c — 0)3^-^ (be — ab — ac)x — a6c=0. 

If all the roots be negative, the resulting cubic will be 
2^+(a+b-\'C)3^+{ab+ac+bc)x+abc=0 

Every cubic equation may be reduced to this form, and conr 
eeived to be formed by such a combination of the unknown term 
and its roots. 

By inspecting the above equations, we may observe 

1st. The first term is the third power of the unknoum 
quantity, 

2d. The second term is the second power of the unknofim 
quantity f toith a coefficient equal to the algebraic sum of the 
rootSf with the contrary sign. 

3d. 7%c third term is the first power of the unknoufn 
quantity , toith a coefficient equal to the sum of all the products 
which can be made^ by taking the roots two by two, 

4th. The fourth term is the continued product of all the rootSf 
with the contrary sign. 

It is easy^ then, to form a cubic equation which shall have 
any three given nunibersfor its roots. 

Assuming x for the unknown quantity, find an equation which 
shall have 1, 2 and 3 for its roots. 

Ans, a;*— (l+3+3)ir»+(2+3+6)a^-6=0; 
Or a:*— 6a:*+lla?=6. 

Find the equation which shall have 2, 3, and —4 for its root^ 
23 Ans, «»—«*— 14ar+24=(K 
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Find the equation which shall have —3, — 4, and +7 for its 
roots. ^n8. ar^zbOar^— 37a?-^4=0. 

Or a:*— 37x— 84=0. 

These four general cases of cuhic equations may all be repre* 
sented by the general form^ 

Thus: X'»+Jpa^+S'ar+r=0, (1) 

(Art. Id8.) When the algebraic sum of three roots is equal tc 
lero, equation (1) takes the form of 

x'+qx+r^^^ (2) 

Equation (1) is a regular cubic, aiid^ is not susceptible of a 
direct solution, by Cardan's rule, until it is transformed into 
another wanting the second term, thus making it take the form 
of equation (2). To make this transformation, conceive (me of 
^e roots, or a?, in equation (1), represented by u-^-v^ 

Then a:'=M«+3tt't;+3tii;* +«« 

qx = qu -^qv 

r= r 

By addition, and uniting the second member according to tha 
powers of u, we shall have 

li«+(3«>+i>K +(3v'' '\-2pv+q)u+{v^+pv'' +5w+r)=0, 
for the transformed equation. But the object was to make such 
a transformation that the resulting equation should be deprived 
of its second power ; and to effect this, it is obvious that we 
must make the coefficient of t^ equal zero, or 3v4-p=0. 
Therefore, t)= — ip. 

Hence, we perceive that if ar, in the general equation (1), be 

put equal to ti-^, there will result an equation in the form of 
9 

ti*+5^+r=0, or the form of equation (2). 

P 
As X'=u — ^, and if a, ft, and c represent the roots of equa- 

tioo (1), or the values of or, the roots of (2), or values of u wiU be 
a+ipt h+ip, and c+y 
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EXAMPLES. 
1* Transform the equation ^ — 9a^-)-26« — 30=0, into another 
wanting the second term. 
By the preceding investigation, we must assume 

a:=«+3. Here /^= — 9 ; therefore, — ij'=3« 

aJ»=tt»+9M*-j-27tt+27 

_9ic*= _9ti*— 54w-^l 

26x = 2614+78 

_30 = —30 



Sum, =u* — u — 6=0, the equation required. 

3. Transform the equation a? — 6aj*+10a>— 8=0, into another 
not containing the square of the unknown quantity. 

Put ar=w+2. Rtmdt, i^—2u — 4=0. 

S. Transform x^ — 3x*+6a? — 12=0, into anotlier equation* 
wanting the second power of the unknown quantity. 

Put x=u+l. ReaulU ii"+3t/— 8=0. 

(Art. 159. We have shown, in tlie last article, that any regular 
cubic equation containing all the powers of the unknown quan- 
tity can be transformed into another equation deficient of the 
second power ; and hence all cubic equations can be reduced to 
flieformof a-+3px=a?. 

We represent the coefficient of x by 3p, and the absolute term 
by 2^, in place of single letters, to avoid fractions, in the course 
of the following investigation. 

Now, if we can find a direct solution to this general equation* 
it will be a solution of cubic equations generally. 

The value of x must be some quantity ; and let that quantityf 
whatever it is, be represented by two parts, v-}-y> or let 
Ofsv+y- Then the equation becomes 

(t;+i/)«+3p(t;+y)=2g. 

By expanding and reducing, we have 

t^+y+3(t;i/+;))(i;+y)==2sr. 

Now as we have made an arbitrary division of x into two parts, 
V and y we can so divide it, th^t * * 
tV+J»=0. 
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This hypothesis gives 

t,»+3^= 2q, (.3) 

And vy=^—pf (JB) 

Here we Iiave two equations, (w^) and (B), containing two un* 
known quantities, similarly involved, which admit of a solution 
by quadratics. (Art. 108.) Hence we obtain t; and y, and their 
algebraic sum is x. 

From equation (B), 





y «.' 


This substituted in equation (w^), gives 




r»-g=aj; 


Or, ^ 


V® — 2qv*=p^j a quadratic, 


Hence 


V=(q±Jq^+p'y 


And 


y<9^^'f+P'y 


Or, as 


„_-p_ -p 



Therefore x=(q+Jq'+f) +(?— Vg'+Jj')' • • (C7) 

Or. a:=(,±V?+/)^-(^^^^i . . (Z>) 

These formulas are familiarly known, among mathematicians, as 
Cardan's rule. 

(Art. 160.) When p is negative, in the general equation, and 
its cube greater than q\ the expression Jq^ — ■/>' becomes imagi- 
nary ; but we must not conclude that the value of x is therefore 

imaginary ; for, admitting the expression tj^—p^ imaginary, it 
can be represented by a J — l^and the value of or, in equation 
(C), wiU be 
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Now hy actually expanding the roots of these binomials by the 
binomial theorem, and adding their results together, the terms 
containing J — i will destroy each other, and their sum will be 
a real quantity ; and, of course, the value of x will become real. 
K in any particular case it becomes necessary to make the series 

eonveige, change the terms of the binomial, and make -J— 'I 

stand first, and I second. 

EXAMPLES. 

Given x* — 62r=5.6, to find the value of x. 

Here, 3p= — 6, and 2^=5.6, or />=— 2, and 9=:2.8. 



Then 



J 



a?=:(2.8+V7.84— 8) +(2.8—^7.84—8) , by equation {C\ 
Or x=(2.8+.4V^*+(2.8— .4/=4)* 

Expand the binomials by the binomial theorem, (Art 135.), 
i;d for the sake of brevity, represent ^J — 1 by 6; 

Then 6*=— tV' and b*=^j\Xj\. 

(i+iv-i)=i+6. (1— ^v— r)=i-*- 
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^ ^ '3.6 3.6.9 3.6.9.12 ' 

• ^^^V3.6V V3.6.9.12 V 

=2+0.00453&— 0.000084=:2.0045. 
Therefore, 

1-^=2.0046 or a:=(2.0045)(2.8)*=2.8256, nearij 
(Art 161.) Every cubic equation of the form of . 

has three roots, and their algebraic sum is 0, because the equa- 
tion is wanting its second term. (Art. 157.) 

K the roots be represented by a, bj and c, we shall have 
a+6+c=0, and abc=±:q. 

If any two of these roots are equal, as b=c, then ass_26 (1), 
and ab*=^:izq (2). Putting the value of a taken from equation 
(1), into equation (2), and we have — 26'==d=5^. 

Henctj in case of there being two equal rootSf such roots must 
each equal the cube root of one half the quantity represented 
byq. 

EXAMPLES. 

The equation a^ — 482;= 128 has two equal roots; what are 
lie roots ? 

Here, — 26',= 128, or &•= — 64; therefore, b = 4 . 

Two of the roots are each equal to ^-4, and as the sum of the 
three roots must be 0, therefore — 4, — 4, -|-8, must be the 
three roots. 

If the equation re* — ^27a:=54 have two equal roots, what are 
the roots ? Ans. —8, — 3, and +6. 

Either of these roots can be taken to verify the equation ; and 
if they do not verify it, the equation has not equal roots. 

(Art* 162.) If a cubic equation in the form of 
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have two equal roots, each one of the equal roots will be 

The other root will be twice this qaaatity subtracted from ji, 
because the sum of the three roots equal |9. (Art 157.) 

This expression is obtained from the oonsideraticm that th6 
three roots represented by e, &, and c, most form the foUowiiu; 
equations : (Ait. 157.) 

«+*+c=y (1) 

ao-^-ac-^-bc^q (2) 

e6c=r (3) 

On die assumption that two of diese roots aro equal, that if| 
m=by equations (i) add (2) become 

2«+c=^ (4) 

And €F-{-tac==^ (5) 

Multiply equation (4) by 2«, and we haye 

4€?+2cM:=«(i^ (7) 

Subtract (5) c^-^-T^c^ q (8) 

And we have So' =2<ip — q. 

' This equation is a quadratic, in rolation to the root a, and a 
solution gives a=^i{pdbs/p^ — S^r). 

(Art. 163.) A cubic equation in the form of a^±:px=±:q can 
be resolved as a quadratic, in all cases in which q can be resolved 
into two factors, m and n, of such a magnitude that m^+p=n. 
For the values of p and q, in die general equation, put the 
assumed values, mn=qt and p=n — m". 

Then we have «*+ita: — rn^x=miu 
TVanspose ^-m'or, and then multiply both members by Xf and 

n* 
Add — to both members, and extract square root; 

Then a?-:^=:mx+% Drop 5, and divide by a?, and a»wi. 

2 * • 
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Therefore, if such factors of q can be fouiid, the equation m 
already resolved, as x will be equal to the factof m. 

EXAMPLES. 

1« Giyen a^-^-^x^SS, to find the yalues of x 

Here, mn=88=4 X 22, 4«+6=22. Hence, a?=4 

%• Given a^+dx^lit to find one value of x. 

2X7=14, 2*+3=7. Hence, aF=2. 

8« Given a^^-j-^^^^' ^ ^^^ ^^^ ^^"^ ^^ ^' *^'^* ^=3* 

4. Given a^ — 13a:= — 12, to find j?. wfn«. a:=3. 

• ft. Given ^+48i/=104, to find y. wfna. y=2. • 

In the above examples we have given only one answer, or one 
root ; but we have more than once observed, that every equation 
of the third degree must have three roots. Take, for example, 
the 4th equation. We have found, as above, one of its roots to 
be 3. Now we may conceive the equation to have been the 
product of three factors, one of which was (a? — 3); therefore the 
equation must be divisible by x — 3 without a remainder, (other- 
wise 3 cannot be a root) ; and if we divide the equation by a?— 3, 
the quotient must be the product of the other two factors. 

Thus, x—S)a^—l3x+l2{a^+Bx—^ 



8a?*— 13a? 
3aj«_ 9a: 



— 4a?+12 

— 4a:+12 



By patting a;*+3aN— 4=0, and resolving the equation, we find 
a?s=l, or — 4, and the three roots are 1, 3, —4. Their sum it 
0, as it should be, as the equation is deficient of its second term* 
In the general equation 

If p and q are each equal to Of at the same time* the equation 
becomes ai'+rssO, a binomial equation. 
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Every binomial equation has as many roots as there are 
vnits in the exponent of the unknotvn quantity. 

Thus a»+8=0, and «»— 8=0, or a»+l=0, and a:*— 1=0, 
&c., are equations which apparently have but one loot, but & 
full solution will develop three. 
Take, for example, x'=8 • 

By evolution, x =2 

a>-.2)a:»— 8(a?«+2x+4 



2a:*— 8 
2x' — ix 



Mow by putting a;^+2ar+4=0, and resolving the equation, 
we find a:= — 1+^^ — 3, and a:= — 1 — ^—3; and the three 
roots of the equation x^ — 8=0, are 2, — 1 + V — ^» *°^ 
— 1— ^ — 3, two of them imaginary, but either one, cubed, will 
pve 8. 

The three roots of the equation 3:*+ 1=0, are 

-1' 2+2>^"-^' ^"^ 2-2^"-^- 

CHAPTER n. 
GENERAL THEORY OF EQUATIONS— Continued. 

(Art. 164.) In the last Chapter we confined our investigations 
to equations of the second and third degrees ; and if they are 
well understood by the pupil, there will be little difficulty, in 
future, as many of the general properties belong to equations of 
every degree. 

All tlie higher equations may be conceived to have been formed 
by the multiplication of the unknown quantity joined to each 
of the roots of the equation with a contrary sign, as shown in 
(Art. 157.). 
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Let a, bf c, d^ e, Sic, be roots of an equation, and x 
its unknown quantity, then the equation may be formed by the 
product of (x — a)(x— ^)(a: — c), &c., which product we may 
represent by 

ar-»+^aJ*-'+i?a*-« Tx+U^O. 

Now it being admitted that equations can be thus formed by 
the multiplication of the unknown quantity joined to its roots, 
conversely, when any of its roots can be found, such root, with 
its contrary sign joined to the unknown term, will form a com- 
plete divisor for the equation ; and by the division the equation 
will be reduced one degree, and conversely. 

If any quantity, connected to the unknown quantity by the 
sign plus or minus, dimde an equation unlhout a remainder^ 
such a quantity may be regarded as one of the roots of the 
equation. 

The product of all the roots form the absolute term U. 

(Art. 165.) Every equation having unity for the coeffideni 
of the first term, and all the other coefficients, whole numbers, 
can have only whole numbers for its commensurable* roots. 

This being one of the most important principles in the theory 
of equations, its enunciation should be most clearly and distinctly 
understood. Such equations may have other roots than whole 
numbers ; but its roots cannot be among the definite and irre- 
ducible fractions, such as |, ^, *^ , ^c. Its other roots must be 

among the incommensurable quantities, such as Jl, (3)^, dice., 
f. e., surds, indeterminate .decimals, or imaginary quantities. 

To prove the proposition, let us suppose j- a commensurable 

but irreducible fraction, to be a root of the equation 

x^-^Aar^'-^BacT-^ Tx+U=^0, 

V, A, B, &c., being whole numbers. 
Substituting this supposed value of x, we have 

* Commensurable numbers are all those that measure or can be measuied by 
unity ; hence, all whole numbers and definite fractions aie conimensurahle/— 
Surda, and imaginary quantities, are incommensurable. 
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Transpose aU the terms bat the first, and multiply by 6"~S and 
we have 

Now, as a tmd b are prime to each other, b caanoi dSnride flb 
or any number of times that a may be tak^i as a factor, for jr 

beingirredacible, ^Xa is also irreducible, as the multipliar a 

will not be measured by the divisor b ; therefore j- cannot be 

expressed in whole numbers* Continuing the same mode of 

reasoning, -j- cannot express whole numbers, but every term u 

te odier member of the equation expresses whole numbers. 

Hence, this supposition that the irreducible fraction j-isz root 

<^ the equation, leads to this absurdity, that a series of whole 
numbers is equal to another quantity/^/ must contain a fraction. 

Therefore, we conclude that any equation corresponding to 
these conditions cannot have a definite cammensurtUfle fraction 
among its roots. 

(Axt. 166.) Any equation hairing fractional coefficients, can be 
transformed to another in which the coefficients are all whole 
numbers, and that of the first term unity. 
For exaYnple, take the equation 

;i*H +-=0- 

m n p 

Assume x=-^—^ and put this value of a? in the equation, 
mnp 

And _^+-P{3+J^+£=0. 

Multiply every term by mW/?', and we have 

fl^'\'aripj^+bT/Aiphf+cmhiY'^^* 
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When niy n, and p have common factors^ tve may put z equal 
to J divided by the least common multiple of these quantUieSt 
M in the following examples : 

as^ bx c 

Transform the equation «•+— ^ 1 — =0, into another 

pm m p 

which shall have no fractional coefficients, and that of the first 

term unity. 

To effect this, it is sufficient to put x=-^. With this value 

pm 

of 0$ the equation becomes 

/)W p^m^ pm^ p 
Multiplying every terra by/>Vn*, we obtain 
^+ay^+bjfmy+qfm^=0 

for the transformed equation required. 

5^ 3^ jx 1 

Transform the equation iK*+-5-+-7-+jr7+T7; =0, into an- 

Other, having no fractional coefficients. 

Besull, y«+202/»+18.24y»+7(24)V+2(24)«=0. 

(Art 167.) Now as every commensurable root consists of 
whole numbers, and as the coefficients are all whole numbers, 
each term of itself consists of whole numbers, and the commen* 
surable roots are all found among the whole number divisors of 
the last term ; and if these divisors are few and obvious, those 
answering to the roots of the equation may be found by trial. If 
the factors are numerous, we must have some systematic method 
of examining them, such as is pointed out by the following rea- 
soning : 

Take the equation x'^+Jla*+Ba^+Cx+D=0. 

Let a represent one of its commensurable roots. Transpose 
all the terms but the last, and divide every term by a. 

— =-^«— ./^o*— Bo— C. 
a 

Bat; Khir*e a is a root of the e<quation, it dividi^s D wiHidOf a 
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reminder, the left hand member of this last equation is therefore 
a whole number, to which transpose C, also a whole number* 

and represent — l-C by N. 

Then .' N^=—{i^—Jlif—Ba. 
Divide each term by a, and transpose B^ and we have 

a 

The right hand member of this equation is an totire quantity, 

(not fractional), therefore the other member is also an entire 

quantity ; let it be represented by N\ and the equation again 

divided by a. 

N' 

Then _=— a—^. 

a 

Transpose — ^ ; reasoning the same as before, we can repre- 
sent the first member by N"^ and we then have 



Divide by a, and — = — 1. This must be the final result, in 
case a is a root 

From these operations we draw the followiDg rule for deciding 
what divisors of the last term are roots of an equation. 

Rule. Divide the last term by the several divisors^ {each 
designated by a,) and add to the qitotient the coeffideirU of the 
term involving x. 

Divide this sum by the divisors (a), and add to the quotient 
the coefficient of the term involving a;*. 

Divide this sum by the divisors (a), and add to the quotient 
the coefficient of the term involving a?. 

And thus continae until the first coefficient, A^ is transposed, 
and the sum divided by a ; the last quotient will be minus one^ 
if a is in fact a root 
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EXAMPLES. 
!• Required the commensurable roots (if any) of the equation 
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9* Required the commeni(urable roots of the equation 
«^—6a:*+ liar— 6=0. Ana. 1,2,3. 

8. Required' the commensurable roots of the equation 
a^— 6a:*— 16ar+21 ==0. ' Ana. 3 and 1 

Here the student might hesitate, as one regular term of the 
equation is wanting, or rather the coefficient oi a^ is • henoe» 
the equation is a?*dbOic' — 6aj»— 16ar+21=0. 
Go through the form of adding 0. 

4. Required the commensurable roots of the equation 
a?«_6ar»+5ar^+2a:— 10=0. Ana. —1, +6. 

As the commensurable roots are only two, there must be two 
incommensurable roots ; and they can be found by dividing the 
given equation by x-^-l^ and that quotient by x — 5, and resolv- 
ing the last quotient as a quadratic, 

EQUAL ROOTS, 
(Art. 168.) In any equation, as 

. ar«+.^a?*+^aj»+Cx«+Z>ar+^=0,* (1) 

the roots may be represented by a, 5, c, (f, c, and either one, put 
in the place of a?, will verify the equation. 

Now, let y represent the difference between any two roots, as 
0—6 ; then y=a — &, and by transposition 6+y=a. But as a 
will verify the equation, it being a root, its equal, {h+y), sub- 
stituted for a?, will verify it also. That is, 

{b'\'yf+A{h+y)^+B{h+yY+C{b+yf^-D[h+y)-^E=^. 

By expanding the powers, and arranging the terms according 
to the powers of y, we have 

6» +5ftV +106y +106y +56y+y^ 
Ah^+AAb'y-^- ^Aby+ 4Aby^+Ay* 
Bb'+SBbh/+ SBby'+Bv' 
Cb^+2Cby +Ca/* 
Bb +ny 
E 



=0. 



We might have been more general, and have taken X'^Axf>^\ &c., for 
the equation ; but, in our opinion, wc shall be better comprehended by taking 
an equation definite in degree : the reasoning is readily understood as generaL 
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Now, as 2 /s a root of the equation, the first column of this 
transformation is identijcal with the proposed equation, on sub- 
stituting the root b for x. Hence, the first column is equal to 
xero ; therefore, let it be suppressed, and the remainder divided 

We then have 

4^6« +6Jlbh/+4My'+j9y* 
3Bb^+3Bby -{'Bf 
2Cb +Cy 
D 



=0. 



On the supposition that the two roots a and b are equals y 
becomes nothing, and this last equation becomes 

5b'+4M*+3Bb^+2Cb+D=0. 

As 6 is a root of the original equation, x may be written in 
place of b ; then this last equation is 

5a^+4Jlx'+SB:x^+2Cx+D^0 (2) 

This equation can be derived from thfe primitive equation by 
die following 

Rule. Multiply each coefficient by the exponent of x, and 
diminish the exponent by unity. 

Equation (2) being derived from equation (1), by the above 
rule, may be called a derived polynomial. 

(Art. 169.) We again remind the reader that b will verify the 
primitive equation (1), it being a root, and it must also verify 
equation (2) ; hence, b at the same time must verify the two 
equations (1) and (2). 

But if b will verify equation (1)^ that equation is divisible by 
{x — 6), (Art. 164.), and if it will verify equation (2), that equa- 
tion also, is divisible by {x — 6), and {x — b) must be a common 
measure of the two equations (1) and (2). That is, incase 
the primitive equation has two roots equal to b. 

(Art. 170.) To determine whether any equation contains equal 
roots, take its derived polynomial by the rule in (Art. 168.), and 
seek ihe greatest common divisor (Art 27*), [whidi designate by 
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(2)),3 of the giyen equation and its first deriyed poljmomial; 
and if the diyisor 2> is of the first degree, or of the form of x — hf 
then the equation has two roots each equal to A. 

If no common measure can be found, the equation contains no 
equal roots. If /> is* of the second degree, with reference to a^ 
put Z)=0, and resolve the equation ; and if /> is found to be in 
the form of (jp-— A)'; then the given equation has three roote 
equal to h. 

K /> be foupd of the form of (x^— A)(a>— A'), then the given 
equation has two roots equal to A, and two equal to A'. 

Let 2) be of any degree whatever ; put 2)=0, and, if possible, 
completely resolve the equation ; and every simple root of Bis 
twice a root in the given equation ; every double root (^ D wiU 
be three times a root in the given equation^ and so on. 

EXAMPLES. 

1. Does the equation a?^— 2a5*— 7a^+20a? — 12=0 contain 
any equal roots, and if so, find them ? 

Its derived polynomial is 4a^ — 6j:^ — 14a:+20. 

The common divisor, by (Art 27.), is found tlhbe a?— 5 » 
therefore, the equation has two roots, equal to 2. 

The equation can then be divided ftmce by x — 2, or once by 
(a? — 2Yf or by a^ — ix+i. Performing the division, we find 
the quotient to be a:*+2a? — 3, and the original equation is now 
separated into the two factors, 

(aj^_^a?+4)(a:j»+2a:— 3)=0. 

The equation can now be verified by putting each of these 
factors equal to zero. From the first we have already a:=29 
and 2, and from the second we may find a?=l or —3; hence, 
the entire solution of the equation gives 1, 2, 2, — 3 for the four 
voots. 

2. The equation a5»+2a?*— 11a:*— 8a:»+20x+ 16=0 has two 
equal roots ; find them. ^ns. 2 and 2. 

8. Does the equation a*— 2a:*+3a*— 7a:*+8a>— 3=0 contain 
equal roots, and how many? 

Jins. It contains three equal roots, each equal to 1 

24 
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4. Find the equal roots, if any, of the equation 

a^+a^—iex+20=0. Arts. 2 and 2. 

5* Find the equal roots of the equation 
a^+2x* — 3a::* — 4a?+4=0. 
An». Two roots equal to 1, and two roots equal -^-2. 

6. Find the equal roots of the equadon 
a:;>_5x>4. 10a>— 8=0. 

Ans. It contains no equal roots. 

(Art 171.) Equations which have no commensurable roots, or 
those factors of equations which remain after all the commensu- 
rable and equal roots are taken away by division, can be resol- 
ved only by some method of approximation, if tliey exceed the 
third or fourth degree. It is possible to give a direct solution in 
cases of cubics and in many cases of the fourth degree ; but, in 
practice, approximate methods are less tedious and more conve- 
nient, r 

We may transform any equation into another whose roots 
shall be greater or less than the roots of the given equation by 
a given quantity. 

Suppose we have the equation 

a?+A3^+B3i»-\-Ca^+Dx+E^(i, (1) 

and require another equation, whose roots shall be less than those 
of the above by a. 

Put x=a4-y9 and, of course, the equation involving y will 
have roots less than that involving a:, by a» because y=a>— a, or 
y is less than a?, by a. 

In place of x^ in the above equation, write its equa) (^+9) 
and we have 

By expanding and arranging the terms accordmg to the powers 
of y, we shall have, as in (Art. 168.}, 
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(a+yf=tf +50* 


y+lOo* 


j/*+10a* y'+Sa 


y*+»«l 


^(a+y)«=^a«+4^a» 


+Ma' 


+4*«a 


■\-A 


• • • 


B{a+y)*=Bc^+SBef 


+35a 


5 • . . .' 


C{a+yy=C(f+2Ca 


+C • • • •, 


D(a4-ti\ =/)a 4-/) 




X!f • • • ^^£d ••• ••••••••♦••••••♦••••• 



=0 

(2) 



After a little observation, these transformations may be made 
very expeditiously, for the first perpendicular column may be 
written out by merely changing a: to a, in the original equation, 
and then, each horizontal column run out by the law of the 
binomial theorem. 

Thus cfi becomes 5a^, and this, again, lOo', &c. 

Now, the first column of the right hand member of this equa^i 
tion consists entirely of known quantities ; and the coefficients 
of the different powers^ of y are known ; hence we have an 
equation, involving the several powers of y, in form of equa< 
tion (1), 

Or, j/^+^'i/^+By+Oj/^+JD'y+E^O; the equation 
required; Jl'^ B', &c., representing the known coefficients of 
the different powers of y. ^ 

In commencing this subject, we took an equation definite in 
degree, for the purpose of giving the pupil more definite ideas ; 
but it is now proper to show the form of transforming an equation 
of the most general character. 

For this purpose, let us take the equation 

* xT+^x'^-^+Bar^ Gx+H=0. 

Now let it be required to transform this equation into another 
whose roots shall be less than the roots of this equation by a» 

Put a?=a-|"y» *® before ; then 
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If we should desire to make the third term (counting from the 
highest power of y) of equation (2) to disappear, we must 

Put lO(^+4Jla+B=0 ; and this involves the 
solution of an equation of the second d^;ree, to find the definite 
value of a. To make the fourth term disappear would require 
the solution of an equation of the third degree ; and so on. 

If a is really a root of the primitive equation, then x=a, y=09 
and each perpendicular column of the transformed equation is 0. 

If we designate the first perpendicular column of the general 
transformed equation by X, and the coefficients of the succeeding 
columns hy 

X' X" X"' 

T' 12* m' ^*' ^® *^^ ^^®* 

X+X'y+^y«+|^ jr=0. 

The coefficients of the different powers of y, as X', X", X'", &c. 
lire called derived polj^nomiala, because each term of X' can be 
derived from the correspond\pg term of X ; and each term of X" 
can be derived from the corresponding terms of X', by the law of 
the binomial tbeoremj as observed in the first part of this article. 
But, to recapitulate : 

X is derived from the given equation by simply changing x 
to a. 

X' is derived from X by multiplying each of the terms ofX 
bf the exponent of a, in that term, and diminishing that expo^ 
nent by unity, and dividing by the exponent of y increased by 1. 

X" is derived from X', in the same manner as X' is derived 
from X ; and so on. 

X' is called the first derived polynomial ; X'' the second, &c. 

To show the utility of this theorem, we propose to transform 
the following equations : 

1. Transform the equation 

into another, which shall not contain the 3d power of the on* 
known quantity. 
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12 
By (Art. 172 .), put x=y+-^ or ... • a:=3+y 

Here a=^3 and m=4. 
X =(3)*— 12(3)»+17(3)«— 9(3)+7 . . . or. . -X =—110 
X' =4(3)«— 36(3)«+34(3)— or. . .X' =—123 

^«6(3)«— 36(3)+n or. . •^'=— 37 

X'" X"* 

ls='^'y-'' -••2:3=--*> 

Therefore the transformed equation must be 

y4-_37y«_123y— 1 10=0 

9* Transform the equation 

aJ»_6a:«+13a>-12=0, 
into another wanting its second term. Put x=2+j/, 

X =(2)»— 6(2)«+13(2)— 12 or. . .X =—2 

X' =3(2)*— 12(2)+13 or. . .X' =+1 

y =3(2)^6... or...±-= 

X'" , X'" ^ 

■—-=1 . or . . . rr;;==» r 

2.3 2.3 

Therefore the transformed equation must bo 

y'+y— 2=0, 

8* Transform the equation 

0?* — 4a;*— 8x+32=0, 

into another whose roots shall be less by 2. 

Put x=2+y. Result, y«+4y«— 24y=0. 

As this transformed equation has no term independent of y, 
y=0 will verify the equation ; and a;=2 will verify the original 
equation, and, of course, is a root of that equation. 
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4* TransTonn the eqnatkm 

j^+l«x»+99jc»+22to+ 144=*, 
into arjother whose roots shall be greater by 3. 

Put x=— 3+y, Besult, y«+4^+9y»— 42y=0. 

9 Transform the equation 

into another wanting its second term. 

(Art 173.) We may tranrfortn an equation by division^ aa 
well as by substiitaion, as the following invesligaiion will show. 

Take the equation 

a^+-^z«+J?x«4-Ca:+/>=0 (1) 

If we put x^a-i-y^ in the above equation, it will be trans* 
formed (Art D.) into 

As x=a+y^ therefore y^x — a ; and put this value of y in 
equation (2), we have 

Now it is manifest that equation (3) is identical with equation 
(1), for we formed equation (2) by transforming equation (l),and 
from (2) to (3) we only reversed the operation. 

Now we can divide equation (3), or in fact eqfiation (1), by 
{x — a), and it is obvious that the first remainder will be X. 

Divide the quotient, thus obtained, by the same divi8or,.(a>— a)* 
and the second remainder must be X'. « 

Divide the second quotient by {x — a), and the third remaindei 

X'' 
must be ---. 
2 

X'" 
The next remainder mus^ be ^r-^, &c., &c., according to th« 

2.3 

d^grfte of the equation 
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Now if we reserve these remainders, it is manifest that they 
may form the coefficients of the required transformed equation ; 
taking the last remainder for the Jirst coefficient ; and so on, in 
reverse order. 

For illustration, let us take the third example of the last article* 



.2)a?*— 4a*— 8x+32(a:»— 2a::*— 4ar— 16 
a*— 231* 



— ^2a:* — 8a? 

— 2a:»+4a:« 



— ia^ — Sx 
— 4a:*+8a: 



— 16ar+32 
— 16ar+32 



0=X 



.2)a:»— 2a!^—4a5^16(a*— 4 
a^—23i^ 



— 4a? — 16 

— 4a?+ 8 



— 24=X 



-2)a*— 4(a?+2 
.a?»— 2a? 



.2)a?+2(l 
X — 2 



8a?— 4 
2a? — 4 



4=— 
2.3 



1.2 



Hence the transformed equation is 



or, 



y*+4y«±0y«— 24y+0=0 ; 
y*+4y — ^24y=0, as before. 



For a further illustration of this method, we will again operato 
on the first example of the last article. 
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i>--3)a^^l2«»+17a*--««+7(a^-«x^--10au-89 



— 9x»+17a:* 
— 0x»+27x« 



-10a;«+30x 



— 39ar+ 7 
— 39ar+117 



— 110=X. l8t Remainder. 



a>—3)a:»—9aj»— 10a?— 39(05^— 6ay-.28 
a:»— 3a:* 



— 6a:*— J Oar 
— 6a:»+18a? 



_28a:— 39 

— 28a:+84 



— 123=X'. 2d Remainder. 

»— 8)a*--ea— 28(a>— 3 ap— 3)a>— 3(1 

«^— 3a: av— 3 



« • « 0=:-rr-T. 4th Rem 

— 3x-|- 9 2.3 

X" 
^-37=—. 3d Remainder. 

\ 
Hence y*dbOy*— 37y* — 123y — 110=0, must be the trans* 
formed equation. 

We shall have a 4th remainder, if we operate on an equation 
of the 4th d^ree ; a 5th remainder with an equation of the 5th 
degree ; and, in general, n number of remainders with an equa- 
tion of the nth decree. 

is ^ 
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But to make this method sufficiently practical, the operato? * 
most understand 

SYNTHETIC DIVISION. 

(Art 174.) Multiplication and division are so intimately blended. 
that they must be explained in connection. For a particular 
purpose we wish to introduce a particular practical form of per- 
forming certain divisions ; and to arrive at this end, we commence 
with multiplication. 

Mgebraie qfioniities^ containing regular powers^ may be 
multiplied together by tuing detached co^fidents^ and annexing 
' the proper literal powers afterwards. 

EXAMPLES. 

1 Multiply ii*+2aaH-x» by a+x. 

Take the coefficients. Thus 
1+2+1 
1+1 



1+2+1 
1+2+1 

Product, .... 1+3+3+1 
By annexing the powers, we have 

e^+3(^x+3aafl+3f 

9. Multiply a^+xy+]^ by x^ — xy+f^. 

As the literal quantities are regular, we may take detached 
eoeffidents, thus : 

1+1+1 
1—1+1 



1+1+1 
—1—1—1 

1+1+1 

Product,. . . . 1+0+1+0+1 
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Here the second and fourth coefficients are 0; therefore the 
terms themselves will vanish ; and, annexing the powers, we shaO 
have for the full product 

8. Multiply 3a:"— 3a:— 1 by 4a:+2. 
3—2—1 

4+2 



12—8—4 
6—4—2 

12—2—8—2 
Product, . . . 12a;'— 2aJ* — 8a:— 2. 

4. Multiply a:* — a3?-\'C?ix^ — €^x-]rc^ by x+a. 
1—1+1—1+1 
1+1 



1—1+1—1+1 
+1— 1+1—1+1 

1+0+0+0+0+1 



As all the coefficients are zero except the first and last, there* 
fore the product must be 

(Art 175.) Now if we can multiply by means of detached 
co^icientSf in like cases we can divide by means of them. 

Take the last example in multiplication, and reverse it, that is, 
divide a^+cfi by x+a. 

Here we must suppose all the inferior powers of oe^ and o^ 
really exist in the dividend, but disappear in consequence of their 
coefficients being zero ; we therefore write a// the coeffidenta of 
the regular powers thus : 
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DiTitor. Dividend. Qnotieiit 

1+1)1+0+0+0+04-1(1—1+1—1+1 
1+1 

—1+0 

—1—1 



1+0 

1+1 



-1+0 

—1—1 



1+1 
1+1 





Annexing the regular powers to the quotient, we have a^ — az*+ 
€?d^ — fl^x+a*, for the full quotient. 

9. Divide a»— 5a*6+10a»6«— 10a«6»+5a5*-^ by a^ 
2afr+6*. 

1_2+1)1_5+10— 10+5— 1(1— 3+3— 1 
1—2+ 1 
_3+g_10 
—3+6— 3 



3—7+5 
3—6+3 

—1+2^ 
—1+2—1 

These coefficients. are manifestly the coefficients of a cube^ 
therefore the powers are readily supplied, and are 

N. B. If we change the signs of the coefficients in the divisor, 
ixcept the first, and then add the product of those changed terms^ 
we shall arrive at the same result. 

Perform the last example over again, after changing the signs 
of the second and third terms of the divisor. Thus, 
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1+*— 1)1— 5+10— 10+6— 1(1— 3+8— 1 
1+2— 1 

Sam • • 



Sum .... * 3 — 7+6 

3+ 6—3 



Sum *— 1+2-1 

— 1—2+1 

Sum * 0+0 

S. Divide a:* — 6a:*+lla: — 6 by a>— 2. 
Change the sign of the second term of the divisor. 
1+2)1—6+11—6(1—4+3 
1+2 



—4+11 



3—6 
3+6 



Let the reader observe, that when the first figure of the divisor 
is 1, the first figare of the quotient will be the same as the first 
figure of the dividend ; and the succeeding figures of the quotient 
are the same as the first figures of the partial dividends. 

Now this last operation can be contracted. 

Write down the figures of the dividend with their proper signSi 
and the second figure of the divisor, with its sign changedf oa 
the right Thus 

1_6+11— 6(2.= Divisor 
2— 8+6 



(l_4+3) 

The first figure, 1, is brought down for the first figure <^ 
the quotient. 

The divisor, 2, is put under —6 ; their sum is -—4, whicfa^ 
multiplied by 2, and the product — 8 put under the next tenn, 
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the sum of +11 — 8 is 3, which multiplied hy 2, ^ves 6, and the . 
sum of the last addition is 0, which shows that there is no 
remainder. 

The numbers in the lower line show the quotient^ except the 
last; that shows the remainder ^ if any. 

This last operation is called synthetic division* 

4* Divide a:»+2x*— 8a>— 24 by a>-3. 

COMMON MKTHOD. 

a?^-3)a?«+2x*— 8aj— «4(x*+5a?+7 



b3? — 8a? 
5a:" — 150? 



7a>-24 
7a>— 21 

— 3 

SYNTHETIC METHOD. 
1+2— 8—24(3 
3+15+21 

(1+5+7)— 3 

Now we are prepared to work the examples in (Art E.) in a 
more expeditious manner. 

Transform again, the equation a^— 42^ — 8i;+32s=:09 to an 
other, whose roots shall be less by 2. 

This equation has no term containing a^, therefore the coeffi 
eieni of sf must be taken =0, if we use Synthetic Division* 

FIRST OPERATION. 

l_4d=0— 8+32 (2 
2—4—8—32 

(1_2— 4— 16)rO=X. 

SECOND OPERATION. 
1—2—4 —16 (2 

2±:0 — 8 
(l+0_4),-.24=X'. 



SYNTHETIC DIVISION. 296 

THIRD OPERATIOK. 
IrhO —4 (2 
2+4 

(1+2) 0=^ 

I 

FOUSTH OPEKAnON. 
1+2(2 



CI) *=h' 



Hence out transformed equation is y*+4y — 24yss0, as 
before. ' . 

To transform an eqaation of the fourth degree, we must haiw 
four operations in division; an equation of the nth degree n 
opeiations, as before observed. 

But these operations, may be all blended in one. Thiis 

1 -4 ±0 — 8 32 (2 
2—4—8 —32 

=X 



5 


^ 


—16 


2 





— 8 


"o 


lU 


— 24=X 


2 


+4 




2 


0= 


X" 
2 


2 






4= 


= 2.3- 





We omit the first column, except in the first line, as there are 
no operations with it. 

The pupil should observe the structure of this operation. It 
is an equation of the 4th degree, and there are four sums in ad- 
dition, m the 2d column ; three in the next ; two in the next, 
iui.f giving the whole a diagonal shape. 



1 
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Transform the equation a:* — 123^+173^ — 9a?+7-=0, into an- 
other whose root shall be 3 less. 



1 —12 
+ 3 


+17 _ 9 + 7 (3 
—27 — 30 —117 


— 9 


—10 — 39 — 110=X 


+ 3 
— 6 


—18 — 84 
—28 — 123=X' 


+ 3 
— 3 


— 9 

X" 
-37=^ 


3 




= 


X'" 



Hence the transformed equation is 

y*+(y—37S^-123y— 110=0. 

Transform the equation tx^ — 12x — ^28=0, into another whose 
loots shall be 4 less. 

1 —12 —28 (4 
4^ +16 +16 

T 4 IIl2=X • 

4 32 

T "^=X' 

4 

12=— 
^ 2- 

Hence the transformed equation must be y*+12y*+36y-^ 
12=0, on the supposition that we put y=:a>-4. 

Transform the equation 2:'—10;z;*+3aN— 6946=09 into another 
whose roots shall be less by 20. 
Put a?=20+y. 
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—10 


3 


—^6946 


20 


200 


4060 


10 


203 
000 

803 


—2886 


20 




30 




20 






50 







297 



The three remainders are the numbers just aboTe the doubk 
lines^ which give the following transformed equation : 
y»+5(y+803y— 2886=0. 

Transform this equation into another, whose roots shall be 
less by 3. Put y=3+z. 

(3 



SO 


803 


—2886 


3 


159 


+2886 


53 


962 
168 





3 




56 


1130 




3 







59 
Hence the second transformed equation is 

This equation may be verified by making z=0 ; which gives 
y=3 and af=20+3=23. 

Thus we have found the exact root of the original equation by 
successive transformations ; and on this principle we shall here- 
after give a general rule to approximate to incom mensural le roots 
of equations of any degree ; but before the pupil can be prepared 
to comprehend and surmount every difficulty, he must pay more 
attention to general theory, as developed in the following 
Chapter 



298 £L£M£NTS OF ALGEBRA. 

CHAPTER m. 

GENERAL PROPERTIES OF EQUATIONS. 

(Art. 176.) Any equcUioriy having only negative rootSj tviU 
kave all it» signs positive. 

If we take — a, — 6, — c, &c., to represent the lootg of an 
equation, the equation itself will be the product of the factors ; 

{x+a), (x+ft), {x+c), <Sm5., =0 : 

and it is obvious that all its signs must be positive. 

From this, we decide at once, that the equation a?*4-3ac"+ 
6a?-|~6=0 ; or any other numeral equation, having aU its signs 
plus, can have no rational positive roots. 

(Art. 177.) Surds, and imaginary roots, enter equations by 
pairs. 
Take any equation, as 

and suppose (a+V^) to be one of its roots, then {a — Jb) must 
be another. 

In place of x, in the equation, write Its equal, and we have 

(a+V6)*+^(a+V3)»+5(a+V6)«+C(a+V5)+2)=0 

By expanding the powers of the binomial, we shall find some 
terms rational and some surd. The terms in which the odd 
powers of Jb are contained will be surd; the other terms 
rational ; and if we put R to represent the rational part of this 
equation, and SJb to represent the surd part, then we must have 

But these terms not having a common factor throughout, cannot 
equal 0, unless we have separately /?=0, and S=^0 ; and if thii 
oe the case we may have 

This last equation, then, is one of the results of {a+Jbj, 
being a root of the equation 
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Now if we write {a — »Jb) in place of or, in the original eqnm- 
tion, and expand the binomials, using the same notation as 
before, we shall find 

But we have previously shown that this equation must be true ; 
and any quantity, which, substituted for Xj reduces an equation 
to zero, is said to be a root of the equation ; Aerefore {or^jV) 
is a root. 

The same demonstration will apply to (H'>/a), (—- V^)ff to 
•|-^ — a, — -^ — a, and to imaginary roots in the form of 

(Art. 178.) If toe change the signs of the alternate tenns of 
en equation^ it vnll change the signs of all its roots. 
At first, we will take an equation of an even degree. 
If a is a root to the equation 

af»+^a:»+JBa:»+Ca:+Z)=0 (1) 

dien will — a be a root to the equation 

x*— j^a:»-|-5a:»— Ca?+2)=0 ....... (2) 

Write a for x, in equation (1), and we have 

fl*+w^a*+5a»+Ca+Z)=0 (S) 

Now write — a for Xf^ in equation (2), and we have 

fl*+^a»+jBa»+Ca+Z)=0 (4) 

Equations (3) and (4) are identical ; tiierefore if a, put for x in 
equation (1), gives a true result, — a put for x in equation (2), 
gives a result equally true. 

We will now take an equation of an odd degree. 

If the equation a^+^oi^+Bx+ C=0, 
haw a for a root, then will the equation 

3i*—Ji3^+Bx—C—0, 

have — a for a root 
From the first i^+Ji€f+Ba+C=0. 

From the second *— a* — .^o* — Bu — C==sO. 
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This second equation is identical with the first, if we change 
«ff its signs, which does not essentially change an equation. 

The equation a^+a^—l9a*+llx+30=^0, has — 1, 2, 3, 
and — 5, for its roots ; then from the preceding investigation 
we learn that the eqnation 

a?*— «•— lOa:^— 1 lar+30:s=0, 
must have 1 — 2^ —3, and +6 for its roots. 

(Art 179.) If we introduce one positive root into an equa» 
tUnit it will produce at least one variation in the signs of its 
term; if two positive roots^ at least two variations. 

The equation a;'-|~^4'l=0, having no variation of signs, can 
have no positive roots. (Art. 176.) Now if we introduce the 
root +2, or which is the same thing, multiply by the factor :c^— 2, 

ai*H- x+l 
a:— 2 

aj»+ a*+ X 
— 2ai*— 2a>— 2 



Then s^^^a^ — x — ^2=0; 

and here we find one variation of signs firom -|-a^ to — d^, and 
one permanence of signs through the rest of the equation. 

If we take this last equation and introduce another positive 
root, say +5, or multiply it by x — 5, ^^e shall then have 

1—1 —1 —2 
1—6 



1—1 —1 —2 

—5 +5 +5 +10 

a*— 6jr»+4a:*+3a:+10=0. 

Here are two variations of signs, one from +a^ to —-6^, aiid 
another from — 6a;* to +40^. 

And thus we might continue to show that every positive rooti 
introduced into an equation, will produce at least one variation 
of signs. But we must not conclude that the converse of this 
prop>oi(ifion is true. 
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Every pontive root unll give one variation of signs ; but 
every variation of signs does not necessarily show the existence 
of a positive root. 

For an equation may have 

(a+67=r), {a^J—T), — c, — cf, 

for roots ; then the equation will be expressed by the product of 
the factors 

{ai^—2ax+(^+b^) {x+c) (ar+rf)=0. 

Afl one of these terms, (— 2ax), has the- minus sign, it will 
produce some minus terms in the product ; and there must neces- 
sarily be variations of signs ; yet there is no positive root. At 
the same time, the whole factor in which the minus term is found, 
must be plus, whatever value be given to or, as it is evidently 
equal to (x — «)*+&*, the sum of two squares. 

The equation 

3^—2a^—a!'+2x+lO=0, 

has two varicUions of signs, and two permanencesj but the roots 
are all imaginary, viz., 

(2+V=r), (2-^^, (_l+7=r), and (—l—^HT). 

If it were not for imaginary roots, the number of variations 
among the signs of an equation would indicate the number of 
plus roots : and this number, taken from the degree of the equa- 
tion, would leave the number of negative roots ; or the number 
of permanences of signs would at once show the number of 
negative roots. 

To determine a priori the number of real roots contained in 
any equation, has long bafHed the investigations of mathemati- 
cians ; and the difficulty was not entirely overcome until 1829, 
when M. Sturm sent a complete solution to the French Academy. 
The investigation is known as Sturm's Theorem, and will be pre- 
sented in the following Chapter. 

LIMITS TO ROOTS. 

(Art. 180.) All positive roots of an equation are comprised 
between zero and infinity ; and all negative roots between zer* 
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and minus infinity ; but it is important to be able at once to 
assign much narrower limits. 

We have seen, (Art 179.), that every equation, having a posi- 
tive root, must have at least one variation among its signs, and 
at least one minus sign. 

If the highest power is minus, change all the signs in the 
equation. 

Now we propose to show that the greatest positive root must 
be less than the greatest negative coefficient plus one. 

Take the equation 

7/'+Aa*+Ba^+ Cir+Z)=0. 

It is evident, that as the first term must be positive for all de- 
grees, X must be greater and greater, as more of the other terms 
are minus : then x must be greatest of all when all the othei 
terms are minus, and each equal to the greatest coefiicient, (2) 
being considered the coefficient of of). 

Now as A, B, &;c., are supposed equal, and all minus^ we shall 
have 

aj*_w^(a;8+a:«+a:+ 1)=0. 

For the first trial take x=^A^ and transpose the minus quantity, 
and we have 

Divide by ^^^ and we have 

Now we perceive that the second member of the equation is 
greater than the first, and the expression is not, in fact, an equa- 
tion. a?=w^ proves x not to be large enough. 

For a second tiial put jr=,^+l. 

Then (J?+l)*=w^[(w^+l)'+(w^+l)*+(w5+l)+l] 

Dividing by {A-^-Vf, we have 

•tf Wjf Wjl wm 

We retain the sign of equality for convenience, though die 
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members are not eqnaL The second member consists of terms 
in geometrical progression, and their sum, (Art 120)» is 

1 — T-^xTvi* Hence the first member is greater than the second, 

which shows that (i^-|-l) snbstitnted for x, is too great But A 
was too small, therefore the real value of x, in the case under 
consideration, must be more than A and less than (.^-l-l). 

That iSj the greatest pontive root of an equation^ in the 
most extreme ease^ must be less than the greatest negative 
coefficient plus one. 

In common cases the limit is much less. 

From this, we at once decide that the greatest positive root of 
the equation x*—3x*+7x*—8x*— 9x^—12=0, is less than 13. 

Now change the second, and every alternate sign, and we 
have the equation 

x»+3x*+7x»+8x«— 9x+12=0. 

The greatest positive root, in this equation, is less than 10 ; but, 
by (Art 178.), the greatest positive root of this equation is the 
greatest negative root of the preceding equation ; therefore 10 is 
the greatest limit of the negative roots of the first equation ; and 
all its roots must be comprised between +13 and ^-10 ; but as 
this equation does not present an extreme case, the coefficients 
after the first are not all minus, nor equal to each other ; there- 
fore the real limits of its roots must be much within +13 and 
•—10. In fact, the greatest positive root is between 3 and 4, and 
the greatest negative root less than 1. 

If it were desirable to find the limits of the least root, put 

X=-, and transform the equation accordingly. Then find, as 

just directed, the greatest limit of y, in its equation ; which will, 
of course, correspond to the least value of x in its equation. 

(Art 181.) If we substitute any number less than the least 
roott for the unknown quantity, in any equation of, an even 
degree, the result will be positive. And if the degree of the 
equation he odd, the result will be negative. 

Let a, bf c, ^., be roots of an equation, and x the unknown 
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quantity. Aiso, conceive a to be the least root, h the next 
grreater, and so on. Then the equation will be represented by 
(a?— «)(a:— 6)(a:— c)(a7 — (/), &c., =0, 

Now in the place of x substitute any number h less than a, and 
the above factors will become 

(^— a)(A--5)(A— c)(^— (Q, &c. 

Each factor essentially negative, and die product of an even 
number of negative factors, is positive ; and the product of an 
odd number is negative ; therefore our proposition is proved. 

Scholium, — If we. conceive h to increase continuously, until it 
becomes equal to a, the first factor will be zero ; and the product 
of them ail, whether odd or even, will be zero, and the equa- 
tion will be zero, as it should be when A becomes a root. 

If h increases and becomes greater than a, unthout being 
tqual to 6, the resuU of substituting it for z will be negative, 
in an equation of an even degree, and positive in an equation 
of an odd degree. 

For in that case the first factor will be positive^ and all the 
other factors negative ; and, of course, the signs of their product 
will be alternately minus and plus, according as an even or odd 
number of them are taken. 

If h is conceived to increase until it is equal to 6, then the 
second factor is zero, and its substitution for x will verify the 
equation. If h becomes greater than 6, and not equal to c, then 
the first two factors will be positive ; the rest negative ; and the 
result of substituting h for x will give a positive or negative 
result, according as the degree of the equation is even or odd. 

If we conceive h to become greater than the greatest root, 
then all the factors will be positive, and, of course, their product 
positive. ^ 

For example, let us form an equation with the four roots — 5, 
2, 6, 8, and then the equation will be 

(ar+5)(a:— 2)(a:— 6)(ar— 8)=0, 
Or. . . . a?*— lla;»— 4ic*+284ar— 480=0. 
(The greater a negative number is, the less if is considered.) 
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Now if we snbstitiile — 6 for x^ in die cqutioii, the result nmst 
be positiTe. Let -*-6 inereiae to — 5» and tk3 resolt will be 0. 
Let it stin increase, and the lesnlt will be n^alive, nntil it has 
increased to H~2> ^ which point the lesnlt will again be 0. 

If we sabstitote a nomber greater than 2, and less than 6, for 
X9 in the equation, the resolt will again be paniive. A nomber 
between 6 and 8, pot ^ x, will render the eqoation negative $ 
and a nomber more than 8 will render the eqoation positive ; 
and if the nomber is still conceived to increase, there will be no 
more diange of signs, because we have passed all the roots* 

If in any equation we sobstitote nombers for the onknown 
quantity, which differ fi!t>m each other by a less nunber than 
the difference between any two roots, and commence with a 
number less than the least root, and continue to a number greater 
than the greatest root, we shall have as many changes of signs 
in the results of the substitution as the equation has real roots. 

If one real root lies between two numbers substituted for the 
unknown quantity, in any equation, the results will necessarily 
show a change of signs. * 

If one, or threes or any odd number of roots, lie between the 
two numbers substituted, the results will show a change of signs 

If an even number of roots lie between the two numbers sub- 
stituted, the results will show no change of signs. 

In the last equation, if we substitute — 6 for «» tiie result 
will be pku. 

If we substitute +3* ^^ result will also be plusj and give no 
indication of the two roots — 5 and +2, whic^ lie between. 

(Art. 182.) If an equation contains imaginary roots, the 
factors pertaining to such roots will be either in the form of 
(a^+a), or in the form of [(a? — a)*+^, both positive, whatever 
numbers may be substituted for Xj either positive or negative ; 
hence, if no other than imaginary roots enter the equation, all 
substitutions for x will give positive results, and of course, no 
changes of sign. // is only when the substitutions for x pass 
real roots that we shall find a change of signs. 

26 
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CHAPTER IV. 
GENERAL PROPERTIES OF EQUATIONS— Continued. 

(Art 183.) If we take any equation which has all its roots 
real and uneqaal, and make an equation of its first derived poly* 
nomial, the least root of this derived equation wih be greater than 
the least root of the primitive equation, and less than the next 
greater. 

If the primitive equation have equal roots, the same root will 
verify the derived equation.* 

We shall form our equations from known positive roots. 

Let a, 6, c, d, &€., represent roots ; and suppose a less than 
bf b less than c, &c., and x the unknown quantity. An equation 
of the second degree is 

«■ — {a+b)x+ab=0 ; 
Its first derived polynomial is 

2j^{a+b). 

If we make an equation of this, that is, put it equal to 0, we 

shall have 

a+b 
x=— . 

Now if d is greater than a, the value of x is more than a, 
and less than 6, and proves our proposition for all equations of 
the second degree. If we suppose a=^, then x==a, in both 
aquations. 

An equation of the third degree is 

a*—{a+b+c)a^+{ab+ac+hc)x—abc=0 (1) 

Its first derived polynomial is 

3x'-^2{a+b+c)x+ab+ac+bc^0 (2) 

This equation, being of the second degree, has two roots, and 
anfy two. 

* To ensure perspicuity and avoid too abstruse generality, we operate on 
equations definite in degree; the result will be equally satisfiictoiy to tbe 
learner, and occupy, comparatiYely, but little space. 
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Now if we can find a quantity which, put for Xf will verify 
equation (2), that quantity must be one of its roots. If we try 
two quantities, and find a change of signs in the results, we are 
sure a root lies between such quantities. (Art. 181.) Therefore 
we will try a, or write a in place of x. As b and c are each 
greater than a, we will suppose that 

c=aH-A'. 
With these substitutions, equation (2) becomes 

3i^^2{Ba+h+h')a+3a^+2ah+2ah'+hh'^0; 

Reduced, gives +M'=0. 

Therefore a cannot be a root'; if it were we should have 0=0. 

Jf we now make a substitution of b for x, or rather (a-f-A) 
for Xf and reduce the equation, we~shall find 
(A_A')A=0. 

It is apparent that this quantity is essentially minusj as h' 
is greater than h. Hence, as substituting a for x, in the equa- 
tion, gives a small plus quantity, and b for x gives a small 
minua quantity, therefore one value of a?, to verify equation (2), 
must lie between a and b. 

This proves the proposition for equations of the third degree ; 
and in this manner we may prove it for any degree ; but the labor 
of substituting for a high equation would be very tedious. 

If we suppose a=l^, and put c=a+h', and then substitute A 
in place of x, we shall find equations (1) and (2) will be verified. 

Therefore in the case of equal roots, the equation and its 
first derived polynomial will have a common measure, as before 
shown in (Art. 168). 

If all the roots of an equation are equal, the equation itself 
nJlay be expressed in the form of 

(a>— a)"»=0. 
Its first derived polynomial, put into an equation, will be 
m(a:— a)«-*=0. 

It is apparent that the primitive equation has m roots equal to 
a; and the derived equation, (m~l), roots also equal to a. 
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Lastly, take a general equation, as 

af'+Jix'^'+Bx^^ Ilx+S=^0. 

Its first derived polynomial, taken for an equation, will be 

mar"«-*+(m— l)^af»-* /?=0. 

We may suppose this general equation composed of the 
factors 

{o>-^(a>-^){x — c), &C., =0, 

and also suppose b greater, but insensibly greater^ than a ; c 
insensibly greater than 6, &c. Then the equation will be nearly 

and its derivod polynomial, 

m{x — a)«-*=0, 
cannot have a root less than (a), the least root of the pnmitive 
equation ; but its root cannot equal a, unless the primitive equa- 
tion have equal roots ; therefore it must be greater. 

By the same mode of reasoning we can show that the greatest 
root of an equation is greater than the greatest root of its derived 
equation ; hence the roots of the derived equation are interme- 
diate, in value, to the roots of the primitive equation, or contained 
within narrower limits. 

(Art. 184.) If we take any equation, not having equal roots^ 
and consider its first derived polynomial also an equation^ 
and then substitute any quantity less than the least root of 
either equation, for the unknown quantity, the result of such 
substitution fvUl necessarily give opposite signs. 

Let a, b, c, &c,, represent the roots of a primitive equation, 
and a'f b', &c., roots of its first derived polynomial ; x the no* 
known quantity. Then the equation will be 

(a?— a)(a?— 6)(ar— c), &c., to m factors =0 ; 
the derived equation will be 

{x — a')(x — b'){x — c'), &c., to (m — 1) factors =0. 

Now if we substitute h for x, and suppose h less than either 
root, then every factor, in both equations, will be negative. 

The product of an even number of negative factors is positive 
and the product of an odd number is negative ; and if the factors» 
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in the primitiYe equation are even, those in the der Ted equation 
most be odd« 

Hence any quantity less than any root of eithtr equation^ iviB 
necessarily give to these Junctions opposite signs. 

(Art. 185.) Now if we conceire h to increase until it becomes 
equal to a, the least root, the factor (x — a) will be 0, and reduce 
the whole equation to 0. Let h still increase and become 
greater than a, and not equal to a', (which is necessarily greater 
than a, (Art 184.), and the factor {x — a) will become plus^ while 
all the other factors, in both equations, will be minus^ and, of 
course, leave the same number of mintu factors in both functions, 
which must give them the same sign. Consequently, in passing 
the least root of the primitive equation a variation is changed into 
a permanence. 

Sturm^s Tlieorem. 

(Art. 186.) If we take any equation not having equal roots, and its 
6rst derived polynomial, and operate with these functions as though 
tiieir common measure was desired, reserving the several remain- 
ders with their signs changed, and make' equations of these func- 
tions, namely, the primitive equation, its first derived polynomiat 
and the several remainders with their signs changed, and tlien 
substitute any assumed quantity, A, for x, in the several functions, 
noting the variation of signs in the result ; afterwards substitute 
another quantity, h\ for or, and agam note the variation of signs ; 
the difference in the number of variation of signs^ resulting 
from the two substitutions^ will give the number of real roots 
between the limits h and h!. 

If * — QO and +00 are taken for K and A', we shall have the 
whole number of real roots ; which number, subtracted from the 
degree of the equation, will give the number of imaginary roots. 

DEMONSTRATION. 

Let X represent an equation, and X' its first derived polyn(w 
mial. 
In operating as for common measure, denote the several quo* 

' • 83rinboi8 of infinity. 
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tients by Q, Q* Q", &c., and the several remainders, with their 
signs changed, by R, R', R", &c. 

In these operations, be careful not to strike out or introduce 
minus factors, as they change the signs of the terms ; then a 
re<hange of signs in the remainder would be erroneous. 

From the manner of deriving these functions, we must have 
the following* equations * 

X R 

X' ^ X' 

X' R' 

R ^ R 

R' ^ R' 

R' R"' 

"—-=0"'— —— 
R' ^ R" 

&c. &c. 
Clearing these equations of fractions, we have 
X=X'Q — R Y 
X'=RQ' — R' 
R =R'Q " _R" I ... (A) 
R=R"Q''_R'" 

As the equation X=0 must have no equal roots, the functions 
X and X' can have no common measure (Art. 168.), and we shall 
arrive at a final remainder, independent of the unknown quantity, 
and not zero. 

Proposition 1. Nc two consecutive Junctions, in equations (A), 
eon become zero at the same time. 

For, if possible, let such a value of h be substituted for a?, as 
to render both X' and R zero at the same time ; then the second 
equation of (A) will give R'=0. Tracing the equations, we must 
finally have the last lemainder R„ =0; but this is inadmis- 
sible ; therefore the proposition is proved. 

Prop. 2. fFhen one of the functions becomes zero, by giving 
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a particular value to x, the adjacent functions between tohich^U 
is placed must have opposite signs. 

Suppose R' in the third equation, (A), to become 0, then the 
equation still existing, we must have R^= — R". 

The truth of Sturm's Theorem rests on the facts demonstrated 
in Arts. 184, 185 and in the two foregoing propositions. 

If we put the functions X, X', R, R', ^c, each equal to ; 
that is, make equations of them, and afterwards substitute any 
quantity for a?, in these functions, less than any root, the firs 
and second functions, X and X', will have opposite signs, (Art. 
184.) ; and the last function will have a sign independent of x^ 
and, of course, invariable for all changes in that quantity. The 
other functions may have either plus or minuSf and the signs 
have a certain number of variations. 

Now all changes in the number of these variations must 
come through the variations of the signs in the primitive func' 
turn X. A change of sign in any other function will produce 
no change in the number of variations in the series. 

For, conceive the following equations to exist : 



X=0 
X'=0 
R=0 

&C.&C. 



(B) 



Now take x=h, yet h really less than any root of tbe equa- 
tions, (B), and we may have the following series of signs : 



X = — 

X'= + 
R = — 
B' = — 

R"= — 
R"'= 4- 



.(C) 



Or we may have any other order of signs, restricted only to the 
fact that the signs of the two first functions must be opposite, ana 
the last invariable, or unaffected by all future substitutions. 
Here are three variations of signs. 
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Now conceive h to increase. No change of signs can take 
place in any of the equations, unless h becomes equal and passes 
a root of that equation ; and as there are no equal roots, no two 
of these functions can become at the same time (Prop. 1.) ; 
hence a change of sign of one function does not permit a cliange 
in another ; therefore by the increase of A, one of the fiinctionst 
(C), will become 0, and a further increase of h will change its 
sign. 

In the series of signs as here represented, X' cannot be the 
first to change signs, for that would leave the adjacent functions, 
X and R, of the same sign, contrary to Prop. 2 ; nor can the 
function R' be the first to change sign, for the same reason. 

Hence X or R or R" must be first to change sign. 

If we suppose X to change sign, the other signs remaining the 
same, the number of variations of signs is reduced by unity. 

If R or R" change sign, the number of variations cannot be 
changed ; a permanence may be made or reduced, and all cases 
tliat can happen with three consecutive functions may be ex- 
pressed by the following combinations of signs ; 



+ ± — ) 
- =t + $ 



Or 

either of which gives one variation and one permanence. 

Now as no increase or decrease in the number of variations of 
signs can be produced by any of the functions changing signs, 
except the first, and as that changes as many times as it has real 
roots, therefore the changes in the number of variations of signs 
show the number of real roots comprised between h and h'. 

If h and h' are taken at once at the widest limits of possibility, 
/rom — infinity to + infinity, the number of variations of signs 
will indicate the number of real roots ; — and this number, 
taken from the degree of the equation, will give the number of 
the imaginary roots. 

(Art. 187.) The foregoing is a full theoretical demonstration 
of the theorem; but the subject itself being a little abstruse^ 
some mmds may require the following practical elucidatioiu 
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Form an equation with the four assumed roots, 1, 3^ 4, 6 
The equation will be 

(a:— l)(ar— 3)(j? — 4)(aju-6)=0 ; 
or X = a?*— 142:»+67a:*— 126a:+72=0 Roots 1, 3, 4, 6. 
X = 4a:»— 42a*+134ar— 126 =0'. . i?eora 2, 3.3, 6 nearly. 

B =13a*— 91a?+153 EooU 2.8, 4.1 nearly. 

R'=72a?— 252 Boot 3.6 

R"= + 

Let the pupil observe these functions, and their roots, and see 
that they correspond with theory. The least root of X is less 
than the least root of X'. (Art. 183.) The roots of any func- 
tion are intermediate between the roots of the adjacent functions. 
This corresponds with (Prop. 2.) ; for if three consecutive func- 
tions have the same sign as — , — ,<* — , or +» +» +» the middle 
one cannot change first and correspond to (Prop. 2.) ; but signs 
change only by the increwnng quantity passing a root, and it must 
pass a root of one of the extreme functions first ; therefore the roots 
of X' must be intermediate in value between the roots of X and 
JR ; and the roots of R intermediate in value between the roots 
of X' and R' ; and so on. But the roots of X' are within nar 
rower limits than the roots of X (Art. 183.) ; therefore the roots 
of all the functions are within the limits of the roots of X. 

We will now trace all the changes of signs in passing all the 
roote( of all the functions. 

We will first suppose x or A = ; which is less than any 
root ; then as we increase h above any root, we must change the 
Sign of that function, and that sign only 

We represent these changes thus : 
27 
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x=6.1 +• 


+ 


+ 


+ 


+ • 


. . .0 


U 



We commenced with 4 variations of signs, and end with 
variations, aflter we have passed all the roots ; therefore the real 
roots, in the primitive equation, must be 4 — 0^=4. 

By this it can be clearly seen, by inspection, that the changes 
of sign in all the functions, except the first, produce no change 
in the number of variations. 

In making use of this theorem we do not go through the inter- 
mediate steps, unless we wish to learn the locality of the roots as 
well as their number. We may discover their number by sub- 
stituting a number for x less than any root, and then one greater; 
tae difference of the variations of signs will be equal to the num- 
ber of real roots. 

If we take — qo and +0D» the sign of any whole function 
will be the same as that of its first term. 



* In making this table, we did not reaDy substitute the numbers aasumed for 
OP, as we previoudy determined the roots ; and as passing any root changes the 
sign in that fimdion, we wnte a star against that sign whick nas jnsi 
changed. 
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CHAPTER V. 

APPLICATION OF STURM'S THEOREM. 
(Art. 188.) Id preparing the functions, remember that we are 
at liberty to suppress positive numeral factors. 

EXAMPLES. 

l» How many real roots has the equation a:'+9aj=6 1 
Here X= a^+9x~6 

R=_ar+1 

Now for X substitute — qo or -—100000, and we see at onoe 
^* X X' R R' 

— + 4" — ^ variations. 
Again, for x put +00 or +100000, and the resulting signs 
must be • + + _ _ 1 variation. 

Hence the above equation has but one real root ; and, of course, 
two imaginary roots. . 

To find a near locality of this root, suppose a;=0, and the 
signs vriU be _ ^. ± _ 2 variations. 

x=i + + =fc — 1 variation. 

Hence the real root is between and 1 

Now as we have found a?, in the equation a^+Qx — 6=0, to 
be less than 1, a^ may be disregarded, and 9a: — 6=0, will give 
us the first approximate value of x; that is, a:=.6, nearly. 

9. How many real roots has the equation x* — 3a:* — 4=0 ? 
X= a?^— 3a:»— 4 
X'=4a:»— 6a? 
R =+25 
If .r=-— 00 + — +2 variations. 

a?ssr+co + + + ^ variation. 
Hence there must be 2 real roots, and 2 imaginary roots. 
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8. How many real roots has the eqaatlon x" — ^a? — 621=0 f 
(See Art. 103.) 

X =a:«— 4a:»— 621 

X'=a;«— 2x» 

R=-|-625 
When ar= — oo + — +2 variations. 
Whei. a:=+oo + + + variation. 
Hence there are two real roots and four imaginary roots. 

4. How many real roots has the equation a^ — 15j?+21=0? 

Am. 3. 

5. How many real roots are contained in the equation 

a:3_5a:«+8^— 1=0? Am. 1. 

6. How many real roots are contained in the equation 

2ar*— 13a:^+10a>— 19=0? Am. 2. 

V. Find the number and situation of the roots of the equation 
a^+lla:8—102ar+ 181=0. 

X= a:3+llar*— 102ar+181 
X'=3a?*+22ar— 102 
R= 122a:— 393 
R=+ 

Patting a?= — oo — + — +3 variations. 
a?=+oo + + + +0 variation* 
Hence all the roots are real. 

To obtain the locality of these roots there are several principles 
to guide us, there is (Art. 180), but the real limits are much 
narrower than that article would indicate, unless all the coeffi- 
cients after the first are minus, and equal to the greatest. 

A practised eye will decide nearly the value of a positive root 
by inspection ; but by (Art. 183.) we learn that the root of R, 
or 122a: — 393=0, must give a value to x intermediate between 
the roots of the primitive equation. 

From this we should conclude at once that there must be a 
root between 3 and 4. 
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Substituting 3 for x, in the above functions, we have 
+ — — + 2 variations. 
x=4 + + + + variation. 
Hence there are two roots between 3 and 4. 

As the sum of the roots must be — 11 , and the two po6itive 
roots are more than 6, there must be a root near —17. 

As there are two roots between 3 and 4, we wiU transform 
the equation, (Art 175), into another, whose roots shall be less 
by 3 ; or put x=S+y. Then we shall have 
X= y+20y^9y+l=0 
X'= 3y«+40y— 9 
R=122y— 27 
R'=+ 
The value of y, in this transformed equation, must be neaf 
the value of y in the equation 122y=27, (Art 183.) ; that is, j 
is between .2 and .3 

y=.2 gives + — — + 2 variations. 
y=.3 gives + + + + variation. 
Hence there are two values of y between .2 and .3 ; and, of 
course, two values of x between 3.2 and 3.3. 

We may now transform this last equation into another whose 
roots shall be .2 less, and further approximate to the true values 
of X, in the original equation. 

Having thus explained the foregoing principles, and, in our 
view, been sufficiently elaborate in theory, we shall now apply it 
to the solution of equations, commencing with 

NEWTON'S METHOD OF APPROXIMATION. 

(Art. 189.) We have seen, in (Art. 175.), tiiat if we have any 
equation involving a?, and put a:=a+y> and with this value 
transform the equation into another involving y, the equation 
will be 

X+X'i/+:|-2/«+^ jr=o. 

If a is the real value of x, then y=0, and X^sO. 
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If a is a very near yalue to x, and consequently y yerj 
small, the terms containing y*, y", and all the higher powers of 
y, bectfme very small, and may be neglected in finding the ap» 
proximate value of y. 

Neglecting these terms, we have 

X+X'y=0, 

Or y 1; (1) 

In the equation xs^a+yf if a is less than x^ y must be posi- 
tive ; and if y is positive in the last equation, X and X' must 
have opposite signs, corresponding to (Art. 184.). 

Following formula (1), we have an approximate value of y ; 
and, of course, of x. The value of a?, thus corrected, again call 
a, and find a correction as before ; and thus approximate to any 
required degree of exactness. 

EXAMPLES. 

!• Given daf+43i^ — 5a>— 140=0, to find one of the approxi 
mate values of x. 

By trial we find that x must be a little more than 2. 
Therefore, put a?=2+y« 

X=: 3(2)»+ 4(2)*— 6(2)— 140 . . -or. . .X=-22 
X'«15{2)<+12(2)^--6 ... .or. . .X'= 283. 

X 22 

Whence y -^ =g— =0.07 nearly. 

For a second operation, we have 

a?=3.074-y. 
X= 8(2.07)«+ 4(2.07)*— 6(2.07)— 140...By log. Xs=— 0.854 

X'=16(2.07)<+12(2.07)«— 5 By log. X'= 821 83 

Hence the second value, or y=='5^T^-^=0.00265+ 

3218*2 

And a?=2.07265+ 

a. Given «'+2a;^— 23a?=70, to find an approximate value 
of X. J3n8. 6.1345+. 
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S. Given a?* — 3i*+76ar= 10000, to find an approximate 
^ue of X. ^ns, 9.886-(- 

4. Given 3a:* — 35a:* — 11a:" — 14a:+30s=0, to find an approzi-' 
mate value of x. An»* 11 •998+* 

ft* Given 52* — 3je* — ^2x=15609 to find an approximate value 
of a? Ans. 7.00807+. 

CHAPTER VL 
HORNER'S METHOD OF APPROXIMATION. 

(Art. 190.) In the year 1819, Mr. W. G.'Homer, of Batfa^ 
England, published to the world the most elegant and concise 
method of approximating to roots of any then known. 

The pandlel between Newton's and Horner's method, is 
tiiis ; both methods commence by finding, by trials a near value 
(o arooC 

In using Homer's method, care must be taken that the number, 
found by trial, be less than the real root. Following Newton's 
method we need not be particular in this respect 

In both methods we transform the original equation involving 
a:, into another involving y, by putting a?=f +y, as in (Art 175), 
r being a rough approximate value of ar, found by trial. 

The transformed equation enables us to find an approximate 
value of y, (Art. 189.). 

Newton's method puts this approximate value of y to r, and 
uses their algebraic sum as r was used in the first place ; again 
and again transforming the scone equation, after each successive 
eorrection of r. 

Homer's method transforms the transformed equation into 
another whose roots are less by the approximate value of y ; and 
again transforms that equation into another whose roots are less, 
and so on, as far as desired. 

By continuing similar notation through the sevend transforma- 
Aoxm we may have 
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x=r+y 

z = t+z' 
z'^u+z*' 

Hence ap=r+a+^, &;c. ; r, «, U &c., being successive figures 
of the root. Thus if a root be 325, r=300, •»=20, and /=6. 

On the principle of successive transformations is founded the 
following 

Rule for approximating to the true value of a real root 
of an equation. 

1st. Hnd by Sturm* 8 Theorem^ or otherunse, the value of 
the first one or two figures of the root, which designate by r. 

2d. Transform the equation (Art. 175), into another whose 
roots shall be less by r. 

3d. With the absolute term of this transformed equation for a 
dividend, and the coefficient of y for a divisor^ find the next 
figure of the root. 

4th. Transform the last equation into another, whose roots 
shall be less, by the value of the last figure determined $ and 
so proceed until the whole root is determined, or sufficiently 
approximated to, if incommensurable. 

Note 1. In any transformed equation, X is a general symbol 
to represent the absolute teim, and X' represents the coefficient 
. of the first power of the unknown quantity. If X and X' be- 
come of the same sign, the last root figure is not the true onet 
and must be diminished. 

Note 2. To find negative roots, change the sign of every alter- 
nate term, (Art. 178.) : find the positive roots of that equaticm, 
and change their signs. 

(Art 191.) We shall apply this principle, at first, to the solu- 
tion of equations of the second degree ; and for such eqnationa 
as have large coefficients and inconunensurable roots, it will fiuw 
nish by far tlie best /^racHco/ rule. 
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EXAMPLES. 
1* Find an approximate root of the equation 

a<+a>— 60=0. 
We readily perceive that x must be more than ?» and less 
than 8y therefore r=7. 

Now transform this equation into another whose roots shaD be 
less by 7. 

Operate as in (Art. 175.), synthetic division 

1 1 —60 (7 

7 56 



8 — 4 

7 

15 



Trans., eq. y* + 15y — 4=0 

Here we find that y cannot be far from -j^j, or between .2 and 
.3; therefore transform the last equation into another whose 
roots shall be .2 less ; thus, 

1 15—4 (.2 

0.2 3.04 



15.2 —0.96 

2 

15.4 

The se(x>nd transformed equation, therefore, is 

z*+15.4r— 0.96=0 

.96 
To obtain an approximate value of z, we have ^--~ or 0.06. 

In being thus formal, we spread the work over too large a 
space, and must inevitably become tedious. To avoid these diffi- 
culties, we must make a few practical modifications. 

1st. We will consider the absolute term as constituting the 
second member of the equation ; and, in place of taking the 
algebraic sum of it, and the number placed under it, we will take 
their difference. 
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2d. We will not write out the transformed equations ; that is, 
not attach the letters to the coefficients ; we can then unite the 
whole in one operation. 

3d. Consider the root a quotient ; the absolute term a diTldend* 
and, corresponding with these terms, we must have divisors. 

In the example under consideration, 8 is the first divisor ; 19 
ji ihejirst trial divisor; 15.2 is the second divisor, and 15.4 is 
the second trial divisor ; 15.46 is the third divisor, &c 

Let us now generalize the operation. The equation may be 
reprcentedby ai'+ax=n 

Transform this into another whose roots shall be less by r ; that 
equation into another whose roots shall be less by «, &c., Slc. 





SYNTHETIC 


DIVISION. 


1 


a 


n {r+s 




r ( 


ar+f* 


1st divisor, • . 


. .a-f"** 


n' 




r 


{a+2r+s)8 


Ist trial divisor, 


. .a+2r 


n" 




0+* 


ice. 



2d divisor, . . . . a+2r+« 

8 



2d trial divisor, . . a+2r+2« 
&c« 

In the above we have represented the difference between ft 
and {ar+i^ by »', &o. As n', n", n'", &c., with their corre- 
sponding trial divisors, will give 8, /, ti, Ac, the following for- 
mula will represent the complete divisors for the solution of all 
equations in the form of 
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32.^ 



Ist divisor, .... 
add ... . 


dba+ r 


2d divisor, . 
add . . 


±«+2r+ 8 


3d divisor, .... 
add ... . 


±M+2r+2s+ t 

t+u 


4th divisor, • • • 
ice 


±«i+2r+2«+2l+tt 
^. Sie. 


Equatioiis which have expressed coefficients of the highest 
power, as 

ca^d=«r=m 
the fonnalas will be : 


1st divisor, .... 
add 


dba+ cr 

cr+ C8 


2d divisor, . . • • 
add .... 


±«+2cr4- C8 

C8+tt 


8d divisor, .... 
&c. 


d:a+2cf+2ca+cf 



To obtain trial divisors we would add cr only, in place of 
We will now resume our equation for a more concise solvtioo. 



1. 



x>-fafs60 



1st divisor, . .. 
add .. 


1 

7 

8 
7.2 


fi r $tu 
60 ( 7-262 
56 

4 
304 


2d divisor, . . 
add . . 


15.2 
26 


96 
9276 


3d divisor, . . 
add . . 


15.46 
62 


324 
31044 


4(h divisor, . . 


15.522 


13M 
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We can now divide as in. simple division, and annex the quo- 
tient figures to the root, thas : 

15522)1356 (08734 
124176 

11424 
10865 



559 
465 



04 
.Hence afss7.2620873+« 

9. Find x, from the equation x*— 700x^=59829. 
On trial, we find x cannot exceed 800 ; therefore, r==2700. 

n rai 
a+ r -700+700== 59829(777 

r+ $ 700+ 70=770 00)000 

a+2r+ $ =770 770)59829=n' 

«+f=70+7 77 5390 ' 



a+2r+2«+/ =847 847)5929=n'' 

5929 



Hence, a?=777. 

8 Find x from the equation a^ — 12832r=16848. 
By trial, we find that x must be more than 1000, and less 
than 2000 ; therefore, r=1000. 

n ntu 
a+ r= —283 16848(1296 

r+ «= 1200 —283 



a+2r+ «= 917 917)2998 

8+t 290 1834 



a+2r+2«+/= 1207 1207)11644 

^+w=96 10863 



1303 1303) 7818 
7818 
Hence, ] T x=1296. 
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41. Given o^ — 5j?s=8366, to find x. 

By trial, we find x must be more than 90, and less tlian 100 
Therefore, a+ r = 85 ) 8366 ( 94»:a? 

r+« . . 94 765 « 



a+2r+«=179 ) 716 
716 

«. Find a?, from the equation «* — 375j:+1904=0. 
Here the first figure of the root is 5. 



5 
—375 

Ist divisor, — 37Cr. 
5.1 


-1904(5.1480052207 
—1850 

—5400 
—3649 


2d divisor, —364.9 
.14 


—175100 
—145904 


3d divisor, —364.76 

48 


—2919600 
—2917696 


4th divisor, —364.712 
8 


—190400 
—1823519 


5th divisor, —364.7039 


—80491 
—72941 


• 


—7550 

—7294 




—256 
—255 




— 1 


6. Given a:»+7a>— 1194=0, 


to find X. Am. 31.2311099. 



V. .Given a:>— 2l2;=214591760730, to find x. Arts. 463251. 

It might be difficult for the pupil to decide the value of r, as 
applied to the last example, without a word of explanation : x 
must be more than the square root of the absolute term, that v^ 
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more than 400000 ; then try 600000, which will be foond too 
great. 

(Art. 192.) When the coefficient of the highest power is not 
\inity, we may (if we prefer it to using the last formulas for di- 
visors), transform the equation into another, (Art. 166.), which 
shall have unity for the coefficient of the first term, and all the 
other coefficients whole numbers. 

9. Given 7x*— 3ar=376. - 

Put x=^^ and we shall have y*— -3y=2625. 

One root of this equation is found to be 62.7567068-|-, one- 
seventh of which is 7.536672-|- ; the approximate root of the 
original equation. 

9. Given 7z^ — 83a?+187=0, to find one value of x. 

Ana. 3.024492664 

10. Given o:^— ^yX^S, to find one value of x* 

Ana. 2.96807600231 

11. Given 4a'+Ja?=i^, to find one value of x. 

Am. Am. .14660+ 
la. Given i^+ix^^j^ to find one value of x. 

Ana. .6042334631 

IS. Given 115 — 3a!^— 7a:=0, to find one value of x. 

Am. 5.13368606 

(Art 193.) We now apply the same principle of transforma* 
tion to the solution of equations of the third degree. 

EXAMPLES. 

!• Find one root of the equation 

a:»_a^-|-70aj^^00=0. 
We find, by trial, that one root must be between 3 and 4. 
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I I 



8 
10.214 



i 



8- 


S 

1 


—1 
8 • 

2 
3 

3 


70 
•76 
Jl=X' 


r 
—300 (8. 
228 


\ 


— 72=X 

• • • • 

. • « • 72 

.... y=9r=<>'» 

• . • • 



0* 


1 


8 
0.7 

8.7 

7 

9.* 

7 

10.1 


91 
6.09-| 

♦97.09 , 
6.58J 

103.67=X' 


8 

— 72 (0.7 
67.963 

— 4.037=X 




1 


10.1 
.03 


103.67 
.3039-| 


t 

— 4.037 (0.03 

— 3.119217 




10.13 
3 


♦103.9739 , 
.3048J 

104.2787=X' 


— 0.917783=X 




10.16 
3 






10.19 






1 


10.19 
.008 


104.2787 
.081584 


u 
0.917783(0.008 
0.834882272 




10.198 
8 


♦104.360284 
81648 


.082900728 




10.206 


104.441932 
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The terms here marked X are trial divisors ; we have pre 
fixed stars to the numbers that we may call complete divisors. 
We reot here with the equation 

(«")'+10.214(z")«+104.4419ar"— 0.0829=0. 

The value of z" is so small that we may neglect all its powers, 

except the first, and obtain several figures by division, thus : 

104 ) 829 ( 797 

728 



101 
996 

"74 
« r 8tu 

Hence, one approximate value of a? is .... 3.738797-{~. 
(Art. 193.) We may make the same remarks here as in (Art. 
191.), and, as in that article, generalize the^ operation. 

Let 0^+^31^+ Bx=N represent any equation of the third 
degree, and transform it into another whose roots shall be r less ; 
thus. 



.4 


B 


= N 


(r 


r 


(r^^r 


i*+At*+Br 


f 


*{r-{-^r-\-B 
3r»+2^r+5 




N 


2r+Jl 

r 





3r+^ 
The transformed equation is 

y»+(3r+,^)y«+(3/^+2w^r+^)y=iV>. 
If we put (3r+^) =.^', (3r«+2w^r+^) = 5', 

and JV-— r«— ^r*— J5r=iV, 

we shall have . . . y'+.^'y*+jB'y=^iV', an equation similar 
to the primitive equation. 

If we transform this equation into another whose roots shall be 
less by 9, we shall have 

««+(3«+./?')^+(3«'+2w^'s+J50'^=iV^', 
Or, . . s^-^^A^'z^-^-B'^z^N*' '^ an equation also similar lo 
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the first equation. And thus we may go on forming equation 
after equation, similar to the first, whose roots are less and less. 

The quantities N'^ N'\ &c., are the same as X in our previous 
notation, and the quantities B\ B"^ &c., are the same as the 
general symbol, X' ; but we have adopted this last method of 
notation to preserve similarity. 

Observe, that as (r+w^)r+:B is the first complete divisor, N 
is the number considered as a dividend and r the quotient ; and 

therefore. . . r= ^^_^_j|'^^^ . nearly. 

The next equation gives as 

_ N' _ N' 

N" JV" very nearly. 

And the next, /= ^^^^,^^^^^^ ^^^^^-^—-—^^ 

__ N*" JV'' 

^''{u+Jl"')u+B"'''ulu+S{r+s+t)+4]+B"' 

^C. s= &C. &C. 

The denominators of these fractions are considered complete 
divisors, and the quantities, B\ B'\ B'", are considered trial 
divisors. The further we advance in the operation the nearer 
will the trial and true divisors agree. 

Before the operation is considered as commenced, we must 
find the first figure of the root (r) by trial. Then the operator 
can experience no serious difficulty, provided he has in his mind 
a clear and distinct method of forming the divisors ; and these 
may be found by the following 

Rule. 1st. TFirite the number represented by By and directly 
under it, write the value of r(r4-A) ; the algebraic sum of these 
two numbers is the first complete divisor. 

2d. Directly under the first divisor write the value of r*, and 
the sum of the last three numbers is B', or the first trial divisor. 

3d. Find by trials as in simple division, how often B' is con- 
tained in JV, calling the first figure s, (making some allowance 
for the augmentation of By and s unll be a portion (ff tlu 
root under trial. 
28 
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4th. Take the value of the expression (3r4-s4-A)« aruf mf a 
it to the first trial divisor; the sum is the second divisor {if 
tee have really the true value of s). 

In general terms; 
Under an/ complete divisor, write the square of the last figure of 
the root ; add together the three last columns, and their sum is 
the next trial divisor. With this trial divisor decide the next 
figure of the root. 

Take the algebraic sum, of three times the root previously 
found, the present figure under trial, and the coefficient wd, and 
multiply this sum by the figure under trial, and this product, 
added to the last trial divisor, gives the next complete divisor. 



EXAMPLES. 
1. Given a*+2a*+3a?= 13089030, to find one value of x. 
By trial, we soon find that x must be more than 200 and less 
than 300 ; therefore we have 

r=200, wff=2, 5=3. 
3j the rule, 



B . . 
r{r+^ 



3 

40400 



Ist divisor « 40403 

f* 40000J 



N rs 

40403 ) 13089030 ( 235 
80806 



139763)500843 —N' 
419289 



1st trial divisor. . iS' =120803 
{3r+s+^)s . . . 18960 

2d divisor 139763 

<> 900 



163108) 815540=iV' 
815540 



2d trial divisor . . J?"=159623 
{3r+3s+t+^)t ^ . 3485 

8d divisor 163108 

Hence, ^ XssTM. 
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2. Given a*+173a:= 14760638046, to find one value of x 
Here ^=0, -fi=173, and we find, by trial, that x must be 
more than 2000, and less than 3000 ; therefore r=2000 

B 173 

r{r+Jl) 4000000^ 

Ist divisor 4000173 f 

fS 4000000 J 



B' 12000173 

(3r+«+w5)» 2560000 

2d divisor • • • 14560173 

^ 160000J 



J?" 17280173 

(3r+3«+^+w5)^ • • 362500 

3d divisor 17642673 

2500 J 



B"* 18007673 

{^R-^u+^u 22059 

4th divisor 1802973^ 

4000173 ) 14760638046 ( 2453=a? 
8000346 

14560173 ) 67602920 ^N' 
58240692 

17642673 ) 93622284 =iV»' 
88213365 

18029732 ) 54089196=iV>" 
54089196 

S. Given a!»+2a:*— 23jr=70, to find an approximate value 
of X. ^^' a?=5.134578+. 

4. Given a;*— 17a:«+42x=186, to find an approximate value 
of g Am. r=15.02407. 
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(Art. 194.) When the coefficient of _ the highest power is not 
unity, we may transform the equation into another, (Art. 166.), 
in which the coefficient of the first term is unity, and all the 
other coefficients whole numbers ; but it is more direct and con- 
cise to modify the rule to suit the case. 

If the coefficient of the first power is c, the first divisor will 
be {cr^^)r+B>, in place of (r+w«)r+J5. 

In place of (3r+«+.^)«, to correct the first trial divisor, we 
must have (3cr+C3+*^)^; and, in general, in placb of using 3 
times the root already found, we must use 3c times the root ; and* 
in place of the square of any figure, as r', <^, &c., we ixiust use 
ci*^ cs^^ &c. 

EXAMPLES. 
5. Find one root of the equation, 3a'*+2a:'+4ar=75. 
By trial, we find that ± must be more than 2, and less than 3; 
therefore 



r=2, c=3, .^=2, 




J5=4. 
N r atu 
75 ( 2.577 
40 

35=iV^ 
29375 



B' 

(3cr+c«+^)« 



2d divisor 58.75 

ca» 75J 

B" 70.25 

*{3cE+ct+^)t . 1.7297^ 

3d divisor 71.9797 ' 

ce 147 



J5'" 73.7241 

{2cJR+cu+^)u . 176057 



6625=i\r" 
5038579 

.586421 =iV'" 
.517301099 

69119901 



Contmue, by ample diviaion, thus 

739 ) 6911 ( 935 
6651 



260 
221 



4th divisor 73.900157 

Hence, a:=2.577935+. 



* A li a lymbol to represent the entire root, as fior as determined. 
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6. Find one root of Ihe equation, 64^ — 6a;*+3a:= — 85. 

Ans. Xt= — ^2.16399 — . 

V. Find one root of the equation, l2oi^+x^ — 5a?=330. 

Ana. a:=3.036475+ 

8 Find one root of the equation, ba^+9a^ — ^7x=2200. 

Ans. x=7.10735364-. 

O. Find one root of the equation, 5a^ — Safi — ^2j:=1560. 

Am. a?=7.0086719+, 

(Art. 195.) This principle of resolving cubic equations may 
be applied to the extraction of the cube root of numbers, and 
indeed gives one of the best practical rules now known. 

For instance, we may require the cube root of 100. This 
gives rise to the equation 

in which A=0, and ^==0, and the value of x is the root 
sought. 

As A and B are each equal to zero, the rule under (Art. 193.) 
may be thus modified. 

1st. Keeping the symbols as in (Art. 193.), and finding r by 
trialy r* will be the first diviaor, and 3r* is B', or the first trial 
divisor. 

2d. By rfleans of the dividend {so called)^ and the first trial 
divisor^ we decide s the next figure of the root. 

3d. 7%cn (3r+«)« ; that is, three times the portion of the 
root already found, with the figure under trial annexed^ and 
the sum multiplied by the figure under trial, will give a sum, 
which, if written two places to the right, under the last trial 
divisor, and added, will give the next complete divisor. 

4th. After we have made use of any complete divisor, write 
the square of the last quotient figure under it ; the sum of the 
three preceding columns is the next trial divisor; which use, 
and render complete, as above directed, and so continue as far as 
necessary.* 

* In case of approximate roots after three or four divisors are found, we 
may find two or three more figures of t}ie root, with accuracy, by simple division. 
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9 • • • 756^ 

• • • • 5556 I 

• . • . 36 J 



We may now resolve the equation 

a:»=100, f=s=4. 
]«t divisor • • • • 16 
jB'«r3f* ... 48 
{Br+8)s ... 756 

2d divisor 

B" 6348 

{9S+i)t • • . 5536^ 

8d divisor .... 640336 f 

e lej 

B"' 645888 

(3jR+w)m. . . 1392n 

4th divisor. • . • 64602721 [ 



r stu 
100 ( 4.0415889+ 
64 

36 
33336 



2664000 
2561344 



102656 
64602721 

38053279 
32308321 

5744958 
5169331 



64616643 




575627 


^ 646166 




516933 




58694 






58154 


9. Extract the/ cube root of 673373097125 




Ist divisor . • 64 


N 


''rstu 


B' ... 192 


673373097125 (8765 


{3r+8)8 . 1729] 




512 




2d divisor • . 20929 




161373 


. 


49 J 




146503 

14870097 
13718376 

11517211 


fNont— To detw- 


J?" . . . 22707 
{BR+t)t . 1569 

3d divisor . . 228639 


6 
6 


26 


mine«,wehaT« 
192)1613( 
Some allowance 
made for tlio in- 
^ crease of 19$. 



36j 



1161721125 



B' 



2302128 
131425 

230344225 
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8. Extract the cube root of 1352605460594688. 

^ns. 110592. 

4. Extract the cube root of 5382674. Ana. 175.25322796* 

5 Extract the cube root of 15926.972504. 

Ans. 25.16002549 

e. Extract the cube root of 91632508641. 

An8. 4508.33859tf58 

V. Extract the cube root of 483249. Ans. 78.4736142 

(Art. 196.) The method of transforming an equation into an- 
other, whose roots shall be less by a given quantity, will resolve 
equations of any degree ; and for all equations c^ higher degrees 
than the third, we had better use the original operation, as in 
(Art. 192.), and attempt no other modification than conceiving the 
absolute term to constitute the second member of the equation ; 
and the difference of the numbers taken in the last column in 
place of their algebraic sum. 

The following operation will sufficiently explain : 

1* Find one value of x from the equation 
a?<_3a:»+75jr=:10000. 

r 
1 ±0 —3 75 =10000 (9 

9 81 702 6993 



sr. 

3 



9 78 777 3007=JV 

9 162 2160 

18 240 2937 

9 243 

27 483 
9 



36 



(Continued on the next pagt.) 



336 ELEMENTS OF ALGEBRA. 

i 
36 483. 2937. =3007. ( 0.8 

.8 29.44 409.952 2677.5616 



id 



B 

i3 



36.8 512.44 3346.952 329.4384 =:iV>' 

8 30.08 434.016 



37.6 542.52 3780.968 
8 30.72 

38.4 573.24 Take the coefficients to their nearest 
8 unit* 

39.2 



i 39 

+ 


573 
3 

576 
3 

579 


3781 
46 

3827 
46 

3873 


t 
=: 329.4384 ( 0.08 
306.16 


39 

+ 
39 


23.2784=iV*" 


1 39 


579 


3873 
3 

3876 
3 

3879 


u 
= 23.2784(0.00600+ 
23.256 


Hence, 


224 
. . . . x=9.886004-. 



N. B. We went through the first and second transformations in fiill. Had 
we been exact, in the third, we should have added .08 to 39.2, and multiplied 
their sum, (39.28), by .08, giving 3.1424 ; we reserve 3. only to add to the 
next colunm. By a similar operation we obtain 46. to add to the next column. 

EXAMPLES. 

1. Given a;— oi— a;»--a;*-|-600=0, to find one value of a?. Am. 4.46041 671 

2. Given a:<— 5a;»-[-9x=2.8, to find one value of x. Am. .32971055072 

3. Given 20a4-lla^9a;*— ia;*=4, to find one value of a?. 

Ans. .17968402502 

4. Required the 5th root of 5000; or, in other terms, find one root of the 
equation ach^bOOO. Ans. 5.492804- 

^T3^^ to find one value of a^ Aiu. 2.120003356 
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In following out general principle8,we have, thus fer, omit- 
ted some artifices which apply in particular cases, or depend 
on particular circumstances, which we will now set forth, as 
they will enlarge the views of all who pay attention to them. 

The first circumstance to be observed is the sum of the 
numerical coefficients. 



(Art. 197.) Transpose every term to the first member of the 
equation, and if the sum of the coefficients is zero, we are sure 
that unify is one of the roots of the equation. 

For example, we are sure that the equation 

has unify for one of its roots, because 1+7 — 13 — ^79+84=0. 
Assume a;=l, and substitute 1 for x in the equation, and the 
equation trill be verified. But assume x, a little great#r or a 
little less than 1, and substitute, and the equation cannot be 
verified ; therefore the following principle is established : 

In any egtuUion having numerical coefficients, if the sum of the 
confidents is zero, -{-1 is one of the roots of the equation. 

We can now divide the given equation by (x — 1) and thus 
depress it one degree. 

For another example we will recall the 4th, on page 266, 
which is 

x^—l3x+n^0. 

Here 1 — 13+12=0, whence ar=l. The answer on page 
266 is 3 ; that is another root. The third root must, therefore, 
be — 4 ; the sum of all the roots must be 0, because the second 
term of the equation is zero. (Art. 167, second observation.) 

We perceive at once, that unity is one root in each of the 
following equations ; 

1. «»— 9a:«+24a:— 16=0. 

2. x^—ex\+^\x^6=\). 

3. x*—Qx^+14x'+8x— 16=^0. 

4. ar3— 13.p2^39ic— 27=0. 

(Art. 198.) When the absolute term of an equation is 
numerically too large (whether it be plus or minus), to make 
29 
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the sum of the coefficients zero, we can diminish it, as well as 
other coefficients, by the following transformation. 
For instance : In the equation 

a?3— 10a:^+lla;+70=0, 

the sum of the coefficient is obviously not 'equal to zero ; 70 is 

too large, but we can diminish it by placing a:=2y, or x=n^, 

snd substituting this value of x in the equation, we hate 

,j3y3_io«ay«+l lny+70=0. 

Dividing by n' we obtain 

n n' n^ ' 
Now, we can assume n equal to 2, 3, 4, or any other number 
whatever. 

Let n=2, and the preceding equation becomes 

y*-%'+^y+^=o. (1) 

Leti»=-2. y3+6y«+lly-^=0. (2) 

4 "4 

' Let n==5, and y»-2y«+lly+l^=0. (3) 

The sum of the coefficients in each of the equations (2) ana 
(3), is zero. Therefore, y equals 1 in each of them. 

But x=iny, therefore x= — 2, and xz=5, 

which are two of the three roots in the original equation. 

But the sum of the three roots must be 10, by the genera] 
theory of equations ; therefore, the third root must be 7, 
Because, — 2+6-|-7= 1 0. 

If we take the first equation in (Art. 197), and depress it 
one degree, by dividing by (x — 1), we' shall obtain the equation 
x^-\-Sx^—5x—S4=0. (a) 

Here it is obvious that the coefficients require depressing to 
make their sum zero. 

Therefore, place x=nP, and 
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Making n=3/ this equation becomes 

'3 9 9 

Here ?+!!— ?— ^=0. Whence P=l, but «=3, 
9 9 9 9 

and x^nP=S, another of the roots of the original equation. 

We may now depress equation (a) one degree, by dividing 
by (x — 3), and then find the other two roots. 

Or, we may assume n=: — 4, and substitute this value for n 
in (b), then that equation becomes 

Here, because tf— ^f_J^-|-a^=Q. p=i, and «=— 4, 
which is a third root of the original equation. x=: — 7 is the 
fourth root. • 

Thus we can find all the roots in the equation contained in 
the last article. 

If it were our object to transform an equation so as to 
increase the coefficients in place of diminishing them, as 

p 
in this article, we should place x= — , but this has already 

been shown in (Art. 166). 

This method of solution may be considered a sequence to 
Newton's method of dividers as shown in (Art. 147). 

(Art. 199.) An equation which has one for a root, can be 
changed into another, which will have rninits one for a root, by 
chai>ging its second, and every alternate sign. (Art. 178.) 

Consequently, then, an equation which has minus one for 
one of its roots, can be changed into another, which will have 
plus one for one of its roots, by changing tiie sign of it^ second, 
and every alternate term. 

Therefore, if changing the sign of the secondy and every alter- 
nate term in any equation will make the sum of the coefficients 
ZERO, one root of that equation must be — 1. 

For example, the sum of the coefficients of the equation 
4x^ — 20a?2+llir+35=0, is not zero; 
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but change the signs as above directed, and we have the 
equation, 

4a;8+20ar'»+l la;— 35=0, 
and the sum of the coefficients is now zero, and consequently 
unity is one root of this equation, and therefore — 1 is a root 
of the first mentioned equation. ^ 

Hence, in seeking to solve any equation of this kind, if the 
sum of the coefficients is not zero, we may change the sign of 
the second, and each alternate term, and if the sum is' then 
zero, — 1 may be taken as one root of the equation ; and then 
we may depress the equation one degree by dividing by (x-\-l). 



(Art. 200.) Another circumstance to be observed in rela- 
tion io coefficients, is that of their recurrence^ producing 
what is called 

RECURRING EQUATIONS. 

In a recurring equation the coefficients of those terms which are 
equally distant from the extreme terms, are numerically equal. 

Thus aj5— ar*-f7a;34-7a?»— 3a;+l=0, (1) 

a:s_|.3a;4_:7^3^7^3 4.3^_|_1^0, (2) 

a;*4-3a;*— 7ar3-[-'7^''— 3x-i-l=0, (3) 

are all recurring equations of an^odd degree. 

If we substitute — 1 for x, in each of the equations ( I ) and 
(2), they will be verified ; and -j- 1 put for x will verify (3) 
and (4). Therefore, any equal ion of an odd degree has either 
— 1 or + 1 for one of its roots, and the equation itself is leJu- 
cible to^an even degree, by dividing by («+l ) or by ( x ] ). 

Minus one is a root, lohen the Hke coefficients have the same sign; 
and plus one is a root when tJie like coefficients have oj^posite signs. 

(Art. 201.) Recurring equations, of an e^^en degree, in lohich 
the like coefficients have opposite signs, and whose middle term is ' 
wanting, are divisible by (a?^— 1), and therefore +1, and — 1, 
are both roots of every such equation. 
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The following is an equation of this description : 
a.e-|-8a;5-|-l la?4— 11a;*— 8a;— 1=0, 
which can be put in the following form : 

(a;«— l)+8a:(a:*— l)+ll4;2(aj«— 1)=0. 
and this is obviously divisible by (x^ — 1). Whence we may 
place x^ — 1=0, and ar=l, or — 1. 

And thus the principle enunciated in this article is estab- 
lished. Dividing the equation by (x^—'l), will reduce it two 
degrees lower, and leave it an equation of an even degree. 

(Art. 202.) Uvery recurring eqvxUion of an even degree, above 
the second, can he redtcced to an equation of half that degree, by the 
following artifice. 

We take the following equation for an example : 

a.6_7<j.6_|_8a.4_9a;3_|_8a;a— 7a.^l=0. (1) 

Divide each term by the square root of the highest power of 
the unknown quantity. In this case divide by x^, and we have 

ar3_7a.2 I 8a._94-?—Z+i-=0. (2) 

X x^ x^ 

Which can be put in the following form : 

Now assume, /'a!-f.--^=2.' Then, /'ic2+-L'\=««_2. 

And ^x^'\-.L\=z^ — Sz. Whence (3) becomes 

(z3_Sz)—7(z'—2)+Bz—9=0, (4) 

an equation of the third degree. 

Thus (1 ), an equation of the 6th degree is reduced to (4), an 
equation of half that degree ; and this process will reduce any 
other recurring equation of an even degree to another of half 
that degree. 

(Art. 203.) A recurring equation of the 4th degree can be 
reduced to a quadratic by the following rule. 

Divide by the coefficient of x'^ , and transpose the term containing 
aP. Add to each member +2«2, Use the plus sign when the signs 
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of the second and fourth term are alike, and use the minus sign 
when they are unlike. Also add to each member the square of 
half the term containing x. Extract the square root of each mem^ 
her, and the result is an equation of the second degree, 
EXAMPLES. 

x^+^^-^x+l^.-i^^ 
a 'a a 

'a o* a V «* o/ 

^*+^-^=<v/-<-^> « Orotic. 

Add(4r)» 16a r ' =16a:' 

aj'-|-4^+*==^>/2?'^> ® qwidratk. 

We are indebted to Professor Stevens, of Greenmount Col- 
lege, Indiana, for this article. It is original with him. 

BINOMIAL EQUATIONS. 

(Art. 204.) Binomial equations have but two terms, such as 
ar— 1=0, a?^— 1=0, ar^— 1=0, <fec. 
Or, such as a?dba=0, aj"dba° =0, <fec., <fec. 

Every binominal equation is also a recurring equation, for 
the coefficient certainly recurs. 

A binomial equation has apparently but one root, but a fuxl 
investigation will discover as many roots as there are umts 
in the exponent of the unknown quantity, as is explained by an 
example in (Art. 163). We here give one more practical 
illustration. 

The equation x^ — 1=0, is a binomial equation of an odd 
degree, and it is also a recurring equation. 

It is also divisible by {x — 1), having apparently but one 
root, -|-1. The division produces 
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x*+x^+x^+x^l=zO. (1) 

a recurring equation of the 4th degree. 
Dividing again by x', we obtain 

X Xr 

Assuming /^a?+l'\=P. Then a:»+^=P»— 2, 

And (2) becomes P^^P — 1=0, a quadratio. 

Again : Operating under (Art 203), we obtain 



**-H"+^H-*+i=|** 



X 

Square root, «*-Hi^+^— =t2>/^ 

Or «^+i(^^>/^)^= — ^> a quadratic. 

Whence the five roots in («* — 1)=0, or the five-fifths roots 
of unity are 

«= 1 , or ar=i( Jh—\ -f-^— 10— 2^6) 
or ar=J(,75— 1— V— 10— 2^6) 



or a?=—:J< ^6+1—7—10+2^6) 

or a:=— i(V6+l+V— 10+2V^)r 

* 

EXAMPLES. 

1. Find the roots of the equation 

4.«_5ar3+6a?^— 1=0, 

An», Three of its roots, are each equal 1, and ( -±- Jh\ 

2. «*+5a;3+2«2+6a?+l=0. 

Am, x=±J—l, or ^(-^i^H), 

See (Art. 201). ^iw. «=±1, or (2itV3). 
4. a:*— Ja?3+2a;«— fa;+l=0. 

Ans. x=2, or ^, or zkzj — 1. 
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(Art. 203) reduces this to the following quadratic : 



6. 4r«— 24«»+67af*— 7ar»+67»«--24«+4=0. 

Roots, 2, i, 2. --^|— 

7. 4r*+3ar3— 8«»— ar+4=a 



1+ J— 3 , 1— J— 3 
Boots, 2, ^, 2, —^2 , and 1 . 



— 3=hV73 
^n*. iP=d=l, or g . 

8. »<+24a:»— 2iP«— 24ir+lss0. ' 

-4n*. ar=d=l, or — 12dzJT45. 
Some one, or more of the foregc>u\;r principles will apply to 
the solution of the following exauij^les. 

9. »*— 2a?»— 7ar'— 8a:-fl6=0. 

Ans, x=zl, or 4, or 5 

10. af*+2ap3— 3a?*— 4a?+4=0. 

An». x=\, 1, or — 2, —2. 

11. ar*— 2a?»— 2&r«+26iP+120=0. 

Ans. «=3 or 6, or — 2, or — 4. 

12. «*— 2a?3+2««— «=0. 

l=i=J=3. 
-dJM. ar=0, or 1, or ^ — 

IS. ir*-4«'»+8a:'— 32a:=0. 



^TW. x=0, or 4, or db^ — 8. 
14. ir»+&r«+3«— 9=0. 

^w. x=sl, or — i^, or — 3, 
1 6. af3 +fte«— 7af— 60=0. 

^jw. x=s3, — 4, or — 6. 

16. ar»+ar«+17a?+10=0. 

^W5. «= — 1, or — 2, or — 6. 

17. ««— 29««-fl98a?--360=0. 

Ans. x=»S, 6, or. 20. 
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18. 4«8— 112a?^+109a?— 27=0. 

Am, x=^y ^, or 27. 

19. 4a:3-— 152a;* 4-149a?— 37=0. 

Am. a?=^, ^, or 37. 

20. 4a:*+ai;»+8a;*^3a?+4=0. 

Ans. «=— adbVT+a* and2a=(f dr^— 247). 

21. «»—13a?*+67ar3—17fa;*+216ar— 108=0. 
(See Art. 198.) Am. 3, 3, 3, or 2, 2. 



Remark. — This treatise has hitherto omitted one process 
of elimination, which Boufdon, and some others, have intro- 
duced, and which, some teachers regard as very scientific and 
interesting. We cannot quite agree with this class of teachers, 
for whatever is most simple, and most practical, we regard as 
most scientific, and this method is neither very simple, nor 
practical. Still, in a work like this, it is worthy of a passing 
investigation like the following. 

GENERAL METHOD OF ELIMINATION AMONG EQUATIONS 
ABOVE THE FIRST DEGREE. 

(Art. 206.) Suppose we have two equations, each contain- 
ing X and y, like the following: 



a?+y-.6=0. (1)) ^^^ ar=4, or2. 
a;3_|.y3_72=o. (2)f ' y=2, or 4. 



To make the illustration clear, we give the values of x and 
y. Now by the theory of equations (Art. 166), if ar=4, equa- 
tion (1) is divisible by {x — 4), without a remainder. 

That is, whatever the remainder appears to he, it is in value 
zero. 

Dividing (x-^y — 6) by (x — 4) the quotient is 1, and the 
apparent remainder is (y — 2), but this must be zero ; therefore 
y=2, corresponding to a; =4. 

But ir=4, corresponds to both the given equations ; there- 
fore equation (2) is divisible by (x — 4), and (x — 4) is a 
common measure to the two equations (1) and (2). 
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Now, therefore, if we take equations (1) ^nd (2), and ope- 
rate with them for common measure, as taught in (Art. 27), 
the last remainder must be zero ; and in fact we shall show, 
that each and every remainder, throughout the whole operation, must 
he zero. And if we take care that only one letter shall appear 
in the last remainder — that is, operate until one letter only 
appears in the remainder— that remainder can be put equal to 
zero, and the desired elimination is effected. 

OPERATION. 
a?-|-y_6)a;5-[-y3_72(a;a 

x^\-x^y—Gx^ (^) 

— a;^y-f-6a;^+y' — 72 (B) remains. 
Observe that the divisor is in value zero, and it being mul- 
tiplied by «*, the product (A) must be zero in value ; and that 
product, subtracted from the dividend (zero), the remainder 
(B) must be zero. 

Thus we might establish the fact, that each remainder (and 
in fact each product also), throughout the operation, must be 
zero. 

Continuing the operation we obtain 
-«*y+6x*+y»— 72(y» 

—x'^y—xy^ +6a;* -}-6y ^— 72. 2d remainder. 
Or, — xy{x-\-y)-\-^{x^ -\-y^) — 72 =2d remainder. 
But we learn by equation (1) that (a;-|-y)=6, therefore 
we can divide this second remainder by 6, and we have 
ir^— ary+y2— 12(ar+(6— 2y) 

x^ -f-^y — ^^ 

6a? — 2iry-f-y^ — 12 3d remainder. 
Or, (6 — 2y)a:-f-y2 — ^f^ 3d remainder. 
(6-2y)^+(6~2y)(y-6) 

y^— 12— (6— 2y)(y— 6). 4th remainder. 
This last remainder does not contain x, therefore that letter 
is completely eliminated, and the remainder put equal to zero 
will give the values of y. 
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N. B. — When this method is clearly analyzed, it will be 
found to be nothing more, than elimination by addition and 
subtraction. 

Here we hare two equations, (1) and (2), each equal to 
aero, and we multiply one of them, and subtract the product 
from the other. The remainder is an equation equal to zero, 
and if its terms have a common divisor, we can divide the 
equation by it. iTence we have no new principle, nothing to 
gain by keeping these forms in view. The common method 
gives us much more freedom of action. 

We give one more example. 

Assume, x^'\-t/'=:P, and » — y=Qp 
Then, P+C— 132=0, 

And, PQ—mo—0 (Q, 

i^g+g'— 132g, 

—C*-f 132^—1220=0, a quadratic. 

We extract the following from Pro£ Perkin's Algebra. 
Indeed, we have observed it in several other works, and it is 
given as an appropriate example to illustrate this method of 
elimination. 

We give it to show the utter inutility of this mode of ope- 
ration, in a practical point of view. 

Given, a?«-|-ary+y«— 1=0, (1) 

And, ar3^y3==o, (2) 

to find a single equation in terms of y. 

FIRST OPERATION. 
«*-Hjy-f^*— 1) x^-{'y^(x-^ 

— «^y— y^^ + y— y' 

x-^-^y^ — y=first remainder. 
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SECOND OPERATION. 

— (2y»— 2y>+y«— 1 

— (2y»— 2y)«— 4y«+6y*— j^ 



4y«— 6y*+3y»— 1 = 

^cond remainder. 
Wlienoe, 4y* — 6y*4-3y* — 1=0, is the equation sought. 
Ab the sum of these coefficients equal zero, therefore, y=l, 
and if it were not for this lucky circumstance the ralues of x 
and y, in (1) and (2) would still be for away. 
' We hare observed, that all remainders in these operations, 
must be zero ; therefore, our first remainder must be zero, and 

Or, «=(! — 2y*)y. This value of x put in (2) and we 
have (l+2y«)V4-y'=0- Or, (1— 2y«)»+l=0. 

, Expanding and dividing by 2, produces 

4y8 — 6y*+3y*— 1=0. The same as before. 
But if the object is to solve equations (1) and (2), and find 
the values of x and y, the common method is incomparably 
the best. 

a;«+ay+y»=l. (1) 

Equation (2) is divisible by {x-^-y), and the other j&ictor is, 
a?* — xy-\-y^ . Therefore we have 

^+y=o. (2) 

Or, «^-^y4-y2=0. (3) 

Subtracting (3) from (1) and we obtain 
2xy=\, or, ajy=^. 

This last added to (1), and subtracted from (3) will produce 

And, ««— 2icy-fy«= — ^, 

ar4-y=±Vf_ 

ar=dbi( V6+7-2) y==ti( V6- J=2). 

Also, x=: — 1 ; and yaas ! . 
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BfONBD TO BHOTT THX UTIUTT OF ALGEBRA IN PHILOSOFHICAIi 
INYXSTIGATIONS. 



INEQUALITY, 

Ezpressiona of in^iality sometimes occur in the mathematics, but we 
can always make equations of them by adding a symbol to the smaller 
quantity. Then we can reduce the expressions the same as equations, 
without danger of confusion. 

EXAMPLES. 

!• Find the limit of the value of x in ike inequation 

Let h represent the difference between these two expressions, 

23 2ix 
then, .... . 7»— _.=_-|-5-|-A, is a perfect equation 

Whence, . . • . 21a!^-S3=S*+154-3A. 

I9jf=38+3A, or *=9-|-tV- 
That is, jp is greater than the number 2. 

2. The double of a number diminished by 5 is greater than 25, and triple of 
die number diminished byT is less than the double increased by 13. What 
numbers will satisfy the conditions? 

Let x= the number, and h and k the difference of the expressions. 

Then, 2j!--5=25+A. (1) 

3a?— 7+ifc==2x-hl3. (2) 

From .... (1) jp=15h!jA. From (2)' 4P=2a— Jfc. 

That is, X must be more than 15 and less than 20, consequently, 16, 17, 
18 and 19 will each answer the conditions. 

3. The sum of too numbers is 32, andr if the greater be divided by the less, 
the quotient will be less than 5, but greater than 2. What are the numbers? 

Let x= the greater, y= the less, then a?+y=32. (1) 

And . . . . S=5-^, (2) f=2+Jfc. (3) 

y y 

From (2) jc=5y— %. This put in (1) gives 6y— Ay=32, 

Therefore, y=^' From (3) jr=2y-+-jfcy; this, put in (1), 

32 — 

gives 2f=3:j:j^- 

From these last equations we perc«eive that 32 divided by less than 6 will 
give the limit of y in one direction, and divided by more than 3 will give 
its limit in the opposite direction; that is, y must be more than 5 and less 
than 10 ; consequently x must be more than 22 and less than 27. 

349 
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DIFFERENTIAL METHOD OF SERIES. 

A series ptirely of the arithmetical order has been fully treated, as also 
those of the geometrical order; but a series in general exist, when each of 
the terms is derived from one or more of the preceding terms, according to 
some definite law. (Art. 141 ) 

Therefore, a variety of series may exist, neither arithmetical nor geo- 
metrical, and these can be investigated by means of Jinite differences; and 
the word differential at the head of these remarks, is not identical with th« 
same word applied to the differential calculus. For example, 

1, 5, 15, 35, 70, 126, ^ 
and so on, is a regular series, and if we wished to find its lOth, 12th, or 
nth terms, it would be too unscientific and .tedious to iind it through the 
succession of terms ; we must, therefore, investigate for gttneral principles. 

The series is 1, 5, 15, 35, 70, 126, 210, 

Ist orderof difir. 4, 10, 20, 35, 56, 84» 

2d « " '• 6, 10, 15, 21, 28, 

3d " " '* 4, 5, 6, 7, 

4th « « « 1, 1, 1, 

6th " " " 0, 0, 

Here it will be observed that the first term of the series is 1. The first 
term of the first order of diflTerences is 4. The first term of the 2d order 
of differences is 6. The first term of the 3d order of differences is 4. The 
first term of the 4th order is 1 ; and lastly, the first term and all the terms 
of the 5th order are 0. 

To obtain general principles, however, we must take general notation 
as follows : (The symbol a^ is read a sub. 4, and so on for other like 
symbols.) 

Let 



*1» *^i* **«» *^V *«» ''n* 


be a series. 


*l» ^a' *8» K K* 


1st differences 


*i» *a» *8» *4» 


2d differences. 


rfj, d^, rfg. 


3d differences. 


&c. &c. 





By this notation we perceive that d^ would represent the 4th term of 
the third order of differences, d being the third letter of the alphabet 
From the foregoing notation, we readily derive the following equations : 



«2-«l=*i» 


*.-*i=*i' 


Cj— Cj=d^, 


«3-«2=*2' 


*3-*2=«.. 


^8-^2==^2» 


\-^s=^^ 


*4-*.==«.' 


<^4-«3==^3' 


«6-«4=^4' 


*.-*4='4. 


<^5-«4=^4' 


and so on. 


and so on. 


and so on. 


lition (writing 


the letters in alphabetical order) 


«»=«i+*.. 


*«=*.+< 


^2=«i+<',. 


"a=«,+*8. 


*,=*,+«,. 


^8=<^2+^2' 


«4==«3+*3. 


i4=*,+V 


^4=^8+''8' 


"6=«4+*4. 


*.=*4-H'4. 


/6=«4+^4» 


and so on, 


and so on, 


*andgo on. 



In the 2d equation of the first column we will substitute the valuoo of 
tf 2 and b^. then we shall have a^=^f\-^f\^i' (1 ) 
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By the same process we find 

4,=fr,-|-2o,-H,. (2) . 

In the 3d equation of the first column we find 

Substituting the values of a^, 63 from equations (1) and (2) gives us 

«,=«,+36.4-3o,-H,. (3) 

By the same process, 

. *4=»,+3e.+3<J,-l-e,. (4) 

Also by referring back we find 

Substituting the values of a^ and b^ from (3) and (4), we find 
«5=",+4i,+&,-i-4rf,+e,. (5) 

By inspecting equations (1), (3) and (5), we perceive that the coefficients 
in the 2d members correspond to binomial coefficients, and if we should con- 
tinue the process to any degree, they would still correspond, and the letters 
represent the first terms of the several orders of differences. 

Therefore, in general, 

«^,=a+n6+n . ~er]-n . ^ . ^^=Vf &c. 

And . . 6^^^=fr-l-nc-|-n . ~rf-h» • *? . ^*e+- &c. 
We drop the sub. ones in the second members. 

The series terminates with that order of difference which becomes con 
■tant ; for the succeeding order becomes zero. 

KXAMPLSS. 
1. Required the 12th term of the series. 

1, 5, 15. 35, 70, 126, 

4, 10, 20, 35, 56, 

6, 10, 15, 21, 

4, 5, 6, 

1, 1. 

Her© «=1, 6=4. c=6, rf=4, e=l, /=0, n=ll. 

Whence, a,,=l+ll . 4+11 . f . 6+11 . |? . i . 4+11 . ^° f . f 
Or, . . . a,j=l+44+330+660+330=1365, Ans 
8. Required the 15th term of the series 

1, 4, 10, 20, 35, Ac. Ans. 670 

3. Required the 20th term of the series 

6, 10, 15, 21, Ac. Ans. 253. 

4. Required the nth term of the series 

1, 3, 6, 10, Ac. AnsJ^^^^, 

5. Required the nth term of the series 

2, 6, 12, 20, 30, Ae. Ans. n2+n. 
N. B. To solve the 4th and 5th examp]«M9, write (n — 1) for n in th« 

fonnula. 
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6. Find the 20th term of the series 1, 8, S7, 64, 125, <kc. Ana. 8000. 

7. Required the 50th term of the series 

1, 3, 6, 10, 15, Ac, An8. 1275. 

Compare examples 4 and 7. 

Oar investigation thus far has been limited to finding a particular term 
of a series. 

We now propou to find the nan of any proposed ntanber of eonsecu^ivi 



Let . . . ttj, a^ a,, a^, ^^ • > • <>n» ^c., represent a series. 

With the terms of this series form a new series colhmencing with 0, 
for its first term ; adding the succeeding term of the proposed series to the 
preceding term of the new series, thus, 

0, (O+a,), (04-ai+a.p, (0+.a^^a^+aJ, and so on. 

Here it is obvious that the (n-f-l)^ term of this new series is the sum 
of n terms of the proposed series. Therefore, we will find the (n-f-l/^ 
term of the new series by the formula, and that will be n terms of the 
proposed series as required. 

BZAMFLSS. 

1. Find the sum of 10 terms of the series 3, 5, 7, 9, 11, Ac. 
The new series to be formed is 

0, (0+3), (0+3+5), (0+3+5+7), (0+3+5+7+9), Ac 

That is, .... 0, 3, 8, 15, 24, Ac. 

We must now find the 11th term of this series, which will be the sum 
of 10 terms of the proposed series as required. Ans. 120. 

2. Find the sum of 20 terms ; also the sum of n terms of the series 

1, 3, 6, 10, 15, Ac. 

Ano, 20 terms =1540, n terms="^"+^^^"+^^. 

6 

3. Find n terms of the series 2, 6, 12, 20, 30, Ac. 

An» «("+!) (" +2) 
3 

4. Find the sum of n terms of the series of cubes - 

1», 23, 33, 43, &c. Ans. ^!^±!^y. 

5. Find the sum of 10 terms, also the sum of n terms of the series 

1, 4, 9, 16, 25, 36, Ac. 
N. B. The new series is 0, 1, 5, 14, 30, 55, 91, &c 

Ana. Sum of 10 terms =385. Sum of n terms == (2n«+3 «+l)» 

6 
The series of numbers in example 2 are called triangular numbers, be* 
cause they may be represented by |>oints forming equilateral triangles, thnsi 

• • • 

• . • • • • • oE^C. 

• •• ••• •••• 

18 6 10 
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In like maaner the square numbers in example 5 can be represented by 
points, thus: • 

• • • 

• • • • • *Ac, 



In forts and armories sliot and shells are piled on triangular, square, or 

oblong bases. 

When the base is a triangle, and the pile complete, the number of balls 

in the pile is expressed by the answer to example 2, in which n represents 

the number of layers in tbe pile. 
When the base is a square, and the pile complete, the number of shot in 

the pile is expressed by the answer to example o, in which n represents the 

number of layers in ihe pile. 
When the pile is an oblong and complete, the upper layer is a single row. 

The next larger has two rows and one more ball in each row. The third 

layer consists of three rows, and each row one more ball than the preceding. 

Now if the top layer consists of m4-l balls. 

The 2d must consist of . . . 2(to4-2) or 2m+4 " 
The 3d must consist of . . . 3(m4-3) or 3ifH-9 " 
The 4th must consist of . . . 4(m4-4) or 4tiH-16 " 
The 5th must consist of . . . 5(m4^) or 5m^25 " Ac. 

The number of balls in the whole pile must then consist of the sum of 
the series (ro-|-l), (2»i-f4), (3m+9), <kc,, to n terms n representing the 
number of layers in any pile. 

We therefore require the sttm of this series to n terms. 

The new series to be formed is 

0, (0+m-i-l), (0+3m-|-5), (0+6?fi+14), Ac. 

Itt diff. (m+l), (2III+4), (3m+9), (4fiH-16), &c. 

2d diff. (»»-h3), (ffH-5), (»H-7). 

3d diff. 2 2 

4th diff. 

Kow by the formula, the (n-f-l)*^ term of this series is 

The right hand member of this equation is the general formula for an 
oblong pUe of shot or shells, in which (fn+l) reprei'ents the number in th^ 
iop row, and n the number of layers. 

We have previously found that "(*H-1 ) (^H- ^) represents a triangular 

pyramidlcal pUe and, ^'(^"H^M-jj represents a square pjrrwttiidical pilo 
6 

BZAMPLSS. 

1 . How many shot are in a triangular pyramidlcal pile consisting of 1 8 
Jajfrs? A^u. 1140. 

2. How many shot or shells in a square pile consisting of 15 layers ? 

o rr,. ^«*- ^240. 

3. The top row of an oblon? pile of shot or shells consists of 31 balls, and 
the number of layers is 30. How many balls are there in the whole pile T 

^Q Ans. 23405. 
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4. Thore is an oblong pile of balls consisting uf 20 layers, and 644<» 
balls ; how many balls are in its base ? Ans. 740. 

5. A square pile of shells consists of 12 layers, the upper layer has 8 
■hells on a side ; h6w many shells are in the pile ? Ans. 2330. 

6. The number of balls in a triangular pile is to theliumber in a square 
pile (having the same number of layers) as 5 to 9 ; required the number 
in each pile. Ana. 455 and 819. 

Our object is now to express the several orders of differences by the temiB 
of the series, 

«i «j fla *'4 *s *6 *®- 
Ist order, (flj— «,), is—^i), (04—^3)' ^^"^^ ^^^ 
2d order, (flj— Sflj+a,), {a^—'^^-^i), {a^—Za^.^^). 
3d order, {a^'-^^-^^S'^i^^ («'— 3fl4-f3aj— « ) 

4th order, (a^ — ia^-f-Caj— 4a -f-aj). 

Here it can be observed that the coefficients correspond to those of the power* 
of a binomial. 

Also observe that to compose the first term of the 2d order of differences, 
we must use the first three terms of the series. To compose the first term 
of the 3d order, we must use the first four terms of the series. To com- 
pose the first term of the 4th order of differences, we must use the first 
five terms of the series : and In general, to compose the first term of the 
n^b order of differences, we must use the first (n-f-1) terms of the series. 
Observing these facts, the first term of the 5th order of differences of the 
preceding general series, must be expressed thus : 

«6-^«5+l0fl,-10«3+5a,-fl,. 

If the first term of any order vanishes, or becomes very small, the 
expression for it may be put equal to zero, and any term of the series com- 
prised in it, can be found, provided the other terms are given. 

For example, suppose the 4th order of differences in a series Isecomes 0, 
then 

flg— 4a^-t-6a3— 4aj-f-aj=0. 

Now suppose the 3d term of the series lost or unknown, the others 
being given, it is found thus : 

__4«,+4«,--a^-^ 

» "6 • 

The series 1, 8, 03, 64, 125, has lost its third term, its 4th order of dif- 
ference vanishes ; what is that lost term ? 

a _4 . 644-4 . ^-125— 1^288— 126^^^ ^^ 
* 6 6 ' 

One of the most important applications of this calculus of finite differ* 
ences is, that of inserting between the terms of a series some new term 
or terms subject to the same law. This is called 

INTERPOLATION. 
We have already seen that the general equation is 

a ^,==a4.n6-hw , "^c+n . "LH^ . !!=? d, &c. 
°+' 2 2 3 

This series will apply to any term beyond a. If we required the 3d 
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1 beyond a, we must put »i=3. If the 4th beyond a, we put n=4, 

and BO on. , ^ x- ^ ^ 

If part of aterm beyond a, we put n= to that fractional part. 

EXAMPLE. 

Given the logarithms of 102, 103, 104, and 105, to find the logarithm 

of 103.6, which is the 1.6th term beyond a. 



«s=S.O0860O2, 



NO. 


LOOARI*MS. 


IST DIFF. 


2d DIFF. 


3d DIFF. 


m 

103 
104 
105 


"5. 0066002 
2. 0128372 
2. 0170333 
2. 0211893 


.0042370 
.0041961 
.0041560 


—.0000409 
—.0000401 


—.0000008 


002, 


ftssr .0042370, e= — 0000409, d 
a ; 2. 00860 


= .0000008, 

02 

92 


«A 


4- 0. 00677 


- «-l. 




— 0. 0000196 


^•- 2 ' 





11=1.6 



«— 1 «— 2j 



+ 0. 00000005 



log 103.6 2 01535985 

In mo6t cases the 3d difference may be omitted : in t»^«. f^^ ^^JJ^y *": 
fluenced the 8th decimal place. If we were to require the logarithm of 
lOQ^ then n=0.3. If 104.7, then n=2.7, and so on. 
^ ih^m^iimud. med i« agronomy, as the Jolbwing exampU wtU show: 

At noon (Greenwich time). May 10th, 1846 the ""oon J declina^^^^^ 
30 27' 17 5" north; at midnight following it was 5° 46 38 north, on 
fK«nth at noon 7038' 57" north, and the following midnight ICP 2 
?iTWh WhatU the declina^on on the 1 0th of May at 3h P M7 
•**„ 00 07' 17 V h — 20 19 20.5 1 c= — 7 1.5 , 0= — 1 ^o.^ $ ana 

be the sum of the following Benes; ^ ^ 

(302r l7.5")+l(2°l9'20.5")+l.t=-(r 15")+*-^ * -rU'43^7 
Thelst term a =30 27; 17.5" 
2d teyn«6 34' 50.1'; 
3d term 39.6''. 

4th term — 5.6 . 

Sum 40 2' 41 .5". Ans. 
To show tne utility and application of this formula, we give the following 

Oiventhe logarUhmic sine o^o.^lS^, 50 24',50 36', 50 48' anrf 6°, •• 
find the sine 0/ any or aU intermedtate arcs. 

a, +*• — <^- 

Sine 50 0'=8. 9402360 1st diff. 2d diff. 
Sine 50 12'.=8. 9572843 ,ai 69883 
SiSe50 24'=8 9736280 .0163437 6446 
SiSe50 36'=8 9893737 .0157457 5980 
sSe50 48'=9 0045634 .0151897 5560 
StaeSO 0'=9 0192346 .0146712 5185 



3d diff. 



466 
420 
375 



4th diff. 



46 
45 



:)56 
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In appMng the fononla to this example, 12' mast be taken as the titiff 
of space between the terms. Then if we require the sine of 5^ 3', we 
must put n=/2=J, and the formula giYea 



Sine 50 3'=:8.940296(H.2(.0l69883)+2 



466=:8.9402960+.0042471+6a4.3+25.6=r8.9446061. 
Sine5O4'=8.940296(H-i(.0169883)+i . k^(^^)+i . 4z? . *r:?X 

456=8.940296a+.0056638+716-h29=8.9460333. 
For the rine 5© 13', we put n=j\ ^^ 
8ii.5oi3'=8.9572843-f-T3(0l63437)+T\j . i^{sm)'^jSs • ^^X 

3k::^(420)=8.9572843-|-.0013619+229+13=8.9586704. 
<5 

To find the log. sine of 5© 14' 13", we could put n^^U=^^ 
* ^ 12 720 

The work of finding sines, cosines, and tangents, &c., is already done; 
and, therefore, in respect to this application, the formula for interpolation 
has comparatively lost its importance ; but with the practical astronomer, 
this formula is of the greatest importance, and must forever be iu use. 

We give the following 

BZAMFLB. 

For the English Nautical Almanac the moon's declination is required 
for every hour of Greenwich time; but to compute it directly from the lunar 
fables and trigonometry, would present an apalliug amount of labor^ and to 
surmount this difficultv, the declination is computed from the lunar tables 
for each noon and midnight of Greenwich time ; and the declination in* 
sorted for the intermediate hours by interpolation. 

Opening the English Nautical Almanac for 1854, at page 91, I find the 
moon's declination as follows : 

2) dec. IV. 44 — < — .rf +« 

May 23, mean m6on, 6^ 13' 14.4" 
May 23, midnight, 8° 55' 6.4" 
May 24, noon, 11© 30' 26.2" 

May 24, midnight, 13° 57' 44.4" 
May 25, noon, 16° 15' 33.6" 2© 17' 49.2" 9' 27.0" 1'23.4' 8^ 

From the above dala we require the moon's declinatioB at the commence- 
ment of every hour between noon and lioon of May 23d and 24th. 
For the first hour, or 1, afternoon, we must put n=->^. 

The D'sdflc. at 1 P. M. =6° 13' 14.4"4-y*2(20 41' 52.0")4-t5 . A^ - X 
14.9"— 2.2"3=6o 26' 56.4" North. 



• 
20 41' 52.0" 






20 35' 19.8" 


6' 32.2" 




20 27' 16.2" 


8' 3.6" 


1' 31.4" 


20 17' 49.2" 


9' 27.0" 


1'23.4' 
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The following are the results taken from the Nautical Almanac which 
serve as answers to twenty-two examples in the application of this formula 



Hours. 


DDec. 1 


Hours. 


i) Dec. 


1. 


6026'56.5" 


13 

14 

15 

16 

17 

18 

19 

20 

21 


90 8' 19.3" 


i 

3 


6 40 36.5 

6 54 14.3 


9 21 29.4 

9 34 36.6 


4 

5 


7 7 49.8 

7 21 23.0 


9 47 41.0 

10 42.5 


6 


7 34 53.9 


10 13 40 9 


7 


7 48 22.3 


10 26 36.4 


8 


R 1 4ft 3 


10 39 28.7 


9 ^ 8 15 11-7 


10 52 17.9 


10 


8 28 32.6 

8 41 50.8 


22 


11 .5 3.9 


11 


23...;... 
24 


11 17 46.7 


12 


8 55 6.4 


li 30 26.2 



SPECIFIC GRAVITY. 

Onntj is weight Specific gravity is the specified weight of one hody, 
compared with the spedfied weight of another body (of the same bulk), taken 
as a standard. 

Pure water, at the common temperature of 60^ Fahrenheit, is the standard 
for solids and liquids ; common air is the standard for gases. 

W^ater will buoy up its own weight If a body is lighter than water, it 
will float; if heavier than water, it will sink in water. 

If a body weighs 16 pounds, in air, and when suspended in water weighs 
only 14 pounds, it is clear that its bulk of water weighs 2 pounds ; and the 
body is 8 times heavier than water ; therefore the specific gravity of this body 
b 8, water being 1. 

If the specific gravity of a body is n, it means that it is n times heavier 
than its bulk of water. Therefore — 

If we divide the weight of any hody by its specific gravity, the quotient 
will hCy the weight of its bulk of water. 

On this &ct alone we may resolve all questions pertaining to specific gravity 

BXAMPLKS. 

1. Two bodies, whose weights were A and By and specific gravities a and b^ 
were put together in such proportions as to make the specific gravity of the 
compound mass c What proportions of A and B were taken? 

A quantity of water, equal in bulk to A^ must weigh — 



A quvitity ** 



B, 



B 



A quantity of water, equal in bulk Co {A-\-Bi,-m[\ weigh 
A . B A-\-B 



A+B 



Therefore, 



b 



Or, bcA-\-<u:B:=abA^^B\ 
Or, &(o— a)il=a(6— c)B. 
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Hence the quantities of each must be reciprocal to these coefficients; or if we 

take one, or unity of B, we must take -j{ ) units of A, 

2. Hiero, king of Sicily, sent gold to his jeweler to make him a crown ; he 
afterwards suspected that'the jeweler had retained a portion of the gold, and 
substituted the same weight of silver, and he employed Archcuedes to ascei^ 
tain the fiict, who, after due reflection, hit upon the expedient of specific gravity 

He found, by accurately weighing the bodies both in and out of water, that 
the specific gravity of gold was 19, of silver 10.6, and of the crown 16.5. 
Fromthesedata he found what portion of the king's gold was purloined. Re- 
peat the process. 

The preceding problem is the abstract of this, in which A may represent the 
weight of the gold in the crown, B the weight of the silver, and (A^B) the 
weight of the crown ; a=19, 6=10^, 6=16^. 

Then if we take ^=1, one pound, one ounce, or any unity of wd^t, of 

a/b—eS 
silver, the comparative weight of the %M will be expressed by -A ). 

That is, for every ounce of silver in the crown, there were 4/j ounces of 
gold. If clearer to the pupil, he may resolve this problem as an original one^ 
without substituting firom the abstract problem. 

3. I wish to obtain the specific gravity of a piece of wood that weighs 10 
pounds ; and as it will float on«water, I attach 21 pounds of copper to it, of a 
specific gravity of 9. The whole mass, 31 pounds, when weighed in water, 
weighs only 4 pounds ; hence 27 pounds of the 31 were buoyed up by th^ 
water ; or we may say, the same bulk of water weighed 27 pounds. Reqmrs^l 
the specific gravity of the wood. 

Let « represent the specific gravity of the wood. 

10 
Then — = the weight of the same bulk of water. 

21 
And -r-= the weight of water of the same bulk as the copper. 

10 7 30 

Hence, — [--:=27, Or, b — —=.405, nearly. 

4. Granite rock has a specific gravity of 3. A piece that weighs 30 ounces^ 
being weighed in a fluid, Was found to weigh only 21.6 ounces. What was 
the specific gravity of that fluid ? 

The weight of the fluid, of the same bulk as the piece of granite, was evi- 
dently 8.5 ounces. Let a represent its specific gravity. 

8.6 80 

Then — = the weight of the same bulk of water ; also --=10= the 

8 O 

weight of the same bulk of water. 

8.5 
Hence • = 10, Or, ss=Ab Ans,, which indicates impure alcohol 
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5. The specific gravity of pure alcohol is .797 ; a quantity is oJIcrecl of the 
specific gravity of ^5, what proportion of water does it contain? 
Let A= the pure alcohol, and W = the water. 



Then 



?m^ .86 

Ans, The resolution of this equation shows 1 portion of wat^r to 2.256-|- 
portions of alcohol. 

6. There is a block of marble, in the walls of Balbeck, 63 feet long, 12 wide, 
and 12 high. What is the weight of it in tons, the specific gravity of marble 
being 2.7 and a cubic foot of water 62^ pounds, Ans. 683 jV ton& 

7. The specific gravity of dry oak is 0.925 ; what, then, is the weight of a 
dry oak log, 20 feet in length, 3 feet broad, and 2^ feet deep ? Ans. 8671 j lbs. 



We may now change the subject, to make a little examination into maxima 
and minima. For this purpose, let us examine Problem 2 (Art 1 14). 

1. Divide 20 into two such parts that their product shall be 140. It may 
be impossible to fulfil this requisition, thersfore we will change it as follow»: 

Divide 20 into two such parts, that their product will be the greatest possihU, 

Let a^|-y= one part, and x — y=^ the other part 

Then 2a"=20, and a:=10, and the product, x^ — y*^ is evidently the 
greatest possible when y=0. Hence the two parts are equal, and the greatest 
product is 100, or the square of one half the given number. 

2. Given the base, m, and the perpendicular, n, of a plane triangle, to find 
the greatest possible rectangle that can be inscribed in the triangle.* 

Let ABC be the triangle, BC=my a 

AF==n, AD=Xy and AE=x', Dc be a 
very small distance, so that x^ is but insen- 
sibly greater than x. 

As D, comparatively, is not far fi-om the 
vertex, it is visible, that the rectangle 
a'h'dd' is greater than the rectangle abed. 

If we conceive the upper side of the 
rectangle to pass through I/, in place of 
D, and we represent AD^ by a;, and Ae 
by a/, it is visible that the rectangle 
e!fg'h' is less than the rectangle efgh. 

Tf we subtract the rectangle nhcd from the rectangle a'h'dd', we shall have 
ft positive remainder. 

If we subtract the rectangle efg h fi-om the rectangle t'f'g'h\ we shall have 
a negative remainder. 

• We do not introduce this problem to ^ow its solution ; it bt ongs to the calculus, 
and, in its place, is extremely simple ; we introduce it to show a principle of reasoning 
extensively used in the higher mathematics, and, perchance our illustration may aid . 
a pupil in his progress m the calculus. 
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The rectangle abed cannot be the greatest possible, so lon^ as we can have 
a positive remainder by subtracting it from the next consecutive rectangle 
immediately below. 

After we pass the point on the line AFyfhere the greatest possible rectangle 
comes in, the next consecutive rectangle immediately below, will become less; 
and by subtracting the upper from it, the difference will be negative. 

Hence, when abed becomes the greatest possible rectangle, the difference 
.4)etwoen it and its next consecutive rectangle can be neither pitu nor rmnus 
but must be zero. 

Therefore, it is manifest, that if we obtain two algebraical expressions for the 
two rectangles abed and a'b'c'd'fand put their difference equal to 0, a resolu 
tion of the equation will point out the position and magnitude of the maxiinum 
rectangle required. 

Put the line aA==y, and afl/=i/*. As AD=x and AE=af, DF=r^^'X 
Mid EF=n — 3cf, The rectangle abed=y{n — x), and a*b^(fd'=y'(n — «/). 

From the consideration just given, the maximum must give 

y'(n — a:') — y(n — x)=0, 

mx 
By proportional triangles, we have x. : y :: n : m or, y=3 — • 

By a like proportion, we have • yt=s—xf^ 

Put these values of y and yi in the above equation, and, dividing by —, 

we have . • x'{n — x^)=x{n — x) ; 

Or, a:* — a?'* z^n^X"^). 

By division, a? -f- ^ =** 

As x' is but insensibly greater than a?, 2x=n ; which shows that AD is one 
half ilF, and the greatest rectangle must have just half the altitude of the triangle. 

3. Required the greatest possible eylinder thai can be cut from a right cone. 

Conceive the triangle (of Prob. 2.) to show the vertical plane cut through 
the vertex of the cone, and ab=y the diameter of the required cylinder. Then, 
the end of the cylinder is .7854y*, and its solidity is .7854y*(n — x). The next 
consecutive cylinder is .7864y'2(n — x'). Hence y'^(n — «')=^(fi— ^). 

By similar triangjes x:y ::n:m. Or, y *= — p- and y'«=— ^'^ 

Hence, a?'*(n-— a:')=«2(n — x)y Or, a^ — «'3=n(a:*— ***) ; 
Divide both members by («— a:'), and a,^xx'-^x'^=n(x-^xy 
As x=x' infinitely near, 3a:?=2n«, or, «=fn; which shows tnat the 
altitude of the nlkximum cylinder is | the altitude of the cone. 

In this way all problems pertaining to maxima and minima can be rf'solved ; ba« 
ihe notation and language of the calculus, in aUits bearings, is preferable Xt* this. We 
had but a single object in view— that of showing the power of algebra. 
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